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A PEIUCENTRIC INVERSION IN GASTERJA RESULTING IN 
APPARENT ISOXIIROMOSOMES A T MEIOSIS 

By Norman II. Giles, Jr. 

Osborn Botanical Laboratory, Yale University 
Conmmnical Cfl t)ecember 20, 104.'^ 

In a study of chromosome behavior in a plant of Gnsierin it was found’ 
that an anomalous tyjie of disjunction occurs at meiosis in one of the 
seven tetrad chromosomes. The chromosome involved (designated the 
SML chromosome) has a sub-median centromere. The dyads resulting 
from the SML tetrad disjoin at amiphase I in three ways: 

1, Type L The two dyads, one at each pole of the spindle figure, 
are comiiosed of two long and two short arms. These arms may be joined 
with one another as nr>rinal cliromatids, or similar arms may be joined to 
form either long or short mctacentric chromatids. 

2, Type II - The dyad at one pole has one short and three long arms, 
the dyad at the opposite pole has one long and three short arms. 

5. Type IIL One dyad has four short anus, the other, four long arms. 

The separation of the dyad chromatids at anaphase II gives rise to five 
different kinds of quartets with respect to the tyjies of chromosomes de¬ 
rived from the original SML tetrad and their arrangement. These quar¬ 
tet types are as follows: 

1, Type A (derived from Type I) has four normal SML chromosomes 
arranged in the regulfir manner at the poles. 

2, Type B (from Type II) contains two nonnal chromosomes and both 
kinds of mctacentric chromosomes, with a mctacentric chromosome 
separating from a normal in each anaphase figure. 

3, Type C (from Type III) contains only metaceiitric chromosomes, 
with the two long chromosomes separating from one another in one ana¬ 
phase figure, the two short chromosomes separating from one another in 
the other anaphase figure. 

4, Type D (from Type I) also has only metacentric cliromosomes, but 
the two dissimilar kinds are separating from one another in each anaphase 
figure. 
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5, Type E (from Type I) is similar to Type B in having three kinds of 
chromosomes, but the two normal chromosomes are separating from one 
another in one anaphase figure, while the two dissimilar metacentric chro¬ 
mosomes are separating from one another in the sister anaphase figure. 

The other six tetrad chromosomes of the complement behave in a regu¬ 
lar manner at both meiotic divisions. Consequently, three kinds of micro- 
spores are produced at meiosis, all having the same chromosome number, 
but differing in the kind of chromosome received from the division of the 
aberrant tetrad. About half the microspores receive a normal cliromosome 
from this tetrad; the other half receive metacentric chromosomes, the two 
complementary types being equally frequent. Only two of these micro¬ 
spore types, the one containing a normal haploid complement and the one 
having the long-armed metacentric chromosome, are able to develop and 
pass through the first post-meiotic mitosis, and it is clear that the develop¬ 
ment of the latter type is delayed as compared with the normal. Micro- 
spores containing a short-armed metacentric chromosome have never been 
observed at the microspore mitosis. 

The peculiar chromosome behavior at meiosis was originally explained 
as resulting from a postulated aberrant type of centromere division at meta¬ 
phase I of meiosis. However, it now appears unnecessary to invoke such 
aberrant centromere behavior in order to explain the observations. A more 
detailed study of meiotic prophase stages and a further analysis of the types 
and frequencies of the various quartets at anaphase II have shown that the 
results can be explained on the basis of crossing-over in a heterozygous 
pericentric inversion in the SML tetrad, a possibility suggested to the writer 
by Dr. Barbara McClintock. 

It has not been possible to make a complete analysis of prophase pairing 
in the SML chromosome. However, synaptic figures have been found at 
pachytene indicating the presence of an inversion of some lengthy although 
it is not possible to be certain that the SML chromosome is involved. It 
seems probable that the figures represent a pericentric inversion since 
bridge configurations are very infrequent at anaphases I and II, suggesting 
that paracentric inversions are at most few in number and quite short. An 
examination of tetrad configurations has been made at diplotene and diaki- 
nesis. It is very difficult to fix these so-called diffuse stages properly in 
Gasteriat but reasonably good results have been! obtained by using an osmic 
acid fixative, staining by the Feulgen method, and counterstaining with 
fast green to reveal the nucleolus.* Since the nuddous is attadied to the 
long arm of the SML tetrad, the latter can be easily locat^. Some of the 
configurations of this tetrad chromosome strongly suggest by the position 
of chiasmata and the relationships of the long and short lutns cross- 
mg-over has occurred within an inversion induding the centromere. 
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The analysis of quartets at AH is particularly instructive, since the 
various types and their frequencies can all be logically explained as a result 
of single or double crossing-over within a pericentric inversion whose length 
is approximately equal on each side of the centromere. The synapsis of a 
normal chromosome and one with the inversion would give rise to an in¬ 
version loop configuration with the centromere in approximately the mid¬ 
dle of the loop. Crossing-over within this inversion produces the pre¬ 
viously described types of quartets as follows: 

1. Type A results from (a) no crossing-over witlun the inversion, {b) 
two-strand double crossing-over on one side of the centromeres, either to 
the right or to the left, or (c) two-strand double crossing-over, the two 
crossovers being on opposite sides of the centromere. 

2. Type B results from (a) a single crossover on either side of the 
centromeres, or (b) a three-strand double on one side, either to the right or 
to the left. 

3. Type C results from a four-strand double on one side of the centro¬ 
meres, either to the right or to the left. 

4. Type D results from a four-strand double, the two crossovers being 
on opposite sides of the centromeres. 

5. Type E results from a three-strand double, the two crossovers also 
being on opposite sides of the centromeres. 

TABLE i 

PXBQUBKCIBS OF THE FiVE TVFBS OF QUARTBl’S AT AIX. FOR A DESCRIPTlOIf OF THE 

Types akd a Discussion of How They Arise See Text 


TY^B gt gUAKTBT 

2fO. or CBtLB 

PBK CBNT 

A 

126 

18.7 

B 

374 

55.4 

C 

S7 

8.4 

B 

40 

6.0 

B 

78 

11.6 

Total 

676 

100.0 


The frequencies of the five t 3 pes are indicated in table 1. As is expected, 
the types (C, D and E) which result from double crossing-over only are 
much less frequent than Type B, which is the only single crossover type. 
A further comparison can be made between Types D and E which both 
result from double crossing-over, the two crossovers being on opposite sides 
of the centromere. Type D results from a four-strand double and T 3 pc E 
from u three-strand double. If crossing-over involves the four chromatids 
at random** *, E should be twice as frequent as D. It is clear from table 1 
that E is indeed approximately twice as frequent as D. The possible dis¬ 
torting effect on ratio of triple crossing-over (with two crossovers on 
one side of the centromeres and one on the opposite side) has been con- 
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sidered. It is found that triple crossing-over within the inversion does not 
affect the D:E ratio, since with random chromatid crossing-over Types 
B, D and E are produced, but the D: E ratio remains 1:2. Thus there is 
good evidence for random crossing-over of chromatid strands. The com¬ 
parative frequencies of the various quartet types resulting from double 
crossing-over (especially Types C and D) indicate that double crossovers 
on one side of the centromeres are higher than double crossovers involving 
segments on opposite sides of the centromeres. The reason for this result 
is not clear, but it may mean that incomplete synapsis occurs on one side 
of the inversion loop in some of the pollen mother cells. Synapsis of this 
type should lead to an increased frequency of double crossovers on one side 
of the centromeres as compared with doubles involving segments on oppo¬ 
site sides. 

The presence of chromosomes with a median centromere at anaphase II 
indicates that the inversion in the altered SAIL chromosome must be of 
approximately equal length on either side of the centromere. Otherwise, 
chromosomes with non-median centromeres would result from crossing-ovex. 
Furthermore, it is clear that crossing-over must occur witli a very high fre¬ 
quency in tlie proximal regions of the SAIL tetrad (and observations on 
chiasmata at diplotene support this conclusion) in order to account for the 
frequencies of novel quartet types at All. This unusual combination of 
circumstances gives rise to the configurations at anaphases I and II which 
were originally interj)reted as iso-chromosomes produced by centromere 
misdivision at metaphase L The present evidence indicates that the two 
types of metacentric chromosomes are not true iso-chromosomes in the 
sense of Darlington,* since they result from crossing-over and consequently 
do not have genetically identical arms. Morphologically, however, the 
metacentric chromosomes are indistinguishable from iso-chromosomes in 
metaphase and anaphase figures. Furthermore, they are also similar to 
iso-chromosomes in being duplication-deficiency tyqies. The fact that the 
metacentric chromosomes carry certain regions of the SAIL chromosomes in 
duplicate and are deficient for other regions explains tlie previously men¬ 
tioned observations made at the first post-meiotic mitosis in the developing 
microspores. It will be recalled that microspores carrying the short¬ 
armed metacentric chromosome (having a long deficiency) never develop 
as f^ as the pollen mitosis whereas those raicrospores carrying the long- 
armed type (having a short deficiency) do go through the pollen mitosis, 
but are delayed in their developmaat as compared with microspores having 
a normal chromosome complement. 

Summary .—^Further cytological studies have been made of a plant of 
Gasteria which gives rise to large numbers of two types of metacentric 
chromosomes (in addition to the normal type) as a result of the iiberrant 
behavior of a single one of the seven tetrad chromosomes at meiosis. The 
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tvideiice obtained from meiotic prophase configurations and from the types 
and frequencies of the various quartets at anaphase II indicates that 
these new types of chromosomes arise from crossing-over in a heterozygous 
pericentric inversion rather than from aberrant centromere behavior as 
previously suggested. The presence of metacentric chromosomes indicates 
that the inversion is of approximately equal length in the two arms of the 
altered chromosome and the frequencies of novel quartet types show that 
crossing-over occurs within the inversion with a high frequency. The ratio 
of comparable quartet types resulting from three- and four-strand double 
crossing-over agrees with that expected if crossing-over involves the four 
chromatids at random. 

I 

* Giles, Norman H., Jr., Genetics, 28, 512-524 (1943). 

* Hillary, B. B., Bot. Gaz., 102, 225-235 (1940). 

* Beadle, G. W., and Emerson, S., Genetics, 20, 192-206 (19S5). 

* Weinstein, A., Ibid., 21, 165-199 (1936). 

‘ Darlington, C. D., Jour. Genet., 39, 361-361 (1940). 


STUDIES ON THE DEVELOPMENT OF THE EYE: EVIDENCE 
THAT THE L0BE\ LOBE\ LOBE^ AND EYELESS* MUTANTS OP 
DROSOPHILA MELANOGASTER DEVELOP IN A MANNER 

SIMILAR TO BAR* 

By Arthur G. Steinberg 
Dbpaatmbitt of Obnbtics, McGill Umivbrsity 
Communicated December IS, 1943 

Introduction, —Studies in the field of developmental genetics, although 
primarily directed toward an understanding of how the gene acts, have in 
many instances led toward a better understanding of the developmental 
mechanics of the organisms studied. This is most certainly true of Dro¬ 
sophila melanogaster, in which our knowledge of its embryology, both 
descriptive and experimental, has been derived from studies concerning 
the development of various mutant forms. 

Studies on the development of the Bar mutation of D. melanogastor 
have led to a hypothesis concerning its (the mutation’s) mode of develop¬ 
ment which, if capable of generalization, would add further information to 
our growing knowledge of the embryology of Drosophila. These studies 
showed that the Bar eye disc was smaller than that of wild type at all 
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larval stages from 36 hours after hatching, the earliest stage studied, to 
pupation. They demonstrated that the rate of increase in size of the Bar 
eye disc was the same as that of wild t 3 rpe and that histological differentia¬ 
tion proceeded at the same rate as in wild type (Stanbcrg 1941a, 1941^ 
and 1943). They have also established that both a second chromosome 
inhibitor of Bar, and temperature bring about their effect on facet number 
without affecting the size of the eye disc, although it had been shown by 
Medvedev (1935) for Lobe,*^ glass*, eyeless* and wild type, and by Stein¬ 
berg and Abramowitz (1938) for douMe-Bar, double infra-Bar, Bar, infra- 
Bar and Bar^ that the size of the eye discs of the mature larva is directly 
proportional to the number of facets in the imaginal eye. 

The hypothesis based on these studies postulates that the reduced size 
of the Bar eye disc is due to the participation of fewer cells in the initial 
formation of the eye disc, and that this smaller size of the eye disc deter¬ 
mines the range over which the facet number of the adult eye may vary; 
the variation in the facet number, once the eye disc is formed, is postulated 
to be due to the presence of cells labilely determined to form either head 
chitin or facets. The ultimate fate of these cells is dependent upon various 
extrinsic and intrinsic factors—such as temperature, nutrition, modifiers, 
etc. (Steinberg 1941a, 19416 and 1943). Reduced to its bare essentials 
the hypothesis postulates two main steps in the determination of the facet 
number of Bar, the first in the embrycmic stage when the size of the eye 
disc and hence the possible range of variation of facet number are deter¬ 
mined, the second in the larval stage when the fate of the labilely deter¬ 
mined cells is fixed. 

Some evidence exists which indicates that at least the first step postu¬ 
lated in the determination of the facet number is present in other mutant 
forms as well as in Bar. The evidence is derived from the data of Medvedev 
and of Steinberg and Abramowitz died above which showed that a reduc¬ 
tion in the facet number of the imaginal eye is assodated with a propor¬ 
tional reduction in the size of the eye discs of the mature larvae. Hence 
all of the eight mutants studied in this respect show indications of the pres¬ 
ence of the postulated first step in the determination of the adult facet 
number. There is no evidence available concerning the presence or absence 
of labilely determined cells in any mutant type other th^ Bar. TThis paper 
reports the results of experiments di^gned to obtain such evidence for four 
mutants of D. mdanog^ster. 

Materuils and Methods .—^The mutants used were the slides Lobe*, 
Lobe^ and Lobe* (L*, and L*, respectively) located at 7SL0 in the second 
chromosome and eyeless* (ey*) located in the fourth cteomoeome. The 
stocks bearing the mutants were maintained in moss cultures. 

These mutants were chosen for study because pievious experiei^ 
shown that the facet number of flies of each of these genotypes is eKtrdndly 
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variable even in isogenic stodcs raised under uniform conditions^ and that 
the facet numbers of the left and right eyes of flies of each of these mutant 
types are largely independent of each other. It was reasoned that this 
variability is due, at least in part, to an extreme sensitivity of the labilely 
determined cells to minor fluctuations in the environment in which the 
larvae devdop. 

If the variation in facet number from fly to fly within a given genotype 
is due amply to changes in the size of the eye discs, it follows that the coef¬ 
ficient of variability of the facet number should not be greater than that of 
the size of the eye discs of mature larvae of the same strain. On the other 
hand, if the variation in facet number from fly to fly is associated with the 
presence of labilely determined cells, the coefficient of variation of the facet 
number should exceed that for the size of the eye discs. Likewise, if the 
variation in facet number between the left and right eyes of a given fly is 
due solely to variation in the size of the left and right eye discs it follows 
that the left-right correlation values for the eye discs should be the same 
as that for the corresponding facet numbers, while, on the other hand, if 
the variation is due to the presence of labilely detennined tissue, the left- 
right correlation of the eye discs should exceed that of the facets. 

The experiment consisted, therefore, in counting the facet number of 
the left and right eyes of flies of each of the four mutant strains and of de¬ 
termining the areas of the left and right eye discs of mature larvae of each 
of the four. The facet counts were made by dissecting off the cornea of the 
eye, mounting it on a slide in a drop of water and then projecting the image. 
This method permits of great accuracy in the determination of the facet 
number, hence the statistics determined from these data are also accurate. 
The areas of the optic discs were determined by means of planimeter trac¬ 
ings of camera lucida drawings of eye discs newly dissected from mature 
larvae In a Ringer^s solution (NaCl, 7.6 g.; KCl, 0.35 gms; CaClj, 0.2 
g.). Because the discs are curved they must be flattened against the slide 
in order that the camera lucida drawings be accurate. The process of 
flattening, involving tapping with a needle, distorts the shape of the disc 
and doubtlesdy introduces variations in the area of the eye discs, which 
may be either increases or decreases. In addition there are random errors 
introduced in the course of the planimeter tracings. These citots tend to 
increase the variability of the eye discs within a group, and precisely be¬ 
cause they are random to decrease the leftrright correlation calculated 
fnm the measurements. Consequently, the values of the statistics cal¬ 
culated from the eye disc measurements are shifted in such a way as 
to reduce thdr sensitivity. A further source of error is the relatively poor 
ccmtrol of the ages of the larvae (discussed in a following paragraph). 
Since the eye disc» increase in site as the larvae age, any variation in ages 
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would increase the variability of the disc size from fly to fly and again re¬ 
duce the sensitivity of the statistics. 

The imagos for the facet counts were raised on the standard com meal- 
agar-molasses fcx)d medium, reinforced with dried brewers' yeast. The 
larvae used for eye disc measurements were obtained as follows; 20-30 
females were permitted to lay eggs on “wafers" of food (approximately 
2% Carragar plus 12.5% molasses in water), over a 24-hour-period. At 
the end of this period the wafers were transferred to refrigerator dishes 
which were half filled with the standard food medium. Larvae which had 
crawled up the sides of the dish preparatory to puparium formation were 
considered mature and were the source of the eye discs X7ieasured in the 
various experiments. 

With one exception, all experiments were done at 25 ^ 0.2The ex¬ 
ception involved the Lobe^ flies raised for facet counts, when, due to a heat 
wave, the temj^erature fluctuated between 24® C. (when ice was added to 
the incubator) and 28®C. It was usually closer to the latter than the 
former. 


TABLE 1 

Mean Number of Facets in the Left and Right Eves, and the Mean Areas of 
THE Camera Lucida Drawings of the Eye Discs of Mature Larvae of Each of 
THE Four Mutant Types Studied. The Areas of the Camera Lucida Drawings 
Are in Square Inches X 100. The Linear Magnification ■■ 114.06 X 
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Data .—The mean facet number of the tmaginal eye and the mean areas 
of the camera lucida drawings of the eye discs wiU be found in table 1. 
They are presented for the purpose of orientation and as a summary of the 
raw data from which tables 2 and 3 have been derived. 

Table 2, which presents the correlation coefficients of the facet numbers 
in the left and right imaginal eyes and of the larval eye disc sizes, shows that 
in every case r (correlation coefficient) is greater for the eye discs than it is 
for the facet numbers. Furthermore, of the eight comparisons only two, 
namely L® females and L* males, give a value of P which exceeds 0.05. 
It must be emphasized, however, that even in these two cases r is greats 
for the eye discs than for the imaginal eye. Furthermore, as pointed out in 
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the previous section, the estimated value for r for the imaginal discs is 
certainly lower than its true value and therefore the observed differences 
between the values of r for the facet numbers and the eye disc sizes are in 
every case lower than the true differences. 


TAUI.K 2 

C0RRE1.AT10N Vai.uks for Facet Numbers of the Left and Right Eyes and for the 
Areas of the Left and Right Eye Discs, and the Value of D/ffi) for the Com¬ 
parisons BETWEEN THE STATISTICS OF THE FACET NUMBERS AMD THE EyE DiSC AkBAS 
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* Since the question asked is, ‘'is the coeflTicient of correlation for the eye discs greater 
than that for the facets?" only one tail of the normal curve is used, hence P «• 0.05 at 
D/iXj) « 1.04 and P “ 0.01 at D/(Xn *«* 2.33 (comparisons made by converting r to Z), 


TABLE 3 

Coefficients of Variation for the Facet Counts and Eye Disc Areas and the 
Vai.uks of D / ffj ) FOR the Comparisons of the Statistics of the Corresponding 

Facet Numbers and Eye Disc Areas 
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* Since the question asked is, "is the coefficient of variation for the eye discs less than 
that for the facets?” only one tail of the normal curve is used, hence P "■ 0.05 at D/a^ 
L64 and P - 0.01 at D/a^ - 2.33. 
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Table 3 contains the data pertinent to a comparison of the coefficients of 
variation (Cv) of the larval eye discs and of the facet numbers of the im* 
aginal eyes. Of the twelve comparisons among the Lobe alleles (i.e., facet 
number of the left imaginal eyes against the area of left larval eye discs, 
and right eyes against right eye discs of the males and females separately, 
making four comparisons within each genotype) only the one concerned 
with the right eyes and discs of the Lobe® males results in a value of P 
greater than 0.05. This seems to be due to the relatively large coefficient 
of variation {Cv) shown by right eye discs of the Lobe® male larvae. The 
raw data of these eye disc measurements show one eye disc which measured 
77 and another which measured 88; the next closest value to these is 61. 
If these two meastuements are tested as possible samples of a population 
composed of the remaining 23 measurements it is found that neither of 
them fit, i.e., P < 0.01. Therefore, there is considerable justification for 
excluding these measurements from the sample. If these two values are 
excluded == 48.3 =*= 1.64 and Cv = 12.2 * 1.8. If this Cv is compared 
with that of the facet number D/tx^ is found to be 4.1. It seems valid 
therefore to conclude that the coefficient of variation of the eye discs of the 
Lobe® males is smaller than that for the facet number, and therefore that 
the Lobe® males conform to the same pattern as the other lobe flies involved 
in the experiment. 

The coefficients of variation derived from the ey^ data quite dearly do 
not show the same relationships that those for the various lobe alleles do 
(table 3). In only one case, the left eyes of the ey^ males, is P less than 
0.05. In the remaining cases it is considerably above 0.05. When the 
data for each of the four sets of eye discs are plotted in a scatter diagram, 
no tendency to cluster about a modal value is seen. The 25 values of each 
group are arranged in an almost unbroken sequence over the entire range 
with very little repetition of any given value. Thus in the data for the 
left eye discs of the males, five values occur twice, none more than twice; 
in the case of the right eye, cne value occurs three times and all the others 
once isach; in the data for the left eye disc of the females three values occur 
twice each, none more than twice; and, finalty, only one value occurs twice 
in the data for the right eye discs of the females. Clearly the high values 
of the coeffidents of variability shown by the eye discs of the ey* males and 
females are not due to one or two exceptional individuals as is the case 
with the right eye discs of the Lobe® male larvae but are a true expression 
of the variability of the sample* The increased variability of eydess^ 
eye discs relative to that of the eye cUscs of the Lobe aHdes may be, in 
part or in whole, due to variation m the age of the larvae selected for dis¬ 
section, for as pointed out above the age control was relatively poor. This 
problem will be returned to below. 

Discussion .—^The theory of development of the eye discs reviewed in the 
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introduction of this paper postulated in part that variation between the left 
and right eyes of a given individual might result from a variation in the 
fate of labilely determined cells in the larval eye discs. Such variation 
would not result in a change in the size of these discs, hence the left-right 
correlation should under these circumstances be greater for the larval eye 
discs than for the facet numbers of the imaginal eyes. The data of table 2 
show quite clearly that the requirements of the hypothesis are fulfilled in 
each of the four mutant types studied. Hence in each of these mutant 
types the facet number of the imaginal eye may be varied during the larval 
stages by altering the path of development of labilely determined cells. 
These cells, in the Lobe alleles and eyeless^, must be much more sensitive 
to minor variations in the environment than they are in Bar and wild 
type since in the former Margolis (1936) has shown a significant left-right 
correlation for the eyes of genetically Bar flies and Margolis and Robert¬ 
son (1937) have shown that even marked changes in temperature during 
larval development fail to cause any great shift in the facet number of wild 
type. 

These experiments taken in conjunction with those on Bar and modified 
Bar (Steinberg 1941a and 1941&) indicate that mutations may influence 
the labilely detennined cells with regard to their sensitivity to environ¬ 
mental changes {ey^, the Lobe alleles and Bar), and with regard to the 
path in development which they will take (modifier of Bar). Presumably 
there are mutants (perhaps among those already studied) which influence 
the number of labilely determined cells present in an eye disc, but no tech¬ 
nique for detecting such effects is available at the moment. 

The data in table 3, concerning the variability of the facet number of 
the imaginal eyes as compared with that of the corresponding eye discs,, 
when considered in conjunction with the data of table 2, afford evidence in 
regard to the manner in which the range of variation of the facet number is 
determined in each of the spetific genotypes. Variation in the facet num¬ 
ber of the imaginal eye may arise as the result of variation in the number 
of cells entering into the formation of the eye disc (detectable as a variation 
in the size of the discs) or as a variation in the number of labilely determined 
cdls which finally form facets (detectable by means of a higher left-right 
correlation for the size of the larval eye discs than for the facet number of 
the imaginal eye) or through some combination of the two (detectable by 
a combination of the above methods). The data of table 3 sdiow that the 
coefficients of variation for the eye discs are in aU cases significantly smaller 
than those for facet number. Nevertheless, the coefficients of variation 
for the eye discs are rather high, particularly when compared with the 
Vtidues derived for Bar and wild type eye discs in the author’s earlier studies. 
However, it is entirely likely that a large part of the relatively increased 
variability is due to the much less accurate control of age employed in these 
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experiments. It will be recalled that in the present experiments age was 
determined simply by observing which larvae had crawled up the side of 
the dishes preparatory to puparium formation. In the earlier experi¬ 
ments, newly hatched larvae were collected over a 2-hour period and 
raised in 3-inch petri dishes. In the mature age group, measurements were 
made of the eye discs of only those larvae which were unpupated at the 
time when about one-half the total number of larvae in the dish had pu¬ 
pated. Therefore, it seems valid to conclude that in the Lobe alleles, as in 
Bar, the variation in facet number occurring from fly to fly is due to the 
variation in the number of labilely determined cells which go to form facets 
rather than head chi tin. 

The story seems to be quite different with eyeless“ for here there is no 
difference between the coefficients of variation of the eye discs and of the 
facet numbers. Comparison of the data for the eye discs of eyeless^ larvae 
with those for the eye discs of the Lobe alleles (table 3) shows that the 
values of the coefheients of variation of the latter are lower than those of 
the former. A similar comparison of the data for the facets shows that 
while the coefficients of variation for the facet numbers of Lobe^ and Lobe^ 
eyes are larger than those for eyeless^, those for Lf)be^’ are about the same. 
There is, then, a disproportionate increase in the variability of the areas 
of the eye discs of ey^ larvae. There can be no doubt that the values of the 
coefficients of variation derived from the facet numbers of imaginal eyes 
are accurate since the facet counts are accurate. The same is certainly not 
true of the values derived from the eye disc data, for, as pointed out in the 
introduction, the eye discs vary in size with age and any inaccuracies in 
age determitiation would tend to increase the coefficients of variability 
and superimposed on this variation is the variation introduced by the 
technique of measurement. It is possible, therefore, that the absence of a 
difference between the coefficients of variation of the eye discs and of the 
facets is more apparent than real. Only further experiments can settle 
this question. If the data are correct, it would mean that the variation in 
facet number from fly to fly in eyeless^ is dependent upon variation in the 
number of cells entering into the formation of the eye discs. Superimposed 
upon this would be the variation in the number of labilely determined cells 
which go to form facets. It is this variation which affects the left-right 
correlation coefficients. It is unlikely that variation in the number of 
cells entering into the formation of the eye discs would influence the value 
of r because from the nature of the development of the eye discs it is highly 
probable that equal numbers of cells would enter into the formation of each 
disc. 

Summary .—Previous experiments had led to the hypothesis that the 
facet number of the Bar eye of Drosophila melanogasUr was determined as 
follows: (a) a reduced number of cells enter into the formation of the eye 
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discs thus limiting the range over which the facet number of Bar eyes can 
vary and (b) a group of labilely determined cells which may form either 
head chitin or facets depending upon the nature of the extrinsic and in¬ 
trinsic environment determine where, within the possible range of variation 
of facet number, the facet number of a given eye will fall. The experiments 
reported in this paper were designed to test the applicability of this hy¬ 
pothesis to the development of Lobe’-*, Lobe^ Lobe‘s and eyeless®. The 
data show that the development of these mutants may be adequately 
described by the theory. 

* Aitlcd by a grant from the Penrose Fund of the American Philosophical Society. 
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MECHANISM OF KNZ YMA TIC AD APT A TION IN GENETICALL Y 

CONTROLLED YEAST POPULATIONS 

Bv S. Spiegklman, Carl C. Lindegrbn* and L. Hedgecock 

DEPARtMBNT OP ZoOLOOY AND ThE HbNRY ShAW SCHOOL OF BoTANY, WASHINGTON 

Univbrsity 

Communicated December 13, 1943 

Introduction. —For some time now it has been recognized that the fer¬ 
mentation of galactose by yeast (see Lippmann^) differs greatly from that 
of other hexoses* Armstrong® found that some yeasts had and others had 
not the power of fermenting galactose. Slator,* in a quantitative investi¬ 
gation of the same subject, was able to confirm the statement previously 
made, that certain yeasts which have the power of fermenting galactose, 
possess it only after the yeast had been acclimatized by culture in the pres¬ 
ence of the sugar. 
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The nature of this acclimatization has been the subject of some investiga¬ 
tion. The experiments of Sohngen and Coolhaas^ would seem to indicate 
that the production of galactozymase parallels the formation of new cells. 
The results of Euler and Nilson* also lead to this conclusion. More re- 
centlyr however, Stephenson and Yadkin* concluded from their experi¬ 
ments that the production of galactozymase in a yeast culture need not in¬ 
volve the formation of new cells. They interpret the phenomenon as a di¬ 
rect c)rtoplasmic reaction to the presence of the substrate (galactose) lead¬ 
ing to the formation of a new enzyme. These authors used CO* evolution 
in a period when the population remained constant according to the total 
and viable coimts. 

It is clearly of some importance for the further elucidation of this acdima- 
tive or adaptive phenomenon to know whether or not new cell formation is 
involved in the appearance of a new physiological property in a culture. 
The data presented in this paper indicate that the conflict between the re¬ 
sults and conclusions of Stephenson and Yudkin and those of previous work¬ 
ers cited, is more apparent than real. Both types of phenomena (“acclima¬ 
tization” with and without the formation of new cells) can be observed de¬ 
pending upon the genetic background of the yeast strain being used. 

Difficulties in Interpretation .—It must be recognized that microdrganisms 
are handled in such large numbers that when a comparative biochemical in¬ 
vestigation of microdrganismic physiology is being made, over-all popula- 
tional characteristics, in contradistinction to the properties of individuals, 
are being studied. The mechanisms available to an individual for adapt¬ 
ing itself to an environmental change are limited by its genome and the 
physiological flexibility permitted by its particular degree of specialization. 
When, however, the adaptive ability of a population is being considered, 
there must be added to the physiological pliability of its members the ge¬ 
netic plasticity of the group in terms of the numbers and kinds of mutants it 
is capable of producing. 

This composite nature of populational adaptability makes the interpre¬ 
tation of observed physiological changes in bacterial or yeast cultures difli- 
cult. In any particular case the same end^result can dearly be obtained by 
any one of the following: (1) the natural adection of existent mutants with 
the desired physiological characteristic from a heterogeneous population; 
(2) the presence of the substrate induces a “new”^ enzymatic system in all 
the members of a homogeneous popidation, resulting in a gradual increase in 
the measured enz)mie activity of the population; (3) a combination of 
natural sdection and the action of meeb^ism (2) on those selected. 

In most cases where so-caUed **trattiiiig*' has been observed to occur in 
microbic cultures, wherever a decirioh is at all possible, the most likely ex¬ 
planation seems to be that a natural selection of a variant type has t^ken 
place. Relatively few investigations (see Dubos^* Yudkin* and KarstrOm^ 
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for recent reviews) can lend much support to the hypothesis of a direct sub¬ 
strate-cytoplasmic interaction. 

Thus far, those who have drawn the conclusion that mechanism (2) is 
operating have depended for the most part on demonstrating the existence 
of a constant total and viable count during the period when the physiologi¬ 
cal change in the population was being noted. A constant viable count 
alone woidd clearly have little critical value in deciding the question at 
issue. During the stationary phase of population growth new individuals 
must make their appearance to take the place of those that have died and 
natural selection could work in this period as well as in any other of the 
growth cycle. 

However, the use of the constant total count involves some didiculties 
which may briefly be summarized as follows: 

1. The failure to find “adaptation” in the complete absence of cell divi¬ 
sion would not necessarily be conclusive evidence that none exists. It is 
conceivable that in cultures where this “ideal” had been reached the 
physiological state of the cells was such that the ability to synthesize new 
enzymatic systems had been lost along with the ability to divide. 

2. This method has the further disadvantage that it cannot distinguish 
between the following two situations: 

(a) All the members of a phenotypically homogeneous population react 
to some component in the environment in an “adaptive” manner. 

(b) Starting with a phenotypically heterogeneous population only those 
react which, due to a proper genetic constitution, already possess an ade¬ 
quate though latent enzymatic system. Under this condition providing 
the genetic variants formed a reasonably high proportion of the population 
(10% and up) an increased enzymatic activity with time would be ob¬ 
served without any concomitant cell division. 

It is evident from the above discussion that the crucial point at issue in 
questions of this nature is the phenotypic homogeneity or heterogeneity of 
the starting population. And, unless in a particular case a decision is 
arrived at on this question, no precise or certain conclusions can be drawn, 
even under conditions of a constant total count, concerning the mechanism 
involved in accomplishing an observed change in the physiological charac¬ 
teristics of a population. 

Since limitations of size, and sensitivity of available methods, prevent a di¬ 
rect examination of the individuals in a microdrganismic population as a 
means of deciding the question of phenotypic homogeneity, recourse has 
been made to another method. 

A cell can in general be characterized by the type of colony it produces 
vdien grown on an agar surface under standard conditions. Thus if a repre¬ 
sentative sample of a population is plated out and more than one colonial 
type k noted^ it may be logically concluded that more than one type of in- 
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dividual is represented in the population. This method of examination 
can, under controlled conditions, yield quantitative data of a high degree 
of reproducibility and has been used to examine the kinetics of the appear¬ 
ance of morphological variants in bacterial cultures (see Shapiro, Spiegel- 
man and Koster^^). 

Method:) and MateriaL — (A) Yeast Strains: Two strains of Saccharo- 
myces cerevisiae isolated in this laboratory and known as r)b23B and LK2- 
G12 were used in the following experiments. Both strains could acquire 
the ability to ferment galactose if grown in its presence. Strain Db2,‘iB 
originated from a single ascospore and its population contains principally 
haploid cells and is therefore characteristically unstable. Strain LK2G12 
originated from an intact 4-spored ascus in which copulation was observed 
to occur pairwise. Conseqtiently it is known to be a diploid and in con¬ 
trast to the Db23B is characteristically stable. For further details con- 

T 

cerning yeast breeding and strain isolations and the implications of haploidy 
and diploidy for genetic stability consult Lindegren and Lindegren.^® 

(B) Media: The basic medium contains 2 g. of KH2PO4, 5 g. of 
peptone and 2.5 g. of dried dead yeast per liter. To this was added the 
desired carbohydrate. Agar plates were made by adding the requisite 
amount of agar to the above bavsic medium. It was found necessary to 
filter the agar medium to facilitate observation of the colonies, 

(C) Carbohydrates: As sources of carbohydrate, reagent grade 
chemicals were used. Difeo’s purified galactose was further treated ac¬ 
cording to a method described by Stephenson and Yudkin® to remove any 
contaminating fermentable sugars. 

{D) Cell Count: Cell counts were made by means of an haemocytometer. 

(£) Test Plates: Since we are here concerned with whether or not the 
organisms can produce CO 2 from galactose, some method had to be devised 
which would permit the detection of this characteristic. The procedure 
adopted was to plate a sample of a population on an agar surface, con¬ 
taining 4% galactose purified as described above, and then cover it with 
another layer of galactose-containing agar. The production of gas cracks 
the agar right above the colony and thus gas producers can be distinguished 
easily from those which cannot evolve gas from this sugar. Figure 1 
represents a typical field containing both positives and negatives. 

To examine the type composition of a population growing on an prdi- 
nary glucose plate, well-isolated colonies incubated for 72 hrs, at 26®C. were 
used. These were removed from the agar surface and suspended in chilled 
galactose broth and then diluted to contain about 5000 cells per cc. as deter¬ 
mined by direct count with an haemocytometer. Of this suspension, 
0.2 cc. was then placed on a 4% galactose-4% agar surface from which all 
excess fluid had been allowed to drain. A sterile bent rod was then ro¬ 
tated over the surface to get even distribution. A 5% agar medium con- 
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taining 4% galactose cooled to 39° was poured over the inoculated surface. 
These test plates were incubated at 2S°C. for at least 48 hrs. before count- 
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ing. Five such test plates were prepared from each suspension. Count¬ 
ing was done under the low power of a binocular dissecting naicroscope. 

ExpeHmetUal Results. —(a) Data obtained from strain Db23B: Table 1 
records results of the galactose test-plate examination of the composition 
of 10 colonies of Db23B grown on glucose agar. It is clear that two t 3 rpes of 
individuals, at least as far as gas production from galactose is concerned, 
are initially present. The percentage of the population, grown on glucose, 
which is able to ferment galactose, varies from 2.0 to 15.0%. 


TABLE i 


Combined Table Showing Results or Extbiuments Determining the Percbntaob 
Composition of Populations Grown on Glucose with Respect to the Ability or 
Individuals to Produce COi prom Galactose. Each Experiment Represents the 

Combined Results op Five Test Plates 


Strain Db23B 


Strain Li:2Gt2 


KcxnrmxuttKT no. I 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

1 

2 

8 

4 

5 


TOT AX. NUXBKK Or 
COLONlXtS COONVbO 

062 

626 

622 

625 
655 
599 
660 
685 
630 
677 

626 
480 
692 
610 
626 


AVBKAOV % or 
TOBITIVSB OBUaVBO 

7 

9 

6 

16 

6 

7 

4 

2 

6 

13 

100 

100 

100 

100 

100 


Disregarding the quantitative aspect of the problem for the moment, 
the important point is established that normal populations of ]%23B 
growing on glucose contain* two types of individuals whidi can be classified 
on the basis of the behavior of their colonies when grown on galactose agar 
test plates. 

(b) Data obtain^ with LK2G12: Table 1 also records some representa¬ 
tive results obtained from the examination of LK2G12 colonies grown on 
glucose agar. It is evident that here we are dealing with a population 
homogeneous with respect to the observed diaracteristlc. 

(c) Validity of method: It might be argued that whether a particular 
colony exhibited gas production by a crack in tiie agar, might dqiend 
on local characteristics of the agar in whidi it found itsdf. 

Two t 3 rpes of experiments were undertaken to examine this question. 
In the first type 5% glucose rather than galactose test plates were pre¬ 
pared and seeded in exactly the same fashion with D1}23B vdiich was 
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kiiovm to ferment glucose with great ease, as determined from manometric 
experiments on this strain in an atmosphere of nitrogen. 

If the appearance of a crack immediately above a colony did depend on 
local imperfections, then the same general picture should be obtained in 
these glucose plates as was noted in the galactose test plates. In all, XI 
teat plates were so prepared and 2592 colonies examined. Of these only 
one did not show a strong positive reaction as exhibited by the typical 
star-shaped crack. This latter colony when isolated and examined 
manometrically appeared to have the non-fermentative type of glucose oxi- 
datiottii'r 


TABLE 2 

Expbiumbkts Testing Validity op Dbtbctikg Method. Pbrcbntaoes Are Cal¬ 
culated TO THE N^EAREST I^fTEGBR. EACH FIGURE RePRESBKTS THE AvBRAOEC OF FiVE 

Test Plates ^ 


BXPBXIM8NT 

NO, 


VOLUICB RATIO OP 
% roSITXVHB SUSP. 1; 8VRP. 2 

ftUSPBNKlON X SU8PBNAION 2 USKD XN MTXTVRBa 


1 20 

2 ^ 4 

3 10 

4 10 


48 

1:1 

98 

1:1 

07 

1:1 

67 

1:2 


KXPSRXKItNT 

NO. 


COMPOAITION OP MIXTtrilBS 
OB8KAVBD % CAXA^ULATSD % 

POSXTIVBS POSITlVBft 


DIPPBRBHCK 
CAI^CULATSD — 
OBSBRVBD 


1 

31 

34 

2 

48 

61 

3 

38 

38 

4 

60 

48 


3 

3 

0 


-2 


As a final test, the following experiment was performed: it was found, 
as was to be expected, that the per cent of gas-producing colonies obtained 
in a test plate originating from a positive colony on galactose was much 
higher than either from a negative one on galactose or a normal one grow¬ 
ing on glucose. The percentage of positives obtained from such a colony 
varied from 76 to 99% depending on the length of incubation, a general 
rise with time being noted. Suspensions of equal density as determined by 
cell count were made of a normal colony from glucose and a positive one 
from a galactose plate. Five test plates were made from samples of each 
suspension to determine the percentage composition of the population. 
They were then mixed in 1:1 and 1:2 proportions and five galactose test 
plates made from samples of the mixtures. If the appearance of the 
cracks is truly a characteristic of the colony and not one of the locality in 
w:hidi it finds itself, it should be possible to calculate the percentages of 
positives to be found in the test plates of the mixtures from the percentage 
composition and fnroportions used of the two suspensions that went to 
make it up. The results of these experiments are recorded in table 2. 
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It is seen that in the first three experiments, within an average difference of 
L5 from the calculated value, the ot^rved per cent positives in the test 
plates of the mixtures are the arithmetic means of the percentages of the 
two suspensions from which they originated. In the fourth experiment in 
which a 1:2 proportion was used, the deviation from the calculated value is 
2 %. 

(d) Measurements of enzyme activity: As measured by gas evolution in 
nitrogen, both strains can equally well acquire the ability to ferment galac¬ 
tose if they are grown in the presence of the sugar. Evidently, then, in¬ 
crease in cell number is sufficient to effect the physiological change in 
either poptdation. The problem is, however, whether the change will oc¬ 
cur without this mechanism. 

The results on the test plates indicate that Db23B grown on glucose 
consists mainly of indmduals that cannot ferment galactose. On this basis 
it would appear probable that such a population would have to depend on 
cell division to change its over-all character with respect to this property 
by increasing through selection the proportion of individuals that can 
ferment the sugar. Thus a population of this nature should not “adapt" 
in the presence of galactose if cell division were either completely or sig¬ 
nificantly depressed. 

vSuch experiments were performed on Db23B. To keep multiplication 
down to a minimiun the cells were washed in m/15 KHgPO* and resus¬ 
pended in this solution with purified galactose as the only addition. Under 
such conditions cell counts remain constant over long periods of time. 
Anaerobic gas production was followed by the usual manometric methods. 
So long as the total cell count remained constant no change was observed 
from the very low rate of (endogenous) CO 2 evolution. As pointed out 
previously, negative results such as these have little crucial interpretive 
value. They do, however, become more meaningful when they are com¬ 
bined with the test-plate data, and the fact that this strain (in common 
with many others cited in the literature) invariably adapts to the substrate 
when allowed to proliferate in its presence. 

The results obtained with LK2G12 under the same conditions are entirely 
different. With this strain, adaptation occurs quickly and almost ex¬ 
plosively as may be noted from figure 2. In this experiment exactly the 
same experimental conditions were imposed as obtained in the experiments 
on Db23B. As can be seen, a very sharp change in the physiological 
characteristics of the population took place at the end of about 3 hrs. Dur¬ 
ing this period no measurable change in the total number ofandividuals oc¬ 
curred as determined by total counts at the beginning and end of the run. 
These are plotted on the same graph. We have here a clear cut case of 
“adaptation" without the formation of new cells. It may be mentioned 
that this lag period of 3 hrs. is under standard conditions, reproducible, 
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FIGURE 2 

Change in physiological character of a stationary LK2G12 population in contact 
with galactose. O • Enzyme activity, ® « Log of number of cells per cubic centimeter. 

and is characteristic for this strain. Other strains examined under the 
same conditions have longer lag periods extending up to 8 hrs. 

Discussion ,—These results are not only compatible with the previous 
test-plate examination of the phenotypic homogeneity of the populations 
but, in turn, the phenotypic pictures coincide well with what is known 
about the genetic background of the two strains employed; i.e., Db23B 
being principally composed of haploid cells would tend to be genetically 
unstable and consequent^ would give rise to phenotypically heterogeneous 
populations so long as vegetative reproduction is maintained. 

These experiments offer a reasonable explanation for the apparently con¬ 
tradictory results obtained by various workers on the question of the rdle of 



22 


GENETICS: SPJEGELMAN ET AL, 


Phoc. N. a. S. 


cell division in the *'acclimatization" of yeast populations to galactose fer¬ 
mentation. Apparently Sohngen and Coolhaas,* as well as Euler* and his 
co-workers, were dealing with a culture of the Db23B type whereas Ste¬ 
phenson and Yudkin* probably employed a type represented by LK2G12, 
although with a much longer lag period. 

The experiments described were specifically designed to investigate the 
biological mechanisms underlying populational ''adaptations.” As such 
they cannot provide solutions to the many biochemical problems of a more 
or less fundamental nature which have arisen during the course of the in¬ 
vestigation. One important point may, however, be noted here which has 
as yet received too little attention; namely, that COt evolution need not 
paralld galactose utilization as a source of energy for growth and main¬ 
tenance. Of 34 strains of yeast examined in this laboratory, only one 
showed inability to grow in a medium containing galactose as sole source of 
carbohydrate, yet 80% of those that could use this sugar failed to ferment 
it. In particular the utilization of galactose by the "unadapted” culture 
of Db23B (glucose grown) was examined very carefully by following galac¬ 
tose disai)pearance during non-fermentative periods. 

The existence of these non-fennentative oxidations of carbohydrate has 
been demonstrated in other forms using other sugars. Trautwein and 
Wiegend^* have shown the direct oxidation of maltose by certain molds. 
Recently Barron and Freidemann^* have demonstrated the oxidation of glu¬ 
cose and hexose-phosphates by bacteria which do not ferment glucose. 
As previously noted, a yeast strain possessing this type of glucose oxidation 
was isolated from one of our exf^erimental glucose test plates. 

With this point in mind, it is clear that the present investigation, inxom- 
mon with previous ones on '^galactose adaptation," is not concerned with 
adaptation to galactose utilization per se, but with the development of a 
particular enzyme system leading to a fermentative oxidation of the sugar. 
The characteristics of the non-fermentative oxidations of galactose will be 
discussed elsewhere. 

Whether it is appropriate to call the lag phenomenon observed with the 
LK2G12 strain in the presence of galactose an "adaptation," cannot be de¬ 
cided without an opportunity to examine the biochemical data in greater 
detail. Nor is it here possible to evaluate properly the usefulness of 
Karstrbm’s*® classification of galactozymase as an "adaptive enz 3 nne" in 
contradistinction to the glucose fermenting system as a "constitutive" 
one. Data obtained in this laboratory on the kinetics of the 83mthesis 
and destruction of the galactose fermenting system in a genetically stable 
population, would rather suggest that one was dealing with an enzyme 
system extremely unstable in the absence of its specific substrate and that 
what Kanstrdm calls a "constitutive" enzyme is rimply one that is rda- 
tively more stable. 
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Whatever the case may be, the results reported here would suggest that 
a proper investigation into the nature of the acclimatization towards CO® 
production from galactose requires some knowledge of the genetic back¬ 
ground of the strain being employed as well as an examination of the 
phenotypic homogeneity of the starting population. Unless this is done, 
there is the ever-present risk of unknowingly complicating the experiments 
by studying two distinct phenomena at the same time, one involving the 
competitive replacement of one phenotype by another and the other the 
kinetics of the enzyme substrate interaction. The latter problem can be 
studied safely only in a genetically stable and homogeneous population. 

Summary and Conclusions. —1. A method is described involving the 
use of double-layered agar test plates which permits an examination of the 
phenotypic homogeneity of yeast populations with respect to the ability 
of individual members to produce gas from galactose. This method was 
used to elucidate the mechanism of enzymatic adaptation in a haploid and 
in a diploid strain of yeast. 

2. Adaptation in the haploid was found to occur only in increasing 
populations. 

3. Adaptation in the diploid could occur in tlie absence of cell division. 

4. The necessity for a knowledge of the genetic background and pheno¬ 
typic composition (^f initial populations is emphasized, to avoid complicat¬ 
ing studies of enzyme synthesis with the kinetics of competitive interaction 
between phenotypes. 
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In the article, “On Convex Topological Linear Spaces/’ by George 
W. Mackey, 29, 315-319 (1943), in lines 22 and 23 the phrase “whose 
continuous linear ftuictionals“ should be replaced by “the pseudo-norm 
sets of whose continuous pseudo-norms/* 

In the article, “Natural Logarithms of Small Prime Numbers/' by 
H. S. Uhler, 29, 319-325 (1943), in line 2 up from the bottom of page 
323 in the value of In 43 the ninth pentad “12917“ should be changed to 
read “12971/' 



PROCEEDINGS 

OF THE 

NATIONAL ACADEMY OF SCIENCES 

Volume 30 February 15, 1944 Number 2 

Coityrithi 1944 by ike Nationai Academy of ScUnc49 


RELATIVE NUMBER OF NON-INVARIANT OPERATORS IN A 

GROUP 

By G. a. Miller 

DBFARTMBNT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated December 30, 1943 

Since the number of the invariant operators of a given group G, of 
order g is equal to the order of the central c of G, the number of the non- 
invariant operators of G is g — c. In every non^abelian group the central 
quotient group is known to be non cyclic and hence its order is a com¬ 
posite divisor of the order of G. In particular, when ttie order of G is the 
product of two distinct prime numbers and G is non-abelian the number 
of the non-invariant operators of G is g — 1, and when the order of the non- 
abelian group G is p\ p being a prime number, then the number of the non- 
invariant operators of G is p* — p « p{p*^ — 1). A non-abelian group of 
order g can therefore not contain less non-invariant operators than g minus g 
divided by the two smallest positive integers which divide the order of g. 

From the preceding paragraph it results that a non-abelian group of 
order g cannot have less than 3g/4 non-invariant operators and that it 
must involve a garget number of such operators when g is not divisible by 4. 
In fact, it must involve a larger number of such operators unless g is di¬ 
visible by 8 as we proceed to prove. Suppose that G contains exactly 
3g/4 non-invariant operators and hence its central quotient group is the 
four group. Its central will then give rise to three co-sets corresponding 
to the three operators of order 2 in the four group. If si is an operator 
from one of these co-sets and is an operator from another of these three co¬ 
sets then Si and 5* are necessarily non-commutative sines; otherwise they 
would appear in the central of G. 

A commutator which arises from Si and st must be in the central of G 
and it must be of order 2 since the squares of all of the operators of 
G must appear in the central of G. It therefore results that the central of G 
is of even order and hence the order of G is divisible by 8. It is obvious that 
each of the two non-abelian groups of order 8 satisfies the condition that 
Use number of the non-invariant operators contained therein is 3g/4, where 
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g is the order of the group. Moreover tlie direct product of one of these 
groups of order 8 and an arbitrary abelian group evidently satisfies the 
same condition. Hence there results the following theorem: A neces¬ 
sary and sufficient cofidition that there is at least one group of order g in which 
the number of the non-invariant operators is exactly 3g/4 is that g is divisible 
by 8 and there is no non-abelian group of order g which contains a smaller 
number of non-invariant operators. This theorem can clearly be extended. 

When the number of the non-invariant operators of G is exactly 3g/4 
all the ojicrators of odd order contained in G must appear in its central. 
Hence such a G is the direct product of its Sylow subgroups and all of its 
Sylow subgroups of odd order arc abelian while its Sylow subgroup whose 
order is a power of 2 has a commutator subgroup of order 2 as was noted 
above. The determination of the groups which involve exactly 3g/4 
non-invariant operators is therefore reduced to the determination of such 
groups having an order which is a power of 2. In particular, if a group 
whose order is not divisible by 16 has the property that it contains exactly 
3g/4 non-invariant operators it is the direct product of one of the two non- 
abelian groups of order 8 and an arbitrary abelian group of odd order, and 
all such direct products have the property that the number of the non- 
invariant operators contained in each of them is 3je/4, where g is the order 
of the group. 

If 6r contains exactly 3g/4 non-invariant operators then it contains three 
abelian subgroups of order 2”, m>l, which have 2"*~^ operators in com¬ 
mon and these common operators are contained in the central of G while 
the Sylow subgroup whose order is a power of 2 is of order 2**+^. The com¬ 
mutator subgroup of order 2 of G appears in the central of G but it is not 
necessarily generated by an operator of higher order in G as results from a 
non-abelian group of order 16 in whicli two of the three abelian subgroups 
of order S are of type 2, 1 and the central is the four group. Two of the 
three operators of order 2 in this four group are squares of opexators of 
order 4 contained therein while the third is a commutator of the group. 
When the number of the non-invariant operators of a group is 3g/4 the 
smallest number of these operators is 6 since it must be an even number 
and the tw(j non-abelian groups of order 8 are the only groups which have 
separately exactly 6 non-invariant operators. 

Every group of order g which has the property that exactly 3g/4 of its 
operators are non-invariant contains a multiple of 6 non-invariant opera¬ 
tors and it is possible to construct such a group in which the total number 
of non-invariant operators is an arbitrary multiple of 6. This results 
directly from the fact that in the direct product of a group which involves 
exactly 6 such operators and an abelian group of arbitrary order the 
number of the non-invariant operators is equal to 6 times this arbitrary 
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order. In particular, the groups which contain exactly 12 non-invariant 
operators are of order 16 and have a central of order 4. There is one and 
only one such group which contains the cyclic subgroup of order 8, The re¬ 
maining operators of this group transform each operator of the cyclic 
group into its fifth power. There is obviously another such group in which 
the central is the cyclic group of order 4 and there are four such groups in 
which the central is the non-cyclic group of order. 

There is only a finite number of different non-abelian groups which sepa¬ 
rately have the property that each of them contains the same number 
of non-invariant operators. This number of groups may be zero. The 
fact that there is only a finite number of such different groups is a direct 
consequence of the theorem that there is an upper limit for the order of 
such groups since this order cannot be as large as twice the munber of the 
non-invariant operators contained therein. On the contary, the number 
of the different groups which contain separately the same given number 
of non-invariant subgroups is not necessarily limited by this munber of 
the non-invariant subgroups contained in these separate groups. In fact, 
it is known that there is an infinite system of groups such that each of 
them contains two and only two non-invanant subgroups, (Cf. these 
Proceeding's, 29, 105 (1943).) There is, however, no group which contains 
exactly two non-invariant operators as will be more fully explained. 

If the number of the non-invariant operators of G exceeds 3g/4 it is at 
least 5g/6 because the order of the central quotient group is then at least 6 
and if this order is 6 the central quotient group is the non-cyclic group of 
this order, The direct product of this group and an arbitrary abelian group 
evidently furnishes an infinite system of groups such that the number of the 
non-invariant operators contained in each of these groups is 5g/6, g being 
the order of the group. The number of the non-invariant oj>erators in 
each of these groups is a multiple of 5 and there is at least one group in 
which this number is an arbitrary multiple of 5. The symmetric group of 
order 6 is the only one of these groups which contains exactly 5 non¬ 
invariant operators and this group is characterized by the fact that it 
contains exactly 6 non-invariant operators. 

A necessary and sufficient condition that there exists a group in which the 
number of non-invariant operators is exactly a given prime number p is 
that there exists a group of order p + I which contains no invariant operator 
besides the identity. This theorem results from the fact that this prime 
number is equfd to the order of the central quotient group diminished by 
unity and that this central quotient group cannot involve any invariant 
operator besides the identity. It therefore results that there exists no 
group in which the number of the non-invariant operators is exactly 3, 7 or 
31, but that there exists at least one non-abelian group in which the num¬ 
ber of the non-invariant operators is any one of the prime numbers in the 
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following set: 5, 11, 18, 17, 19, 28, 29. It would be a very simple matter 
to extend these sets. 

It is now easy to prove the following theorem: Every group in which 
the total mmber of non-invariant operators is a prime number contains no 
invariant operator besides the kientUy, In fact, if the total nimiber of the 
non-invariant operators of the group rs a prime number the order of the 
central quotient group diminished by unity must be equal to this prime 
number. The central quotient group must be simply isomorphic with 
the group since the number of the non-invariant o|X*Tators of a group 
is the ]>roduct of the order of the central, and the order of the central 
quotient group diminished by unity. The converse of this theorem is 
obviously not necessarily true since it is easy to find groups which contain 
no invariant operator besides the identity but in which the number of the 
non-invariant operators is not a prime number. For instance, the di¬ 
hedral group of order 10 has this property. 

There is one and only one group in which the total number of the non¬ 
invariant operators is one of the three prime numbers 5, 11, 18 but there are 
two groups in which the number of the non-invariant operators is exactly 
17. One of these is the dihedral group of order 18 and the other is the 
generalized dihedral group of this order. When the number of the non¬ 
invariant operators contained in G is exactly 28 the symmetric group of 
order 24 is the only one of the 15 groups of this order which contains no 
invariant operator besides the identity and hence this group is character¬ 
ized by the fact that it contains exactly 23 non-invariant operators. This 
characterization of the symmetric group of degree 4 may therefore be 
added to the numerous known definitions of this well-known group. 


NOTE ON THE FUNCTION F {a, b; c - n; s) 

* 

By H. Bateman* 

Norman Bridge Laboratory of Physics, California Institute of Tbciinology 

Cotunmnicated January 8, 1944 
The generating function 

(1 - 0^ - 1(1 » s + zt)-^ - f: (fVnl)(l - 6, n)F{a, h; b - 

n; z) jtj <1, \zt\ < |l — E 

may be used to find an estimate of F(a, 6; & — w; «) for large positive 
values of «. When the point f I ~ I/e lies outside the circle t « 1 the 
singularity / « 1 may be used to find an estimate by the method of Dar- 
boux' and the result is 
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F{a, b\ b n; z) 1. 

When c — fr is an integer the foregoing result indicates that F(a, b; c — n\ 
z) \ under the same restriction on s. This is the result used in previous 
papers’^ but the case in which the point / — 1 — 1 /s lies within the unit 
circle or on its circumference was not considered. These cases can also 
be treated by the method of Darboux. It may be noted, howev’^er, that 
when 1 — \/z lies inside the unit circle the point I — J/( l — s) lies outside 
the circle. Use may then be made of the formula of Barnes'* 

F{a, b; c — n; z) — AF(a, b; I + a + b — c + n; \ — z) + 

Bz^ ~ ^ ^ (1 __ 2 )^ “ " “ “ ”F( 1 “ a, 1 “ 6; 1 — a — ft + r — w; 1 — z) 

where 

A = V{c — n — a ~~ ft)r(r — n)/V(r — w — a.)r(r: — n — b) 

B - Via + ft - c + n)T(c - n)/r{a)T(b). 

It should be noticed that {1 — a — ft + c) ■“ (1 “ a) is an integer when 
c — ft is an integer so the j)revions result may be applied. It is probable, 
however, that the result holds without this restriction. The first term is 
0(1) when n is large and so in this case wc have the estimate 

F(a, ft; — w; z) ^ ^ “ HI zV 

[r(n)r(ft) sin 7r{c n)]. 

On this account restrictions are needed for the deduction lim F{—fn, 

—W“-r;a:)==l. When the point 1 — l/z lies on the unit circle 
there are two possible singularities to be taken into consideration in the 
method of Darboux and so unity should be added to the foregoing expres¬ 
sion. If, however, R{a + ft) < 1 unity is negligible in comparison with the 
term just mentioned and if i?(a + ft) >1 unity is the dominant term. The 
case in which i?(a -f ft) = 1 is exceptional because then both terms must 
be taken into consideration. 

It is noteworthy that in the case z - V 2 there are two singularities on 
the unit circle. For the function of Mittag-Leffler 

g«(s) « 2zFl - M, 1 “ z; 2; 2) 

=5 2"*(s/» n)F{z + 1, 2 ; 1 + 2 - w; V 2 ) 

the condition R{a + ft) < 1 is satisfied when R(z) < 0 and in this case an ’ 
estimate is 

g„(2) ^ 2 ”"*(2/, «). 

When R(z) < 0 use may be made of the formula 
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= (-)*«»(«). 

SO in this case 

% 

gniz) ~ (-)“2‘(-)E!/, n) = 2*(*, n)/n. 

For the function 

gn{z, 0 = n)F{-n, ~z - r, -r; 2) 

= (z + r/, n)2-‘F{z, r + z+1; r + z — m + 1; »/*) 

the condition i?(a + i) < 1 is satisfied when J^(2c + r) < 0 and so the esti¬ 
mate 

gniz, r) {z + rl, n)2-‘ 
holds under this condition. The equation 

gni-z - r, r) = i-Ygn{z, r) 
indicates that when R{2z + r) > 0 the estimate is 

gn(z, r) ~ (-)"2 * + '■(-z/, n) * 2* + '•(z, n)/nl 
When J'?(2z + r) = 0 the proper estimate is 

gn{z, f) = (z + rf, n)2— + 2' + '(z, w)/nl 
and in the case of the polynomial of Mittag-LefSer, when R(z) 0 

g„{z) ~ 2 -*(z/, n) + 2‘(z, n)/n\ 

* For list of Errata to previous articles, see page 44, infra. 

' Daxboux, 0„ Jour, de Math., (3) «, 1-86, 377-416 (1878). 

* Bateman, H., Proc. Nat. Acad. Sci., 26, 491-496 (1940); 28, 371-374 (1942). 

* Barnes, E. W., Proc. London Math. Soe., (2) 6,167 (1908). 


INDOLE AND SERINE IN THE BIOSYNTHESIS AND 
BREAKDOWN OF TRYPTOPHANE* 

By E. L. Tatum and David Bonner 
Dbpartmemt of Biology, Stanpoho UmvEitatTY 
Communicated January 31,1944 

Indole and anthranilic acid have been suggested as intermediates in the 
bio93rnthesis of tiyptophane by certain bacteria.* Among the mutant 
strains of Neurospora, produced as described elsewhere,* two t 3 rpe 8 of 
tryptophane deficient strains have been found. One strain will grow in 
the presence of indole, and the other in Uie presence of either indole or 
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anthranilic add. With the use of these mutants it has been shown tliat 
both of these compounds are intermediates in the synthesis of tryptophane 
by Neurospora and that this synthesis has been blocked before anthranilic 
acid in one mutant and between anthranilic acid and indole in the otlier 
(10575).^ This paper deals with the nature of the reaction connecting 
indole with tryptophane. Certain of the results with Neurospora have been 
included in a preliminary note.*» 

Synthesis of Tryptophane by Neurospora, —Tests of a number of possible 
intermediates between indole and tryptophane, including skatole, indole- 
acetic acid, indolepropionic acid, 1-kynurenine, tryptamine, indole-lactic 
acid, and indolepyruvic acid (sterilized by filtration) showed that none was 
active in promoting growth of the tryptophane deficient strain 10575. 
These inactive compounds cannot be converted to either indole or trypto¬ 
phane, and presumably are not intermediates in the synthesis of trypto¬ 
phane by Neurospora, Since these substances include the theoretically 
possible intermediates in a stepwise synthesis of tryptophane from in¬ 
dole, it seemed, therefore, that-this synthesis might involve a single re¬ 
action. 

In an attempt to determine the nature of this step in the synthesis of 
tryptophane from indole, a number of experiments were carried out both 
with actively growing cultures of Neurospora and with mycelium in non¬ 
nutrient media. Indole was determined by treating samples of culture 
media with /?-dimethylaminobenzaldehyde essentially as described by 
Happold and Hoyle,® and measuring the color developed with a photo¬ 
electric colorimeter. The disappearance of indole and the effects of various 
substances on this disappearance were followed by this method. The 
experimental results may be summarized as follows. Indole disappears 
from the culture solutions rather slowly. The addition of serine causes 
the indole to disappear much more rapidly. The action of serine is specific: 
a or jfil alanine, pyruvic acid, glyceraldehyde, phosphoglyceric acid, gly¬ 
colic acid, threonine, Cori-ester and sucrose are without effect. /{ — )- 
serine^ has twice the activity of (i/-serine. \nien serine is limiting, both 
the rate of disappearance of indole and tlie amount of indole used are 
functions of the serine concentration as shown by representative data 
presented in figure 1. Results essentially similar to these have been ob¬ 
tained with the normal wild-type strain of Neuorspora, It is therefore 
clear that )serine is involved in the utilization of indole by Neuro¬ 
spora. 

Since Neurospora grown on indole has been found to contain trypto¬ 
phane, it seemed possible that this synthesis might be taking place under 
the experimental conditions used in this investigation. Colorimetric 
tests for tryptophane in the solutions after disappearance of indole sup¬ 
ported this interpretation. Further experiments were therefore under- 
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taken. Cultures of the wild-type and mutant strains were grown with 
constant shaking. After 3 days mycelia representing about 1 gm, dry 
material were washed and incubated with 50 mg. indole and 500 mg. serine 
in 1000 ml. of distilled water. After 48 hours at 25®C. with constant 
shaking the indole had disappeared. Tryptophane was then determined 
in the medium essentially as described by Woods,® but with a photoelectric 
colorimeter. The results indicated that tryptophane was present in yields 
of 30 to 50 per cent of theory, while the indole content of control cultures 
without serine had decreased very little, and no tryptophane could be 



FIGURE 1 

The effect of serine on the uptake of indole by Neurospora mycelium. Each I25-ml. 
culture flask contained 1 mg. indole and ca. 60 mg. of 3-day-old washed mycelium of 
strain 10576 in 60 ml. distilled water. The flasks were stoppered and incubated at 
25*C. with constant shaking. 

detected. The results of biological assay for tryptophane on the indole- 
serine solutions using strain 10575 agreed well with the results of the 
colorimeter assay. This shows that tlie product is predominantly J ( —)- 
tryptophane, since the d(+) form is inactive for Neurospora strain 10575. 
In other control cultures to which i ( — )tryptophane and serine had been 
added, about 40 per cent of the tryptophane remained after 48 hours’ 
incubation. It tlierefore seems evident that all of the indole was converted 
into 2 (—) tryptophane, but that 50 to 70 per cent of the tryptophane was 
broken down during the incubation period. One of the products of this 
decomposition of tryptophane was found to be indole-acetic acid.® Indole- 
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acetic acid is produced and excreted by Neurosf>ora under the conditions 
of the experiments only in the presence of tryptophane or of a mixture of 
indole and serine. The postulation of the synthesis of tryptof^hane in a 
reaction involving indole and serine is further supported by the observation 
that in growth experiments Neurospora will tolerate higher concentrations 
of indole in the presence of added serine. Tryptophane is much less toxic 
than indole. 

Although the evidence strongly indicated that indole reacts with serine 
to give tryptophane, it is possible that neither the colorimetric nor the 
biological assays were measuring tryptophane specifically. Final proof 
was obtained by the actual isolation of tryptophane from the incubation 
mixture, 

A solution which by colorimetric and biological assays contained about 
40 n g. of tryptophane was concentrated in vacuum, precipitated with 
HgS 04 , the precipitate freed of mercury by treatment with Ba(OH )2 and 
H^S, and the HaS removed in vacuiun. The solution was adjusted to pH 
6 with Ba(()H )2 and H 2 SO 4 , and concentrated under reduced pressure. It 
proved difficult to crystallize the product from this solution and therefore 
it was treated witli acetic anhydride as described by Berg, Rose and 
Marvel.^” This procedure leads to the racemization of tryptophane witli 
the production of acetyl if/-tryptophane.^^ The acctylated product was 
extracted from acid solution with ether and the ether removed. Crystalli* 
zation from this solution was difficult until it was found that very small 
amounts of indole inhibited the crystallization of acetyl-tryptophane. 
After treating the .solution with a little Norite the product crystallized 
easily from water. Approximately 15 mg. of crystalline material were ob¬ 
tained. After punfication by recrystallization this product gave the cor¬ 
rect melting point for acetyl-d/-tryptophane (204“205®C.) and showed 
no depression when mixed with authentic acetyl-rf/-tryptophane. Analy¬ 
sis'^ gave the following results: Calculated for C 18 H 15 N 2 O 5 : d3.1()% C; 
6.12% H; 11.34% N. Found: 63.74% C; 5.94% H; 11.73% N. The 
isolated material therefore was acetyl-i/-tryptophane, and tlie product of 
the reaction between indole and serine was tryptophane. Since the colori¬ 
metric and biological assay values agreed this presumably was the bio¬ 
logically active f(--)isomer. While it is possible that serine does not 
actually enter into the reaction but merely permits the accumulation of 
tryptophane after its formation from indole by some other reaction, this 
does not seem likely. The structural relationship of serine to the side 
chain of tryptophane, the specificity of serine in the reaction, and the 
failure to detect tryptophane in an incubation mixture with indole or 
serine alone make it probable that in Neurospora indole reacts with J ( — )- 
serine to give /( —)tryptophane. One possibility is that an intermediate 
such as tt-aminoacrylic acid^® is involved. Since only I {-“)serine is active 
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serine could react directly with indole with the elimination of water as 
follows: 

H 

I 

C 

H—C^C—C—H + HOCH,—CH(NH.)—COOH ~***? 

H-<! I L„ 

VY 

I I 

H H 

Indole Serine 

H 

I 

C 

H— /Vc —CH,—CH(NH,)—COOH 

hY I Lh 

VY 

I I 

H H 

Tryptophane 

Since all possible intermediates tested failed to support growth of mutant 
strain 10575, it seems probable that the condensation of indole and serine 
is involved in the normal synthesis of tr 3 rptophane by Neurospora. 

Production of Indole from Tryptophane by Escherichia Coli ,—^The forma¬ 
tion of indole from tiyptophane by bacteria has been studied by a number 
of investigators/'In this reaction no suspected intermediates 
tested give rise to indole directly. Indoldactic and indolepyruvic acids 
according to Woods may give indole, but must first be converted to trypto¬ 
phane.® JE. coli resembles Neurospora in that skatole, indoleacctic add, 
indoleprppionic acid, l-kynurenine and tryptamine cannot be converted 
into tryptophane. 

It seemed possible that the bacterial production of indole from trypto¬ 
phane might be a simple reversal of the synthetic reaction carried on by 
Netirospora. If this were true it should be possible to modify the produc¬ 
tion of indole through the addition of serine. 

Sterile-washed suspensions of JS. coK (K-12)^® were prepared as described 
by Woods.® The cell suspensions were incubated with tryptophane in 
flasks on a shaking machine and indole determined coloninetrically at 
intervals on aliquot samples. Corrections were made for the turbidity 
due to the cells. 

The results of a typical experiment are shown in figure 2. The addition 
of d/-serine greatly slows down the furoduction of indole. As with Neuro- 
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sporUt the effect of serine is specific, and is a function of the serine concen¬ 
tration. In our experiments glucose and of-alanine have no influence on 
the reaction. Evans, el al., found that of twelve amino acids (not including 
serine) tested in growth experiments, the production of indole from trypto¬ 
phane was effected only by phenylalanine and tyrosine, which two amino 
acids, however, had no influence on the production of indole by active cell 
suspensions.^^ We have also performed a few experiments in which indole 
alone, and indole with serine were incubated with coli suspensions. The 
results showed clearly that serine has an effect on the disappearance of 



FIGURE 2 

The effect of rff-serine on the production of indole from tryptophane by E. coli sus¬ 
pensions. Each 126-mI. culture flask contained 2 mg. /-tryptophane and 4 ml. of a 
suspension of washed E. coli cells (ca. 20 mg.) in 60 ml. of 0.05 M phosphate buffer at 
pH 7.2. The flasks were plugged with cotton and incubated at 26®C. with constant 
shaking. 

indole similar to that in Neurospora. Colorimetric tests for tryptophane 
after 24 hours' incubation indicated that some tryptophane had been syn¬ 
thesized from indole in the presence of serine. 

These results support the view that the production of indole from trypto¬ 
phane by £. coli actually involves a reversal of the reaction postulated for 
Nmrospofa. In this case indole and serine would be formed directly from 
tryptophane and the serine further oxidized, probably through p)nruvic 
add.** This oxidation of serine would account for the end-products of the 
reaction and the Os consumption which were observed by Woods.* 
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Krebs, Hafez and Eggleston^® have suggested that JE. coli produces 
indole from tryptophane by way of kynurenine and o-aminophenylacet* 
aldehyde. In a direct test our active coli suspension failed to produce 
indole from 1-kynurenine. The production of indole from o-aminophenyl- 
ethanol in the experiments of Krebs, a/., indicates only that the bacteria 
can oxidize the alcohol to the aldehyde. These postulated intermediates 
are probably not concerned in the normal production of indole from trypto¬ 
phane. since our evidence supports the simpler hypothesis involving the 
direct production of indole and serine. 

Discussion, —The /^-hydroxyl group in serine apparently makes this 
amino acid quite reactive biologically. Binkley and du Vigneaud^^ 
have described the r6le of serine in the biosynthesis of cysteine from homo¬ 
cysteine. Char gaff and Sprinson^* have studied the oxidation of serine 
by a number of bacteria including E, colit and have suggested, that the 
first reaction is an intramolecular dehydration with the formation of a- 
aminoacrylic acid. This reaction is analogous to the proposed inter- 
molecular dehydration involved in the condensation of indole with serine. 

The relation between indole and serine is not necessarily as simple as 
that proposed. The main direction of the reaction seems to be different 
in the two organisms used. Indole production is predominant with coli, 
but the reaction apparently is reversible. With Neurospora the synthetic 
reaction goes well, but it has so far been impossible to demonstrate tlie 
production of indole from tryptophane. However, analogous directional 
specificities are known in other reversible biological reactions such as the 
oxidation and reduction of inorganic nitrogen or sulfur compounds by 
bacteria. 

The biosynthesis of tryptophane in Neurospora and probably in JS. coli 
takes place by reactions which do not include the conventional reductive 
amination of the keto acid analog. This may be true of the synthesis of 
tryptophane in other organisms and possibly of the biosyntheses of certain 
other amino acids. 

Summary. — The biosynthesis of tryptophane by the mold Neurospora 
crassa takes place through a direct reaction between indole and serine, 
possibly an intermolecular dehydration. 

A reversal of this reaction is involved in the production of indole from 
tryptophane by the bacterium Escherichia coli. 

* Work supported by grants from the Rockefeller Foundation. 

‘ FUdcs. BfiL Jour, Exptl. Faiht 22,203 (1041). 

> Snell, E. E., Arch. 2, 389 (1943). 

* Beadle. G. W.. and Tatum, E, E.. Proc. Nat, Acad. Sci,t 27, 499 (1941). 

* Tatum, E L., Bonner. D., and Beadle. G. W., Arch. Biochem. (in press), 

* Tatum, E. L,, and Bonner, D.. Jour. Biol, Chem.t 151,349 (1943). 

® Happold, F. C., and Hoyle. L*. Biochem. Jour.t 28,1171 (1984). 
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^ Generously made available by Dr. Max Bergmann, Rockefeller Institute, New York. 
» Woods, D. D., Bioclutm, Jour,, 29, 640 (1936). 

• Detemiined by the pea test, see van Overbeck, J., and Went, F. W.. Bot, Gaz,, 99,22 
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A SECOND APPROXIMATION TO SOPERS EPIDEMIC CURVE 


By Edwin B. Wilson and Jane W'orcester 
Harvard School of Public Health 
Communicated January 20, 1944 

If T be the latent period between infection and infectiousness and or be 
the period of infectiousness, tJie equation which expresses Soper’s formula¬ 
tion of the course of an epidemic is‘ 

A = rS[Ac - S{t - r) +S{t - T - a)], (1) 

at 


where A is the rate at which new susceptibles are recruited to the popula¬ 
tion, 5 is the number of susceptibles at time t, and r is a rate of contact 
between the infectious and the susceptibles. The “law of mass action” is 
assumed, namely, that the rate at which the susceptibles are infected is 
proportional jointly to the number of susceptibles and the number of the 
infectious. If the right-hand member of (1) is expanded by Taylor's 
Theorem about the value / = — (r + ff/2) we have 





d^S 


( — f — (f/8 24 dp 


T “■ ff/2 



Soper introduces a number of additional assumptions, of which one is that 
the time of infectiousness a is so short that all the derivatives of higher 
order than the first may be disregarded.^ For the steady state, could one 
exist, where S is constant and equal to w, equation (1) shows that raS — 1, 
that is, term « 1. In that state one infectious person would infect just one 
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susceptible. We may express S relative to this number m by introducing 
X — S/m. The equation then becomes 


A 

dx _ 

'A 

dx 

1 -hi. 


m 

d/ ^ 

m 

dt 

1 —“ r — 


The period t + <r/2 is Soper's “incubation period.” If it be introduced as 
the unit of time, t must be replaced by T{t + or/2), and if the rate of re¬ 
cruits A be henceforth defined as the number of recruits in this unit of 
time, equation (3) will maintain the same form in T, viz., 


A 

m 



jk df 




We shall introduce the rate of new infections 2 ; measured relative to m and 
its logarithm, namely, 

A dx 

0 5=: — — - U log Z, 

m dT ^ 


in place of x. Then on differentiating (3') and shifting the origin of time 
by a unit we have 


du 

df 


1 




uiT + l) 

® » 

mi 



which is the equation in u which corresponds rigorously to Soper's assump¬ 
tions. By methods of approximation he arrives at the equation 


dr 




The rigorous derivation given above shows that he has effectively replaced 
on the left-hand side of the equation 


du 

df 


r 4 * 1 


du 

df 


d^u , 1 d*tt , 1 d^u . 

dT^ ^ 2 dr 6 dr ^ 


by the first term of its expansion and on the right-hand side has replaced 
e«(r) - «(r + x) by 1 as though in this expression uiT) and u(T + 1) did 
not differ appreciably. 

It is our purpose to examine, for the simple case where the epidemic is 
sufficiently short so that the number of recruits does not significantly affect 
its course, the integrals of , 


d^ 

dr 



and of 


du 

df 


r 4 i 


The integral of the first is readily found as 


du 

df 
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M « 2 log scch \/zj2T + log »o, z ^ sech* y/zj2T, (5) 

vt^ere 21 ^ is the rate of new cases’ at the peak of the epidemic which is taken 
as the origin of time. With A »= 0, s » --dxIdT and, if we integrate s, 
we have 

X « const. “ \/2so tanh \/zfi/2T. (6) 


The constant may be determined if we know the value of x when T — 0, 
i.e., at the peak of the epidemic. The fundamental relations between C or 
z and 5 or X lead, however, in case ^4 « 0, to the equation* 


x{T) 


z{T) 

z(T - 1) 


sech’V zo/2r _ 

8 echVW 72 (r - 1)’ 



It is readily seen that (6) and (6') are not equivalent no matter what value 
be assumed for the constant of integration. The discrepancy between 
(6) and (6') cannot be avoided as it is inherent in the approximate nature of 
the solution in (6) for (4')« If we use (60 we find that when T »= 0, the 
value of X is cosh® \/Zt^/2 and this value might be used for the constant in 
(6). On the other hand if we observe from (60 that for T = Vsi ^ = 1» we 
should obtain the value of the constant in (6) as 1 + \/zoi2 tanh y/ Sq/S 
which is not equal to cosh® y/%^/2 except as both may be considered equal to 
1 + jgb/2. Indeed if we substitute the approximation (5) in (4*'), it is by no 
means clear that the approximation is good. Soper frankly made the hy¬ 
pothesis that the epidemics were so moderate that terms of higher order 
could be neglected’; it would follow that the discrepancies which we have 
been citing would have to be considered as inconsequential. Our aim is 
precisely to see whether a better approximation may not be found, at least 
in the simple case where the rate of recruits A may be neglected. 

To discuss approximations one has to have some estimate of the values 
of zo —how large are they? We cannot obtain zo by dividing reported cases 
at the peak during an incubation period by the value m, because in the 
first place the cases reported are only a fraction of the true cases and in the 
second place we have at best only crude estimates of the number m of 
susceptibles just sufficient for one case to make one new case. If we take 
a few dear^cut epidemics of measles we may determine the constants of 
the expression z ^ A secb* BT^ which is the first approximation to Soper’s 
epidemic curve, either by a cumulative plot on growth paper or by a calcu¬ 
lation based upon moments’ using 


wiuve <r is the standard deviation of the time measured in fortnights (which 
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Soper takes to be the incubation period of measles). On the graph on 
growth paper^ the value of the constant B is 2.945 divided by the elapsed 
time in incubation periods from the 5% to the 95% points on the fitted 
straight line. The value of B is independent of the fraction of cases re¬ 
ported, provided only that tlie fraction does not change during the course 
of the epidemic, whether it be determined graphically or by moments; 
and as, in the approximate solution, B = \/^2, the observed value of B 
gives a determination of zo in so far as the theory is valid. For a number of 
epidemics of measles we find (Fig. 1) values of B ranging* from about 0.20 
to about 0,60. 



PIOURB 1 

Cumulative graphs on growth paper of epidemics of measles in Vancouver, B. C., 
1931-1932; Berkeley, Calif., 1938-1939; Providence, R. I., 1934-1935; and Oakland. 
Calif., 1933-1934. 


The exact equation for the epidemic curve with A ^ 0, viz. 


du 

df 


r+ 1 


du 

If 






gives the difference of the slopes a unit time apart. If it be considered that 
the values uo and a « du/dT at any time T be known, the value of u at 
T + I upon the tangent to the curve will be uo + o; the tangent to'the 
curve at r + 1 is, however, a — s"® and if we had proceeded from T to 
T + I upon a line of this slope we should have reached a value wo + a •“ 
If we assume that a better value than either of these is their mean,* 
we have for the new value ; 
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dtL 

u{T + 1) = uiT) + — 


1 ,um 
2 * ■ 



With this relationship one can compute successive values of u stepwise from 
any assumed initial conditions w = Wo and dufdT = a. To go backward 
stepwise it is necessary to solve for m(T — 1 ) tiie equation^® 



1) - u{T) 


du 

df 


r 



tt(r-i) 



In this manner we may plot out u as a function of the time for positive 
and negative integral values of T starting from any initial conditions, and 
may fill in intermediate values if we desire by using the parabola, 


u{7' + - u{T) + 


du 



where ^ is a positive proper fraction. A second method of following the 
epidemic curve would be to proceed by undetermined coefficients, writing 


u ^ Uo + a{T - 7o) + - 7o)' + 7 (r - 7o)« + . . . (10) 


and determining 7 , ... in terms of the initial conditions" Uo, a by sub¬ 
stitution in ( 8 ), Terms up to and including that in (7' — TqY seem to give 
an adequate solution to advance or retreat one time unit at a time when 
near the maximum and two or more units when fairly well removed from 
the maximum. 

A different method of attack is to proceed directly to modify the equa¬ 
tion d^ujdT^ “ — c“, which is the first approximation, over into one which 
is a better representation of ( 8 ), We have 

du __ du 
dT r + 1 dr 

If we use the approximation d^ufdT^ - — e" to find d^ujdT^y we get as an 
equation of the second order 

_1 ^du ^ _ u 

dP 2 dT 

This equation may be integrated in parametric fashion"; but it turns out 
that a much more convenient, and presumably better, approximation may 
be had by carrying the process one stage further on the original equation. 
If 


d^u , 1 d*tt , 1 d*u 

dP ^ 2 dr a dT* 


= —e' 


( 11 ) 


d'hi _L 1 d^u 1 d^u _ 1 .ti _ 1 

dr'^ 2 df*’^ " ' 3 * 5 ? 3dP’ 

and we may write, on substitution in ( 11 ), 
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d^u 1 ^ ^ 1 ^du 
df*'^ 6 df* 3^ df 


The value of d^u/dT^f which would be obtained from the equation by dif¬ 
ferentiating the equation after neglecting the third derivative, may be ob¬ 
tained and substituted in the equation. The residt is^* 


d^u 

df^ 


1 + 


8^ 


du e“ 
2 18 


(#) 


( 12 ) 


lip = dujdT, the first integral with ^ = 0 when u — this 

+ 12 r— ll ^ - 36 r^ - ll = 0. 

^ ^ Li8 4-c« Ll8 + e“ J 

This equation may be solved for p and integrated in the form 


r - 1 log {z/zo) * i 


tanh"^ 


- a/so. (13) 


where zo is the case rate at the peak of the epidemic and T is measured fn)m 
that time, the 4- sign is used for T > 0 and the — sign for T < 0. Equa¬ 
tion (12) may be solved by an iterative process*^ as 


log 


Is (aT - I Is Ur - I Is (or - etc.)l|, (14) 


where Is stands for log sech and a for 3/\/i + 18/«b* 


TABLB i 


TaBLB of VAtUBS OF THB CaBB KatB FOR SOMB VALUBS OF T 


r 

■V (S) 

BY (9) 

BY (10) 

BY (U) 

0 

0.300 

0.300 

0.300 

0.300 

1 

0.2fi0 

0.268 

0.26S 

0.268 

-1 

0,260 

0.263 . 

0.262 

0.261 

2 

0.174 

0.168 

0.167 

0.166 

-2 

0.174 

0.184 

0.183 

0.182 

3 

0.008 

0.088 

0.087 

0.087 

-3 

0.008 

0.112 

0.110 

0.110 

4 

0.060 

0.041 

0.040 

0.040 

-4 

0.060 

0.062 

0.061 

0.061 

8 

0.002 

0.001 

Not computtd 

0.001 

-8 

0.002 

0.004 

Not conqmted 

0.004 


The values of s, when the initial conditions are bq 0.3 at maximum 
when T « 0, for the four approximations (5), (9), (10) and (14) are talm- 
lated for some values of T (table 1)* It ia seen that the approximationB 
(9), (10), (14) are very much alike and that they give an asymmetrical 
curve which differs considerably from the symmetrical curve (S);. The 
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skewness of the curve is negative, the rise to the peak being slower than the 
fall from it. For the particular data tabulated this skewness, as measured 
by the ratio of the third moment to the cube of the standard deviation, is 
about “0.30. The formula (13) or (14) represents the epidemic curve that 
follows from Soper's theory to a much higher degree of approximation than 
(5) and, we believe, to a quite sufficient accuracy for values of up to 
0.4, that is, for epidemics so severe that at their peak the number of new 
cases per incubation period is about four-tenths of the number of suscep- 
tibles just sufficient for each old case to generate one new case. 


^ Wilson, E. B., and Burke, Mary H., these Proceedings, 28,(1942), foot¬ 
note 2. The reference to Soper, H. E.. is Jour, Roy. Statist. Soc, (London), 92, 34-^1 
(1929), If the rate of new infections is C(i) and the number of infectious persons is /(/) 
the equation ~-dS/dt C(t) — A(t) implies that none of the persons who become infected 
return to the population of susceptibles unless allowance therefor is made in the rate of 

recruits A. The "law of mass action’* is C — r/5 with I ^ j C(t)dt. The rate 

Jt-r <f 

A is taken as constant. 

* We keep <y/2 in the expression r + <r/2 because it is possible that tr be small enough 
so that the higher derivatives in (2) may be neglected and yet large enough to make r -h 
{r/2 a somewhat more accurate ’'incubation period” or period between generations of the 
infected than t. 

* The rate of new cases s(r) »■ C(T)/m is the rate at which susceptibles become in¬ 
fected. not the rate at which persons become clinical cases, which is presumably more 
nearly equivalent to sCT + 1). 

* For, when o is smalt I ^ j C(t)dt ■» <rC(i — t *- <r/2) * oC(T — 1) and C » 

rlS becomes C «* r<rSC(T — 1) which on division by m with ram * 1 leads to 8(T) — 
xz(T - 1). 

* It should be remarked that Soper’s main interest was in periodicity, which on the 
present theory requires that the rate of recruits A should not be serb, and which brings 
in additional difficulties; we have no desire to minimize Soper’s accomplishments in his 
paper. 

« When using moments it is particularly desirable that the epidemics rise from 0 and 
drop to 0 in a clear-cut fashion because irregularities at the ends may have a considerable 
effect on the moments; effects due to irregular beginning and ending can be more readily 
disregarded when using the graphical method. 

Wilson, E. B„ these Procebdinos, 21, 462-456 (1926). 

* If we use the curve A sech* BT to describe the epidemic empirically (or any similar 
bell-shaped curve), the values of A and B may be regarded as determinable independently 
from the data, but as the integral of the approximate differential equation is s » 
So sech*\/so/2r, it follows that A and B are connected by the relation A 2B* and that 
total cases relative to m are 2.4/B or 4B. The range of total cases would therefore be 
from about O.SOtn to about 2.40m in these epidemics in so far as the theory is valid. 

* This is equivalent to fftting a parabola. For if « o 4- +• cT\ 


du 

dT 


« 6 H- 2tfr, 


du 

df 




du 

- 6 4- 2cr + 2c, - 

ai 


r+ i 


du 

dT 


• 2c 




^ve the result (9) for M(r 4* 1) ■■ o 4- H- cF* 4- ^ 4- 2cr 4- c. 
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w If we fim neglect ^ find «(r — 1) « «(r) — {du/dl^r which may be 

2 

substituted in ^ and so on. This iterative smtoccss converges rather rapidly. 


“We find 
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Various other equations may be obtained by similar methods of approximation but 
this one seems to be the one which gives the least inconvenient integrals. 

The convergence of this iterative formula is fairly rapid; if one knows in advance 

1 

an approximate value for - log (s/st) at time T and takes this value as Is (oT -- etc.)» 

the convergence will be more rapid than if one starts with ** — etc.*’ as aero and computes 

Is a r as the first step. 

1 


ERRATA 

In Proc. Nat, Acad. Sci., 28, 374-377 (1942), the following corrections 
are needed: 

In (1.1) sh{x) should be sh{iex). 

In (1.3) the factor V» should be (1/2*). 

In (3.3) a factor mv cosec (ms-) should be hiserted on the right. 

On account of the last correction the orthogonal relation for EJ,x) can 
be found. It is 

Jr £»(«*)£»»(--t*)<f*/rA*(V»’r*) “0 n' fd n, n' > Q,n > 6 
“ * » 2/[irM(** + V»)(w “i* 1)3 I* > 0 

In Proc. Nat. Acad. Sci., 28,371-374 (1942): 

On p. 371 the equation , . 

Iiin5t^ -1 

should be accompanied with tlM restrictioa j 1 — *■"*)> 1. ^ 11 — j » 
1 the condition. i{(m+ t) > I dtould be imposed. . 
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RESPIRATORY RATES OF THE SHOOT TIPS AND MATURING 
TISSUES IN LUPINUS ALBUS AND TROPAEOLUM MAJUS 

By Brnbst Ball* and Bdoak J. Bobll 

Osborn Botanical Laboratory and Osborn Zoological Laboratory, Yalb 

UNIVBRSnY 

I 

Communicated February 3, 1944 

It has long been recognized that the shoot apex in the higher plants 
serves as the region from which new tissues of the primary plant body are 
produced. Indeed, ^wer® has characterized the activities of this 
meristem as an indefinitely continued embryology. 

The work of several authors^*suggests that the shoot apex may in¬ 
fluence, to some extent at least, the differentiative activity of subjacent 
tissues in the plant, for when shoot apices are regenerated in mature 
parenchymatous tissues, the new shoot apices apparently induce the 
formation of vascular strands which connect with the original conductive 
system of the shoot. In somewhat the same way the so-called organizers 
in the animal embryo have been demonstrated to influence the development 
and differentiation of other regions. Accordingly it would be of interest to 
determine whether the metabolic characteristics of the organizer^* and of 
the plant shoot apex are to some extent similar. 

Furthermore, in view of the widely current idea, originally enunciated by 
Keffer,^® that growth is usually accompanied by elevated respiratory 
activity, it is especially important to study the relationship between 
respiration and growth in the shoot apex. The embryonic region exhibits 
the highest growth rate of the shoot on the basis of the following criteria of 
growth—frequency of cell division, synthesis of protoplasm, and changes 
in shape and structure associated with the production of foliar primordia— 
and if Pfeffer's thesis is correct, it therefore ought to possess the greatest 
respiratory activity. 

Somt experimental work has previously been done on the respiration of 
various gross regions along the developing plant axis. Thus IQdd, West 
and Briggs^* found the liberation of carbon dioxide in the sunflower to be 
greater in the bud than in more basal tissues. Caldwefl and Meiklejohn^^ 
measured the respiration of the entire terrainal bud and of the subjacent 
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tissues in the tomato and found a gradient of decreasing oxygen consump¬ 
tion from apex to base. However, in order to gain an idea of the signifi¬ 
cance of respiratory rate in the phenomena of induction, production of 
foliar primordia and maturation, as well as in the very rapid growth of the 
shoot apex, still more precise techniques must be applied to very small 
volumes of tissues. It is necessary to measure separately and with great 
accuracy the oxygen consumption of the shoot apex (i.e., of the embryonic 
zone) and of the subjacent regions in which cellular maturation is occur¬ 
ring 

In the present work a comparative survey has been made of the rate of 
oxygen consumption of the meristematic and of the immediately subjacent 
maturing tissues in the terminal part of the plant axis, in order to deter¬ 
mine the relationship between the respiratory activity of a given region 
and the degree of its cellular maturation, or its position in the gradient of 
differentiation. 

Materials and Methods. —Young plants of Lupinus alhus L. and of 
Tropaeolum majus L. were used. Lupinus shows strong apical dominance, 
and branching by the growth of axillary buds is rare, Tropaeolum, on the 
other hand, exhibits apical dominance only during the early seedling 
stages, and the growth of shoots from all axillary buds soon leads to a much 
branched condition. Thus, the present work was done upon plants of two 
different physiological types. 

Pieces of tissues, designated as .4, B and C in the order of their position 
down the shoot (Figs. 1 (a) and 2 (a)) and each having a volume of about 
430 (ca. 0.08 mm.^), were excised from the shoot tip under the high 
power of a binocular dissecting microscope equipped with a calibrated 
ocular. The A piece comprised the shoot apex and the three youngest 
visible foliar primordia. In addition, a small amount of non-apical tissue 
was also unavoidably included, but since the volume of the latter was 
insignificant in comparison with that of the apical tissue proper, the oxygen 
consumption of th^ A piece, for all practical purposes, can legitimately be 
considered typical of the actual apical tissue. Piece B was composed of 
maturing tissue immediately basal to the A piece, while piece C represented 
still further maturing tissue subjacent to region B. 

The oxygen consumption of the tissues was determined by means of the 
Cartesian diver technique.Each of the pieces of tissue was placed in 
the bulb of a diver with 1.5 ^1. of Pfeffer's culture solution (Robbins^®), and 
readings of oxygen consumption were begun, and continued for periods of 
four to five hours. During the experiments, the apparatus was darkened 
in order to prevent photosynthesis in the chlorenchymatous tissues of 
Lupinus* 

Results and Discussion* —The results of typical experiments on Lupinus 
and Tropaeolum arc shown in figures 1 (b) and 2 (6). The gtaphs indicate 
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FIOURKS 1 AND 2 

Figures 1 (a) and 2 (a) are Hue drawings of median sections of stem tips of Lupinus 
Mus and of Tropaeolum majus, respectively* and show the amounts and locations of 
the B and C pieces of tissues. 

Figures 1 (5) and 2 (6) show the oxygen consumption of the A, B and C pieces of tissues 
in the Cartesian divers. Ordinates denote m/Al. of On consumed per piece of tissue (ca. 
0.08 mm.*), and abscissas indicate length of time pieces of tissue were in the divers. 

Figure 1 (b) indicates that there is a decreasing respiratory gradient along the shoot 
of Lupinus, Figure 2 (&) indicates that the subjacent (B) tissues in the shoot of Tro- 
pa§olum consumed more oxygen than the shoot tip. 
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that the rate of oxygen consumption of the excised tissues is essentially 
tuiiform during the period of measurement. It is significant that in none 
of the experiments was there any appreciable acceleration or depression of 
respiration during the initial phase of the experimental pmodi because this 
fact ^ows that the tissues were neither perceptibly stimulated nor de¬ 
pressed by the processes of excision from the plant body and immersion in 
the cultiue fluid. The general linearity of the curves, moreover, attests to 
the fact that nutritive conditions in the medium were such as to maintain 
the tissues in an essentially normal physiological state. 

The curves reveal significant differences in the rate of oxygen consump¬ 
tion in the various regions of the same plant. Moreover, they show that 
the respiratory rate of a given region in relation to other regions is different 
in the two species studied. Thus, in Lupinus^ a gradient in the rate of 
respiration decreasing from tip to base seems dearly indicated; while in 
Tropaeolum this is not the case, the most apical portion of the shoot tip (j 4) 
having a lower rate than the region of maturing cells immediately sub¬ 
jacent. However, in both plants the most basal portion of the shoot tip (C) 
shows the lowest rate of respiration. 

Histological examination of the shoot tips of Lupinus and of Tropaeolum 
reveals marked differences in the amount of protoplasm in the regions 
sdected for study. Many cells (especially in the shoot apex) of the A 
piece are densely cytoplasmic; those in region B are characterized by the 
beginning of conspicuous vacuolization and the appearance of intercellular 
spaces, and those in region C show still more prominently these indications 
of cellular maturation. It is highly probable, therefore, that the amount 
of actively metabolizing material in the three regions is not identical in 
spite of their volume equivalence. But that the differences in respiration 
reported above are not due altogether to differences in the amount of 
actively respiring material per unit of volume is shown by the fact that 
when respiratory rate is calculated on a dry. weight basis the ratio of the 
respiratory activity in the three regions remains essentially the same 
(table 1). Fundamental differences in the respiratory rates of the three 
regions thus seem clearly indicated. 

The quantitative differences in the dry weights of thei4, B and C pieces, 
shown in table 1, are reflected also in preliminary data on the total nitrogen 
content of these regions. Although, as the table reveals, the distribution 
of total nitrogen does not altogether paralld the dry weight, the raspiratory 
rates when calculated on the basis of total nitrogen show, in general, the 
same fundamental differences among the regionsi and between the two 
plants. 

In Lupinus^ the respiratory rate of the shoot tip is ;h^^ than thAt 6f 
the subjacent tissues while in Tt&P(iBOkm this appears not to be true. In 
both Lupinus and Tropaeduht the dioot apex ser^ 'as the region from 
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which new foliar primordia and new stem tissues are produced, and in both 
plants, moreover, the apical region displays the highest growth rate of the 
shoot. It is evident therefore, in view of the data presented, that these 
activities of the shoot apex are not necessarily correlated with a high 
respiratory rate, A comparable situation is seen in amphibian develop¬ 


RBOION 

HO. OF 

BXPBltlMBHTtl 

M/O.. Ol 

CONSVMBO 
PBK HOUB 
PBB PIBCB 
OP TTBBVft 

<avbbaob) 

TABLE 1 

ftO. DKV 
WBIOttT 

PBK PIBCB 

(avbraob) 

HtiL. Ot 
COMBUlfBO 
PBB HOUR 
PBR ^0. 

DRV WT. 

(avbraob) 

jttO. N 

PBB PZBCR 

(avbraob) 

MRL. Ol 

CONSVMXD 
PBR BOOR 
PBR MO. OF 
HITROORN 

(avrraor) 

A 

11 

96 

Lupinus 

11.0 

8.7 

0.8 

120 

B 

11 

41 

9.1 

4.5 

0.32 

128 

C 

11 

22 

8.8 

2.6 

0.46 

49 

A 

7 

67 

Tropaeolum 

12.3 

4.6 

0.80 

64 

B 

7 

79 

10.5 

7.5 

0.91 

87 

C 

i 

38 

8.2 

4.7 

0.70 

55 


ment where it appears that the organizer activities of the dorsal lip of the 
blastopore are not correlated with respiratory level.It may be of some 
significance that the respiratory activity of the various zones of Lupinus, 
in which apical dominance is manifest, is different from that in Tropaeolum 
where apical dominance is absent. 

Summary .—Using the Cartesian diver technique, a study has been made 
of the respiratory activity in the shoot tips and subjacent tissues of Lupinus 
albus and Tropaeolum majus. The results indicate that differences in the 
distribution of respiratory activity along the apical-basal axis of the shoot 
exist in the two plants, but that there is apparently no correlation between 
the developmental activities of a given region and the magnitude of its 
respiratory rate. 
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Biological Laboratories, Harvard University. 
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INVAUDATION OF THE CYTOLOGICAL EVIDENCE FOR 
REaPROCAL CHI AS MATA IN THE SEX CHROMOSOME 

BIVALENT OF MALE DROSOPHILA* 

By KiBNNfBTlI W. COOPBR 
Department of Biology, Princeton UNiVERfiirv 
Communicated February 7, 1944 

Darlington’s (1934)' interpretation of meiosis in male Drosophila 
pseudoobseura involves a mechanical dualism in the modes of conjunction 
of autosomes and sex chromosomes. Thus autosomes are hdd to conjoin 
as bivalents by exaggeration of the forces normally expressed in somatic 
pairing,* whereas sex chromosomes are believed to conjoin solely by 
cbiasmata. The primary evidence which led Darlington to this interpreta¬ 
tion is purely cytological, and the more critical points may be resume as 
follows. 

(1) Autosomal bivalents have homologues paired throughout their 
lengths at late diakineais, neither contacts nor cbiasmata being visible be¬ 
tween them. 

(2) In contrast to the autosomal bivalents, from dialrinesis to onset of 
anaphase the sex chromosomes are in contact over a short segment of their 
lengths, and manifestly this is not the whole of their homologous regions. 
Furthermore, lengths of sex chromosomes whieh are not conjoined lie part 
in spite of their homology (Figs. 12 (d-f), diakinesis; Figs. 12 (g^), meta- 
phase-I). 

(3) At prometaphase and metaphase there appears to be a state of ten¬ 
sion between the kinetochores and the points of assodation in the sex 
chromosomes (Figs. 12 (g-t*)). 

(4) X and Y are unchanged when they separate at anaphase (Figs, 12 
(j~k)). Were a single exchange present betwt^ the interstitial segments of 
contact and conjimction, the morphology the s^arating duomospmes 
would dearly di^ose it because X and Y are hetermnorphic. 

The striking contrast of the sex chromosome havdent wilb the chiasma- 
free autosomal bivalents led Darlington to sus^ct that fundamenta^y 
different mechanisms are in operation in the two instancee. Aeoording to 
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FIGURES 1-12 

Comparison of sex chromosome coniunctton m the spermatogenesis of Olfersta bisukata 
Maoq and of Drosopb^U pseudocbscura Frolova Except for figure 0 only sex chromo¬ 
somes are illustrate, figures semkliagnunmatic 

Figure 1, late diploteoe* Figures 2*4, 7, early diakinesis Figure 6, late diakmesis 
or early prometaphase Figure 6, meti^hase plate of male gonial cell (gtx, chromoaomes 
blade) Figure S, late diakmeaia. Figures 9, 10 prometi^hase* Figures 11 (o-g), 
sex chromosome bivalent of at metanhase-I (a-if) and ear^ anaplzaae I (/, £ 

Hgttres 12 sex chromosomes of Drosophila psomoobscura, xtmewn from Dvling- 
ton (1994) ^ Figure 12 (a), the X-chromosonie. Figure 12 (6), F>«hromosome m 
w«afc-A race Figure 12 (r), F-efaromosome of weak-E race Figure 12 (^J)$ dla« 
Iduesii, vreak*A race FlgUfts 12 (g-s7 metapbase 1, weak^^A races. Figures 12 (j, k) 
anmihiise-I, vreak-B racna 

tfpper scale* apperndmate magnification for figures of Lower aeale» approxi 

mate jamanificati^ for fiaures of DrosoPksla* 
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his chiasma hypothesis of tnetaphase pairing* chiasmata provide the 
primary if not only means of conjunction of the chromosomes as bivalents. 
Observations (2)» (3) and (4) above are compatible with the known prop¬ 
erties of bivalents having chiasmata. Darlington^ thus regards them as 
affording a demonstration of the presence of chiasmata in the sex chromo¬ 
some bivalent. Since genetic crossing-over between the sex chromosomes of 
the male of Drosophila is rare and probably not a meiotic occurrence, the 
hypothesized chiasmata must be considered localized in inert regions and 
invariably to occur in reciprocal pairs. This, in brief, is the nature of the 
evidence for the reciprocal chiasmata hypothesis of sex chromosome con¬ 
junction in male Drosophila, 

Short, localized, terminal pairing-segments have been discovered in the 
fly Melophagus ovinus} No chiasmata need be assumed to conjoin 
Melophagus* autosomes in these segments at meiosis in the male; yet the 
autosomal bivalent configurations and behavior closely parallel those of 
the sex chromosome bivalent in male Drosophila} For this reason it was 
likewise concluded that there is no cytological need to suppose that recipro¬ 
cal chiasmata conjoin the sex chromosomes of Drosophila. The truth of 
this conclusion is admirably demonstrated by the details of bivalent 
formation by the sex chromosomes in the male of the fly Olfersia bisulcata 
Macq., a member of the same family to which Mdophagus belongs (Hippo- 
boscidae). 

The diploid chromosome set of male Olfersia bisulcata (2n » 8) is re¬ 
markably different from that of Mehphagus ovinus (2n « 18). There is a 
pair of submedian autosomes, a pair of nearly terminal autosomes, a pair 
of dot-like autosomes, and a heteromorphic pair of submedian sex chromo¬ 
somes (Fig. 6; compare the sex chromosomes with those of Drosophila 
pseudoobscura^ Figs. 12 (a, i, c)).* 

At late diplotene the sex chromosomes of Olfersia may easily be recog¬ 
nized; as in Melophagus they are neither paired nor even dose to one 
another (Figs. 1, 2). Henceforth, however, their behavior is unlike that 
of the sex chromosomes of Melophagus which remain unpaired, for X and Y 
ultimately conjoin in Olfersia, It will be seen that the resulting sex 
chromosome bivalent is identical with that of male Drosophila pseudo^ 
obscura. 

As diakinesis progresses the sex chromosomes move closer together. 
During this movement an interstitial segment near the kinetochore in each 
chromosome becomes juxtaposed and finally dosely conjoined (Figs. 3-4, 
7-8, 5). At prometaphase the sex chromosome bivalent thus fonned 
orients on the spindle (Fig. 9). During this process the regions between 
the kinetochores and the points of association may become markedly 
attenuated and hence appear to be in a state of tension (Fig. 10)/ At late 
diakinesis, prometaphase and metaphase, the sex chromosomes of male 
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Olfersia are in contact only over a short interstitial segment of their lengths, 
and the lengths of the sex chromosomes which are not thus conjoined lie 
apart (Figs. 5, 8, 9, 10, 11 {a-e) of Olfersia; compare with Figs. 12 (d-i) of 
the sex chromosome bivalent of Drosophila pseudoobscura at the same 
stages).** Furthermore, the sex chromosomes of Olfersia are unchanged 
when they separate at anaphase (Figs. 11 if-g) of Olfersia; compare with 
Figs. 12 ij-k) of Drosophila pseudoohscuray^ Thus the sex chromosome 
bivalent of male Olfersia shows the same morphological attributes as are 
said to characterize the JY- F bivalent of Drosophila. But inasmucli as the 
sex chromosomes of male Olfersia conjoin after condensation, the resulting 
bivalent must be devoid of chiasmata.*® Therefore none of the afore¬ 
mentioned attributes, singly or in combination with each other, can be 
considered to afford a demonstration of the presence of chiasmata. Ac¬ 
cordingly it is concluded that there is no longer a cytological need to sup¬ 
pose the existence of reciprocal (or any other) chiasmata in the inert regions 
of the sex chromosomes of Drosophila. Just as in the cases of the auto- 
sonies of Melophagus and Olfersia^ and the sex chromosomes of Olfersia^ the 
X~Y bivalent of male Drosophila pseudoobscura may be supposed to be con¬ 
joined by means of localized pairing segments which do not form chiasmata. 

It is not known whether the sex chromosomes in Drosophila pseudo- 
obscura conjoin after or during their completion of condensation. That in 
fact they may actually conjoin while condensing is suggested by Darling¬ 
ton's' observation that at diakinesis not only are some of the sex chromo¬ 
some bivalents visibly conjoined, but another configuration of sex chromo¬ 
somes is also found. In this latter case the sex chromosomes are said to 
show a clear space between them without any visible connection joining the 
two chromosomes. Until Drosophila pseudoobscura is restudied the exact 
significance of this fact cannot be judged, but it is not improbable that 
careful seriation will show that the connected bivalents are a consequence 
of pairing after or during condensation as has been found to be the case in 
Olfersia. Such delayed pairing following condensation is not unique* 
There are many instances known of similar chromosomal maneuvers in 
other insects, some of which Schrader^' has briefly reviewed. The entire 
problem of bivalent formation and modes of conjunction requires reanaly¬ 
sis, for the chiasma hypothesis of metaphase pairing is clearly incapable of 
generalizing all of the facts. 

• This work was supported by a grant from the Penrose Fund of the American 
Philosophical Society, to which organization grateful acknowledgment is made. 

* Darlington, C. D., Genetics, 19, 96-118 (1934). 

* This view is implicit in Steven's {Jour. Exp. Zool., 5, 369-374 (1908)) classic and 
initial account of spermatogenesis in male flies, and underlies my interpretation of the 
Melophagus case as well. Bauer {Fortschr. ZooL, 4, 684-697 (1939)) and Wolf {Chrome- 
soma, 2, 192-246 (1941)) have questioned the validity of such an interpretation of 
autosomal conjunction at mciosis. Their arguments will be examined elsewhere. 
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* Darlington* C. D.* Jour. Gen., 21,17-66 (1929)* 

* Cooper* K. W.* Proc. Nat. Acad. Sci., 27,109-114 (1941). 

* The only striking difference is that conjunction is terminal in Melophazus and inter¬ 
stitial in the sex chromosomes of Drosophila. 

* Although the meiotic autosomal bivalents of Olfersia can be shown to conjoin by 
conjunctive segments devoid of chiasmata as in Melophagus, they will not be discussed 
here nor be illustrated. Suffice it to say that the bivalent formed by the submedian pair 
of autosomes is more complicated in structure than earlier believed (Cooper* K. W., 
Amer. Phil. Soc. Yearbook, 2942, pp. 122-127, (1942)), and only in the disjunction figures 
does it resemble autosomal bivalents of Drosophila. 

^ Hence identical with point (3), page 60. 

* Hence identical with point (2)* page 60. 

* Hence identical with point (4), page 60. 

The extensive cytological data which show crossing-over to be a zygotene or pachy¬ 
tene event make implausible the assumption that crossing-over may occur between 
markedly condensed* post-pachytene chromosomes, 

Schrader* P.* in: Cytology, Genetics and Evolution, University of Pennsylvania 
Press* Philadelphia, 1941* pp. 27-56. 


BIRKHOFFS THEORY OF GRAVITATION AND EINSTEIN^S 

THEOR Y FOR WEAK FIELDS 

By Alberto Barajas 

iNSxmjTB OF Matubuatics* National University of Mexico 

Communicated February 9,1944 

Recently, in the widely read Mathematical Rjcdews,^ Weyl has com¬ 
mented on Birkhoff*s theory of gravitation of 1942,* suggesting that it is 
much the same as a limiting form of Einstein’s well-known theory of 1916 
for weak fields, characterized by Weyl as follows: “If one writes the 
equations of Einstein’s theory of gravitation for ga differing but infinitely 
little from the constant values of characteristics for flat space-time, 
+ hut, wd neglects higher powers of ha, one obtains a theory 
vnth a symmetric tensor of gravitation ha in a. flat world, which in its fac¬ 
tual consequences agrees almost completely with Einstein’s origiaal 
theory.” I propose to show* that this degenerate form is fundamentally 
different from Birkhoff’s theory and is unsatisfactory from a physicd 
point of view. In doing so, attention will be limited to gravitational 
fields in empty space. 

Birkhoff’s space-time is the same as Minkowski’s with ds* » dfi — dx^ — 
dy* — ds*. His fundamental gravitational tensor satisfies the equation 
Okff » 0 in empty space, and the equations of motion of a free particle in 
an arbitrary gravitational field are: 
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where »>= 1 for p = t = 1,6*^= — 1 for /» = t = 2, 3, 4, zero otherwise, 
and = dx^lis. 

In the general relativity theory of Einstein the quadratic fundamental 
form may be written ds* = (6y + For weak gravitational 

fields, it is readily shown that Hu may be chosen so that Einstein’s gravita¬ 
tional equation = 0 reduces to DH# = 0.^ The equations of motion 
of a free particle are, for this degenerate case: 





ld^\ 
2 &*»/ 




In this expression, ds is, of course, the interval in a curved space-time, 
not Minkowski’s ds, although Weyl (loc. cit.) considers the degenerate 
theory to have reference to “a flat world.” 

If we consider the static field due to a mass-point m, for reasons of S3rm- 
metry, Hu must have the form (r = radial distance): 

= la/f 0 0 0 

0 b/r 0 0 

0 0 6/r 0 

0 0 0 b/r 

with a “ —2m so as to obtain the classical Newtonian result in the first 
approximation. Let us now compare Birkhoff’s and Einstein’s theories. 
Birkhoff’s theory: 


Flat space-time: ds* * df* — dx* — dy* — dz*. 

Gravitational tensor; hn «= m/r 0 0 0 with 

0 m/r 0 0 

0 0 m/r 0 

0 0 0 m/r 

Equations of motion of a particle in the plane z » 0 






my 2my 


(*'»+ y' *) + 


myV' 
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Red shift® AX/X: 

r 


Degenerate form of Einstein’s theory: 

Curved space-time: = (1 — 2m/r)dV^ — (1 -f b/r){dx^ + dy® + dz^). 


Gravitational tensor: //y = 

—2m/r 

0 

0 

■ 

0 


0 

b/r 

0 

0 


0 

0 

h/r 

0 , 


0 

0 

0 

b/r' 


Equations of motion of a particle in the plane 0 = 0 




mx 


bx r' (m — b/2)x 


{x* 2 + 2 ), 




m * 4. y. 2). 


Advance of perihelion: 


— Zb + 2m 
a(l - 


Bending of light rays; 



Red shift AX/X: 

r 


From this it follows that> in order to obtain the correct advance of the 
perihelion one must place b — — 4w/3 and, in order to obtain the correct 
bending of light, one should place 6 » — 2w which is contradictory. 

The red shift is accounted for in Birkhoff's theory as due to the energy 
loss of the photon while it travels from the emitting body to the earth. 
On the basis of this alternative interpretation, but using the degenerate 
form of the equations, 6 would then have to vanish, 6 « 0, to obtain the 
correct result. 

On the other hand, in the flat space-time of the degenerate form of Ein- 
stein^s theory the atomic clock would register imaginary time at distances 
less than 2m from the mass-point at the origin! 

The introduction of the two arbitrary constants a and b is not in keeping 
with the spirit of Einstein*s original theory, one of whose chief advantages 
is the elimination of arbitrary constants. Besides, if in the energy tensor 
7y »= — pg^ one sets » 0, in accordance with the fact that the 

potential pressure energy is small, as Einstein has done, then & » 0 neces¬ 
sarily follows. 
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Another characteristic feature of Birkhoff’s theory should be carefully 
emphasized: the trajectories of free particles are not geodesics in any 
curved four-dimensional space-time, i.e., no = gi^x^x^x exists in 
which Birkhoff’s trajectories are geodesics. In fact for light rays one 
would have, on the one hand = gi^x^dx^ = 0 and on the other = 
bi^x^dx^ ” 0, from which k = coUvStant, would follow. Other¬ 

wise, we may establish our statement thus: the equations of the geodesics 
in the dtr-space are: 



+ V'^u"u^ 







Multiplying by Ui and adding with respect to i one obtains: 


A V ; ^ ft „ 

= “tt + 


ds“ 




from which we get 



Now the trajectories of free particles in BirkhofT's theory are given by 


d^x^ 

ds'^ 



bx^J 


tfu 




therefore one should have identically® 



But the left-hand member of this equation is a function of /, x, y, s, only, 
while the right-hand member is a function of f, x, y, s, and therefore the 
two members cannot be identical unless = 0 which is a trivial case. 
This completes our proofs 

^ Mathematical Reviews^ 4, 286 (Nov. 1943). 

* These Proceedings, 29, 231 (1943). 

* During the last two months G. D. Birkhoff, Carlos Graef, Manuel Sandoval Vallarta 
and I have been collaborating intensively in a study of Birkhoff's theory of gravitation, 
matter and electricity in flat space-time, and its consequences. The present note owes 
much to our joint discussions. 

^ See, for m.stance, R. C. Tolman, Relativity, Thermodynamics and Cosmology, Oxford, 
1934, p. 236. 

* Obtained by use of photon as light carrier. All formulas are taken only in the first 
approximation. 

* The components of are related by — 1. 

^ Weyl's other comments will be taken up separately by Manuel Sandoval Vallarta. 
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ON THE THEORY OF CHARACTERS OF GROUPS AND SEMD 

GROUPS IN NORMED VECTOR RINGS 

By Einar Hillb 

Department of Mathematics. Yale Universitv 
CommunlcRted Febniary 4, 1044 

1. Recently I. Gelfand^ has defined a class of characters of Abelian 
groups embedded in a normed commutative vector ring. The present note 
contains an elaboration of this theory with a strengthening of the main 
theorem and extensions to semi-groups. 

Let 9? be a normed commutative vector ring with unit element e, M the 
set of maximal ideals in 3i/iK the corresponding residue class rings 
each of which is a field. Defining the norm ||X|| of a residue class X, 
modulo SO?, as min {|:)cj | for x c X, Gelfand shows that 9?/3)t is a normed field 
and hence isomorphic with the complex field. Let X„ be the class of ele¬ 
ments congruent to ae (mod. 9)1), a arbitrary complex number. Then 
U 9J and Xa '4* + /j, X^^X^ 

Define* 


^(x; 93?) “ X ^ ae (mod. SH). (1) 

Since « — as is singular for every x e X„, the spectrum a(3c) of x contains 
the point X « a. Conversely, if a « cr(^c), there exists an 9D? such that x ss 
ae (mod. SR). Since |M(d(;; 90?){ Z max \e{x)\ Z ||x||, fx(x; 90?) is a boimded 
functional which is additive as well as multiplicative 

fj^ix + y;m« Mix; 9W) + Miy; 2)?), M(xy; 8») - Mix; m)Miy; m). (2) 

In particular, ^(x; 9D?) is continuous. 

Finally the notion of quasi-nilpotency will be needed. An element g of 91 
is quasi-nilpotent lie — aq has an inverse for every complex a or, which is 
equivalent in a normed vector ring, if 0 when » The 

quasi-nilpotent elements form an ideal, the radical of % which equals the 
intersection of all maximal ideals. 

After these introductory remarks we proceed to the subject matter 
proper. 

2. Let ® be a set of elements in the ring 9? which form a group under the 
operation of ring multiplication. For every 9D?<III the bounded linear 
multiplicative functional m(x; 9D?) for x in ® defines a continuous .one- 
dimensional representation r(SI?) of Mix; 90?) being the characters of the 
representation. 

Tkborbm 1. r(9D?) is unitary in the $p$se that |m(^; W)\ 1 cnQ far 

every 9D?<fl! if and only ifforaU x < (H 
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lim 

H—► w 




1 , 




Condition (3) expresses that the spectrum of x Kes on the unit-circle. 
Since (r(:c) is the range of SB) for SD? c iU and fixed x, this is all that 
should be proved. 

ITie main question in the representation theory is whether or not there 
are enough representations available so that any given pair of distinct 
elements of the group have distinct characters in at least one representa¬ 
tion. The limitations of the present theory are clearly brought out by 

Theorem 2. If x ^ y are two elements of then /i(x; 9W) == y^{y\ SR) 
for aU^tiSBiif and only ifx'~y^q, where q is quasi-nilpotent. This case 
can arise if and only if @ contains an element of the form « + 5 and is ex* 
eluded if SR is without radicaL 

We omit the proof which is an immediate consequence of the properties 
of the functional SR) listed above. 

Gelfand has shown that even if JR has a radical it is possible to exclude 
the exceptional elements of the form e + q from the group @ by requiring 
that all cyclical subgroups form bounded pointsets in the vector space 9 J, 
The following condition is less restrictive. 

Theorem 3. /f | ] » o{n) when n ® , then x cannot be of the form 

e -f- g where q is quasimUpotent and q 9 ^ 0- The conclusion becomes false if 
o{n) be replaced by 0{n). 

Ux ^ e + q then the resolvent i?(X; e + g) = ((X l)e — g)"“' admits 
of the three expansions 


— + g)“*’*‘"^X^ x( < 1; 

■!" X] > 1; 

e{\ - l)-i + X 5 -^ 1. 


In the first two series the coefficients are {>(«) in norm. A theorem in 
classical function theory, found by G. P61ya,* asserts that if/(r) is an entire 
function of w !/(«*” 1 ) and if in the power series expansions of/( 0 ) about 
0 and about » the coefficients are then /(s) is a polynomial in w of 
degree Z v + h If the coefficients are o(w') instead, the degree will be 
< r + 1. By an obvious extension of this theorem to vector valued func¬ 
tions, one concludes that R{\i e + q) has a simple pole at X » 1 which 
requires g » 0. On the other hand, if g is a nilpotent element such that 
g 0, 0, then {e + qY ^ e + nq which is 0{n) in norm. Thus the 

stated condition is the best of its kind. 

Zt diould be observed that a condition of the form ||x^^|| » if 
satisfied by an element of the form € + g» requires ^ 0 and this condition 
is again the best possible/ 
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Combining the preceding theorems we obtain 

Theorem 4. // the elements of @ satisfy the condition of Theorem 3 , then 
all representations I'(SD?) are unitary and if x ^ y^ there is a representation in 
which ix{x\ 2)?) 9^ U‘{y\ 2K)- 

3. These considerations may be extended in part to semi-groups. Let 
@ be a set qf elements in 91 which form a semi-group under ring multiplica¬ 
tion so that y € @ implies xy t ©. We shall require that @ be closed 

under inversion so tliat if :)c is regular and is in @ then x^^ is also in 

The functionals ^{x; 9JJ) also provide one-dimensional representations 
22(9)1) of ©. It is obviously meaningless to require that 2(9)1) be tmitary. 
If X 7 ^ y are two elements of @ we still have ju(a:; 90?) == jn(y; 9W) for all 99? 
if and only if x y ^ q. Thiis this case can arise only if 9? has a radical, 
but when present the situation is much more complicated than in the case 
of groups. Thus as a rule there is no longer a single exceptional class; 
every singular element x e ® may give rise to a class {x + 5} the elements 
of which cannot be separated by the representations. Since the condition 
of Theorem 3 can be applied to regular elements only, the problem of ex¬ 
cluding such singular exceptional classes is a much more difficult one which 
apparently cannot be handled by the methods of the present note. 

* Gelfand, I., “2ur Theorie tier Charaktere der Abelsclien topologischen Gruppen/' 
Rec, Math., N. S., 9 (51), 49 50 (1941). For the theory of nornied vector rings see 
Gelfand, '‘Normierte Hinge,’* Ibid., 3-24, and Lorch, E. R., “The Theory of Analytic 
Functions in Normcd Abelian Vector Rings,” Trans. Amef. Math. Soc., 54, 414- 425 
(1943). 

* This is 3c(2)i) in Gelfatid’s notation. His x(9)?), however, is a function on maximal 
ideals to complex numbers corresponding to a fixed element x of the ring while /i(x; 90?) 
is a function on the ring to complex numbers corresponding to a fixed maximal ideal. 

* P6Iya, G., ‘*Aufgabe 106,” Jahresbericht D.M.V., 40, St (1931). Several solutions 

are published, Ibid ., 42 (1933); that by Szegd, G., pp. is short and self-contained. 

See also the closely related problem 105: an entire function of order one and minimal 
type which is 0(w*") on the integers is a polynomial of degree w. 

* Cf. Gelfand, I., "Ideale und primiire Id^ale in norraierten Ringen,” Rec. Math., N. 
S., 9 (51), 41-48 (1941), where similar conclusions are drawn less directly from a deeper 
theorem due to F. and R. Nevanlinna. 
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GALACTIC AND EXTRAGALACTIC STUDIES, XVII, REVISION 
OF THE DISTANCES OF THIRTYIIIGILIJLTITUDE GLOBULAR 

CLUSTERS 

By Harlow Shapley 
Harvard CoLtEOB Observatory 
Communicated February 7, 1944 

1. The distribution of the photoelectrically-measured color classes for 
sixteen globular clusters in galactic latitudes higher than thirty degrees is 
as follows 

Color class ab /4 /5 /« /7 /8 f{) 

Numbers 1 1 1 5 1 G 1 

with the mean value/G.l 0.8(m. e.). The distribution of integrated 
spectral types, according to Miss Cannon’s classification for ten globular 
clusters in these same latitudes is: 

vSpectral class A7 Fb FS GO G Gb 

Numbers 11113 3 

The difficulty of classification is such that only the mean value of about GO 
is significant. For the seven high-latitude globular clusters common to 
both lists we have the mean values, /6.7 and F8. The clusters certainly 
are not redder than would be expected from their mean spectral classes. 

The foregoing evidence that there is little or no selective space absorption 
in high latitude is supported also by the work of Stebbins, Whitford and 
Huffer on the color excesses for stars and galaxies. The distribution of 
faint galaxies indicates that also the total photographic absorption in high 
latitude, if not wholly negligible, is at least manageably small. Even down 
to latitudes of twenty degrees the total absorption, except in a few special 
longitudes, is not so heavy but that we can, when computing the distances 
of globular clusters, estimate the amount of light loss from the abundance 
of external galaxies in tlie background. 

For the sixty known globular clusters of the galactic system in low 
latitude, ff < =*=20®, accurate determinations of the distance will long 
remain difficult. For them the background of external galaxies is absent, 
or nearly so, and the total absorption cannot therefore be directly esti¬ 
mated. It is precarious to adopt an absorption correction from the 
observed color excesses because of the large inherent spread in the inte¬ 
grated colors and the possible variability of the ratio of selective to total 
absorption throughout the various longitudes. All tlie photometric 
methods of measuring either the absolute or the relative distances are 
therefore not encouraging for clusters in low latitude, even when many 
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Cepheid variables are present; and the astrometric methods (parallax, 
motions, diameters) are of low value, either because the distances arc too 
great or because of vagueness in the boundaries of clusters in the rich star 
fields. 

Although occasionally in intermediate latitudes, *20® > > *10°, 

the total absorption in the direction of a globular cluster can be estimated 
from the number of external galaxies in the surrounding field, we may be 
at a loss to know how much absorption lies between the cluster and the 
observer and how much lies beyond the cluster but still within the galactic 
system. All high-latitude globular clusters, however, lie well beyond what¬ 
ever absorption there may be near the galactic plane, and for them the fre¬ 
quency of surrounding external galaxies is a fair measure of the intervening 
space absorption in the cluster’s direction. 

New information on interstellar transparency is now available for much 
of the sky from the surveys of faint galaxies, and we can proceed to revise 
the distances of globular clusters that are not too near the galactic plane. 
For many of them we now have revised distance moduli, based on new 
photometry of the variables or the bright cluster stars from the David 
Dunlap, Harvard, Mount Wilson and other observatories. In the far 
southern sky, where many of the high-latitude clusters are found, the 
photographic magnitude system, for stars as faint as those in many of the 
globular dusters, is still provisional. 

2. In table 1 we have assembled, chiefly from Star Clusters some de¬ 
scriptive data concerning the globular clusters for which revised values of 
the distances have now been determined. Galactic coordinates X and 
refer to the pole at 12*40”, +28° (1900). The angular diameters, except 
one in parentheses, are those microdensitometrically measured by Shapley 
and Sayer.* The integrated magnitudes are, when possible, taken from 
Christie’s schraffiekassette work;^ otherwise they are values determined 
from Harvard patrol plates and are reduced to the Christie scale. 

3. The new results for the high-latitude globular clusters are collected 
in table 2. In the first section of the table are the objects for which the 
present results are the most dependable. The lower reliabiUty for the 
dusters in the second section arises from various sources; in general, the 
observed quantities that contribute to the low weight are indicated by 
colons. The best one-half of the entries in the second section are marked 
by asterisks after the NGC number. A letter n refers to a note at the end 
of the table. 

The third, fourth and fifth columns of table 2 give the results of the 
nebular counts on the best available long-exposure plates made with the 
Bruce and Metcalf telescopes for the southern and northern skies, respec* 
lively. The average number of galaxies per square degree, 17, generally 
refers to a surrounding or adjacent area of not less than nine square de- 
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TABLB 2 

TOTAL rO. MO. OF 


MOC 

R. A. 

(1900) DBC. 

X 


DIAHKTKX 

BCAOKirUDM 

VAUABLm 

104 

0*1976 

-72°38' 

272*^ 

-46® 

63!6 

(4.6) 

8* 

288 

0 47.8 

-27 08 

157 

-88 

13.1 

8.96 

2* 

362 

0 68.9 

-71 23 

268 

-47 ^ 

17,7 

8.0 

14 

1261 

3 9.6 

-56 38 

237 

-51.5 

■ * « 

9.6 

0 

1851 

6 10.8 

-40 09 

212 

-34.5 

11.6 

7.72 

3* 

2419 

7 31.4 

+39 06 

148 

+26 

6.1 

11.61 

36 

4147 

12 6.0 

+19 06 

226 

+79 

2.8 

11.01 

4 

4690 

12 34.2 

-28 12 

269 

+36 

4 « * 

9.12 

28 

6024 

13 8.0 

+18 42 

305 

+79 

16.8 

8.68 

40 

5063 

13 11.5 

+18 13 

310 

+78 

r * m 

10.9 

9 

6272 

13 37.6 

+28 63 

8 

+78 

22.1 

7.21 

185 

5466 

14 1.0 

+29 00 

8 

+72.5 

4 • « 

10.39 

14 

6634 

14 24-4 

- 6 32 

310 

+48.6 

6.8 

10.8 

4* 

5694 

14 33.8 

-26 36 

299 

+29 

» 4 V 

10.87: 

0 

5897 

16 11.7 

-20 39 

312 

+29 

13.1 

9.61 

0 

5904 

16 13.5 

+ 2 27 

332 

+46 

26.0 

7.04 

97 

6206 

16 38.1 

+36 39 

27 

+40 

18.1 

6.78 

11 

6218 

16 42.0 

- 1 46 

344 

+26 

21.0 

7.96 

1 

6229 

16 44.2 

+47 42 

40 

+40 

6.3 

10.26 

21 * 

6254 

16 51.9 

- 3 57 

343 

+22 

21.5 

7.64 

2 

6341 

17 14.1 

+43 16 

36 

+36 

(14)t 

7.30 

16 

6752 

19 2.0 

-60 48 

303 

-26,5 

41.9 

7.2: 

1* 

6809 

19 33.7 

-31 10 

836 

-26 

28.7 

7.08 

2* 

6864 

20 0.2 

-22 12 

347 

-27 

8.7 

9.60 

11* 

6934 

20 29.3 

+ 7 04 

20 

-20 

4 * ■ 

10.01 

61* 

6981 

20 48.0 

-12 65 

3 

-34 

8.0 

10.24 

31 

7006 

20 66.8 

+15 48 

32 

-21 

T ■ ♦ 

11.45 

20 

7078 

21 26.2 

+ 11 44 

33 

-28 

18.1 

7.33 

74 

' 7089 

21 28.3 

- 1 16 

21 

-30 

16.9 

7.30 

17 

7492 

23 3.1 

-16 10 

22 

-64 

■ t • 

12.33 

9* 


* Di&tcixices do not depend on variable stars, 
t Diameter of NGC 6341 from Nassau, J. J., Ap, 87,306 (1938). 


grees. The magnitude limit to which the count of galaxies refers is 
and the absorption dm is computed from the relation 

dm « W;, — 1.67 log N — 15.2 

which is based on our earlier determinations® of the space-density para¬ 
meter for the galactic caps, m\ » 15.2. 

The number of Cepheid’ variable stars that have been recorded in each 
duster is shown in the last column of table 1.® When it was not possible 
to use the variables directly in the determination of the distance modulus, 
the number is marked with an asterisk; the modulus has then been deter¬ 
mined from the cluster’s bright stars and the integrated magnitude and 
diameter, which is also the procedure when no variables at all are known. 
The adopted distance modulus in the sixth column of table 2 indudes the 
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TABLE 2a 


KOC 

MSSaXBR 

N 

mil 

6m 

DIBT. 

HOD. 

DlSl. 

KFC 

r BIN $ 

KPC 

r cos 0 

KPC 

ABS. 

MAO- 

104 

47 Tuc 

n 

n 

+0.3 

14.4 

7.6 

— 6.4 

5.4 

-10.2 

288 


85 

18.4 

0.0 

15.8 

14,5 

-14.5 

10.5 

-6.8 

362 


n 

n • 

+0.3 

16.0 

10.0 

- 7.3 

6.8 

-7.3 

2419 


n 

n 

+0.6 

18.76 

66.2 

+24.6 

60,4 

-7.7 

4147 


76» 

17.5 

-0.8: 

16.5 

20.0 

+ 19.6 

3.8 

-6.6 

4590 

68 

8 

17.0 

+0.3 

15.66 

13.6 

+ 7.9 

10.9 

-6,8 

5024 

53 

41 

17.7 

-0.2 

16.63 

20.2 

+19.8 

3.9 

-7.8 

5053 


41 

17.7 

-0.2 

16.2 

17.4n 

+17.0 

3.6 

-6.3 

6272 

3 

32n 

17.2 

-0.6 

15.43 

12.2 

+11.9 

2.6 

-8.2 

6466 


56» 

17.5 

-0.6: 

16.16 

17.0 

+16.2 

6.1 

-6.8 

6694 


n 

n 

+0.4: 

17.6 

33.1 

+ 16 

29 

-7.1: 

6897 


19 

17.7 

+0.4 

15.7 

13.8 

+ 6.7 

12.1 

-6.6 

5904 

5 

26 

17.6 

0.0 

15.03 

10.1» 

+ 7.3 

7.0 

-8.0 

6206 

13 

14 

17.0 

-0.1 

14.88 

9.5» 

+ 6.1 

7.3 

-8.1 

6218 

12 

8 

17.3 

+0.6 

14.6 

8.3 

+ 3.5 

7.6 

-7.3 

6264 

10 

8 

17.3 

+0.6 

14.6 

8.3 

+ 3.1 

7.7 

-7.6 

6341 

92 

34 

17.4 

-0.3 

15.06 

10.3 

+ 6.9 

8.4 

-7.8 

6981 

72 

12 

17,7 

+0.7 

16.1 

16.6 

- 9,3 

13.8 

-6.6 

7078 

15 

44 

18.2 

+0.3 

15.3 

11.5 

— 5.4 

10.2 

-8-3 

7089 

2 

33 

17.8 

+0.1 

15.7 

13,8 

- 8.1 

11.2 

-8.6 





TABLE 3b 





NOC 

MBtIBXBR 

Hi 

mn 

dm 

DMT. 

MOD. 

D18T. 

KPC 

r sxN fi 
KPC 

r cos 0 

KPC 

ABS. 

Mao. 

1201 


21 

17,3 

-0.1 

16.7: 

22 

-17 

14 

-7.2 

1851 


68 

17.7 

-0.5 

15.8: 

14 

- 8 

12 

-8.1 

5634 


16 

17.2 

0.0 

17.6: 

32 

+24 

21 

-6.7 

6229* 


27n 

17.1 

—0.6: 

17.4 

30» 

+ 19 

23 

-7,1 

6762 


17 

18.0 

+0.8 

13.8: 

6.8 

- 2.6 

5.2 

-7,4: 

6809* 

66 

3 

16.9 

+0.9 

13.8 

5.8 

- 2.4 

6.3 

-7.7 

6864 

75 

8 

17.0: 

+0.3: 

18.1: 

42 

-19 

37 

-8.9; 

6034* 


24: 

18,2 

+0.7: 

16.3 

18 

- 6 

17 

-7.0 

7006* 


19 

17,9 

+0.6 

18.2: 

44 

-16 

41 

-7.3 

7492* 


33 

18.2 

+0.6 

•17.0 

26.1 

-23 

11 

-4.7 


NGC 104, See twelfth paper of this series, these Procbbdxnos 27, 440-445 (1941), for 
discussion of distance and absorption. 

362, Absorption assumed the same as for the Small Magellanic Cloud, which 
surrounds it. 

2419. Adopted value of absorption from Baade’s discussion in ML Wilson Contr.^ 
No. 529 (1935). A Harvard plate suggests a larger value, but the revision 
awaits further study of the surrounding regions. 

4147,5272,5466,6229. Clusters lie in regions rich iu groups of galaxies. 

5053. By comparing the color-magnitude array for this cluster with those I de¬ 
rived for Messier 3.13 and 68, Guffey has estimated the distance as 16 ^2 
kpc. i4p. 9S, 49-53 (1943). This cluster and NGC 4147, 5466 and 7492 
belong to the so-called ’’giant-poor” category, with low absolute magnitudes. 

5694. Baade reports little or no absorption (Pnb, A si, Soc. Pac., 46, 52 (1934)); 

my pnmsicmal estimate is dm +0.S from Bruce plates. 

1 
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6904. The revised distance is based on my earlier general photometry and on a 
new study of the variables by Oosterhoff et I.»eiden (letter, dated December 
19, 1940). 

6206. Distance of Messier 13 revised with assistance of H. B. Sawyer’s work on 
four Cepheids. Pub» David Dunlap Ohs,, 1,11 (1942). 

0229. Distance can be precisely determined when the 20 new variables (unpub¬ 
lished), discovered by Baade at Mt. Wilson, are worked up. 

correction for space absorption, column 5, and involves also whatever re¬ 
vision we have beeti able to make on the basis of recent photometric work 
at Harvard, Mount Wilson (Baade), Perkins (Nassau^ David Dunlap 
(Sawyer), Babelsberg (Hachenberg), Leiden (Oosterhoff) and Bergedorf 
(Grosse) observatories. 

No absorption correction has been applied when hm is negative. When 
it is positive atid the latitude is greater than =^40°, also no correction has 
been made, except for the two clusters NGC 104 and 362 which are near 
the Small Magellanic Cloud and appear to suffer from its absorbing dust 
or from a flare of absorption extending from the Milky Way. The negative 









T 



0 

















• 














• 



• 



• 






0 



• 

• 

% 




• 

• 

• 

o 



0 

0 

• 

« 

# 

• 

# 

• 

# 


• 

o 

• 

• 

• 

• 


_1_ 

_L- 


MMiwa 






1 


i 


..a.. 



hhhi 


-0.8 -0.6 -0.4 -0.2 0 +0.2 +0.4 +0.6 +0.8 

Sm 

figure 1 

Distribution of absorption correct ions. Low-weight values indicated by circles. 


values of hm reflect chiefly the uneven distribution and in particular the 
excesses in the number of faint galaxies; we must, of course, expect that the 
positive values frequently reflect true deficiencies in number rather than 
space absorption. Figure 1 shows the distribution of 6m. 

The distances in the seventh to ninth columns of table 2 arc “reduced to 
the galactic poles”; that is, they are calculated on the assumption that 
there is no absorption in the galactic polar caps—^an assumption which 
implies that the Sun is located in an open space in the scattered and irregu¬ 
lar clouds of absorption along the Milky Way plane. The components of 
the distance perpendicular to and in the galactic plane are given in the 
eighth and ninth columns, respectively; ^ is the galactic latitude. 

As mentioned above, the evidence from the nebular distribution and 
from the colors of clusters and galaxies suggests that the assumption of 
polar-cap transparency cannot be far wrong. If there is an appreciable 
absorption at the galactic poles, all the distances in columns seven, eight 
and nine of table 2 should multiplied by the following factors: 
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If total absorption at pole is 0? 1, / == 0.955 

0.2 0.91 

0,3 0.87 

Hubble has used 0?25 for the total photographic absorption at the galactic 
poles; Stebbins and Whitford, a somewhat smaller value. 

If such a correction factor should be applied to the distances in table 2, 
it probably would be appropriate first to use all the positive and at least 
the smaller negative corrections for absorption, rather than follow the pro¬ 
cedure described above. Such a plan would merely imply that we adopt a 
specific average space absorption for high galactic latitudes, but that here 
and there we find either excessive absorption and a positive 5m, or clear 
spaces with consequent high nebular number and a negative absorption 
correction. 


TABI.K a 

CoMPARIfUJN OF ReVISKP PlSTANCKS WITH 1930 VaLUBS 


NOC 

(iALACTlC 

I.ATITIIDK 

393U 

VA»,urt 

KPC 

KATIU 

NOC 

OALACTIC 

UATITODB 

1930 

VALUK 

KFC 

KATIO 

104 

o 

1 

6,8 

1.12 

6206 

+40*^ 

10,3 

0.93 

288 

-88 

14,6 

1.00 

6218 

+25 

U.O 

0.76 

362 

-47 

12.9 

0.78 

6229 

+40 

29.8 

l.Ol 

1261 

-61.6 

22.0 

l.OO 

62.54 

+22 

11.2 

0.74 

1851 

-34.6 

14.3 

0.98 

6341 

+35 

11.2 

0.92 

4147 

-h79 

24.2 

0.83 

6762 

-2fJ.6 

8.4 

0.69 

4690 

+36 

15.5 

0.87 

6809 

-25 

8.8 

0.66 

5024 

+79 

18.2 

1.11 

6864 

-27 

48.5 

0.87 

5053 

+78 

17.3 

1.00 

6934 

-20 

24.9 

0.72 

5272 

+78 

12,2 

1.00 

0981 

-34 

23.3 

0.71 

5460 

+72.6 

17.0 

l.(X) 

7(X)6 

-21 

66.8 

0.78 

6634 

+48.6 

31.4 

1.02 

7078 

-28 

13.1 

0.88 

6897 

+29 

16.4 

0.84 

7089 

-36 

13.9 

0.99 

5904 

+46 

10.8 

0,94 

7492 

-64 

25.2 

0.99 


4. The new results for the distances are compared in table 3 with my 
original values, published on the currently-accepted zero point in 1930.* 
Naturally there is on the average little change for the objects in the higher 
latitudes; we have the mean ratio New/Old =» 0.98 0.03 (m. e.) for the 

twelve clusters with latitudes higher than 40°. The change is considerable, 
however, with latitudes from 20° to 40°, where for sixteen clusters wc have, 
in the mean, New/Old « 0.83 =*= 0.03 (m, e.). The corrections for space 
absorption produce most of the change.^ 

The distances from the galactic plane, r sin in column 8 of table 2, 
show results now well known---namely, the great thickness of the Milky 
Way system, if wc assume, as is natural, that most if not all the high- 
latitude globular clusters are members of the Galaxy. It is of interest to 
compare the largest values, around 20 kiloparsecs above and below the 
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galactic plane with the values r sin for the Magellanic Clouds, 12 kilo- 
parsecs (Large) and 18 kiloparsecs,** and for the faintest of the independent 
high-latitude cluster-type Cepheids, 10 to 15 kiloparsecs.*^ 

5. In the final column of table 2 arc the absolute photographic magni¬ 
tudes of the thirty globular clusters. Their dispersitm is shown in figure 2, 
which resembles a diagram given by Christie/ 

The greatest of these globular clusters, 47 'Fucanae, exceeds in total 
absolute brightness some of the dwarf irregular galaxies of the Magellanic 
type. The globular cluster Omega Centauri is of comparable absolute 
magnitude, but its low latitude, — +15°, excludes it from the tabulations 
above. For it a revised photometry by Martin, and an tmpublished Har¬ 
vard nebular survey that suggests an absorption of +0.5, would give it the 
distance of G.8 kiloparsecs, the same as my 1980 value, and an absolute 
magnitude of —10.0. 


No. 



Thirty globular clusters. Spread of absolute magnitude. 


6. Concisions and Summary, {a) The distances of thirty globular 
clusters in intermediate and high galactic latitudes have been revised on the 
basis of (1) recent investigations of the photographic magnitudes of bright 
stars and of Cepheid variables in the clusters, and (2) a census of the back¬ 
ground of external galaxies, which gives evidence on the transparency of 
space between the observer and the clusters. 

(J) The over-all diameter of the Milky Way in its plane is not well 
indicated by the revised distances, becamse of the necessary avoidance of 
low-latitude objects; but the earlier estimates of a distance to the center of 
approximately ten kiloparsecs are consistent with the new values of the 
distances of clusters. 

(c) The over-all thickness of the system of globular clusters exceeds 
forty kiloparsecs. The weighted mean r sin for the five clusters most 
distant from the galactic plane on the north side is +19.8 kiloparsecs, and 
for the five most distant on the soutli side, —17.5 kiloparsecs. The clus¬ 
ters apparently have a spatial distribution comparable with the haze of 
cluster-type Cepheids discussed in the first paper of this series. 
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{d) The integrated absolute magnitudes of tlie thirty globular clusters 
show a small dispersion around the mean value of —T.b (photographic), 
except that the great globular cluster 47 Tucanae stands out as nearly 
three magnitudes brighter tlian the mean (as does Omega Centauri), and 
the "giant-poor” clusters, NGC 4147, 5053, 5406, 7492, are all fainter tJian 
the average, with values lying between —4*8 and —5.9. It is noteworthy 
that the absolute magnitudes of several of the dwarf galaxies of the local 
group of galaxies are between —9 and —12; and, of probably much higher 
significance in the hypothetical evolution of galaxies, the absolute magni¬ 
tudes of the nuclei of the spirals NGC 598 (Messier 33) and 7793 are 
“8.0 and —7.3, respectively. The "escape” of the spiral arms and their 
background of stars, in a developmental trend from spiral to globular 
form,^^ would leave these two objects as globular clusters of average 
absolu te luminosi ty. 

* Stebbins and Whitford, Mt. Wilson Conlr., No. 647, p. XO f (1936). 

» Hart. Ob$. Monographs, No. 2, Appendix A (1930), 

•These Proceedings. 21, 593-697 (1936). 

* Mt. Wilson Contr,, No. 620 (1940). 

* These Proceedings, 26, 699-604 (1940), the tenth paper of this series. 

* Frotn Helen B. Sawyer*s compilation in Ptth. David Dunlap Ohs,, 1, No. 4 (1939), 
with some additions. 

^ Two clusters are omitted from the comparison: NGC 2419, the *'intergalactic 
tramp,'' and NGC 5694 which was identified as a globular cluster after the earlier study; 
Lampland and Tombaugh, AsL Nack., 24f6, 171 (1932). 

» Galaxies, Blakiston, 1943, p. 61. 

* These Proceedings, 25, 423-428 (1939), the first paper of this series. 

« Leiden Ohs, Ann., 17, pt. 2,1-166 (1938). 

“ Galaxies, Blakiston, 1943, p. 216. 
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THE BEHA VIOR OF OPPOSITIONAL ALLELES IN POLYPLOIDS 

OF TlUFOLIlJM REPENS^ 

By Sanfokd vS. Atwood 

U. S. Kkoionai. Pasture Research Laboratory, State College, Pa. 

Communicated February 10, 1944 

The theory of oppositiotial alleles was first proposed with substantiating 
data by East and Mangelsdorf^ to explain self- and cross-incompatibilities 
in Nicotiafi'a, and subsequently it was confirtiied by other workers in 
several diploid species. Corollary hypotheses have been proposed to ex¬ 
tend its application to polyploids, but because of the paucity of experi¬ 
mental data no hypothesis has been verified completely. The colchicine 
technique, which allows production of polyploids from plants of known 
genotype, should j)rovide a more precise approach to this problem, but the 
results published so far have been conflicting. Stout and Chandler* 
reported that 15 diploid plants of Petunia axillaris were self-hicoinpatible 
whereas tetraploid branches induced on the same plants were self-com¬ 
patible. The same authors'^ showed that the 212 seedlings obtained from 
the tetraploid branches were likewise self-compatible and within families 
were cross-compatible. A similar situation was described by Crane and 
Lewis* for pears wherein most of the 29 varieties tested were self-incom¬ 
patible or of low self-compatibility. The exceptions were “Fertility 2 X,'* 
which sets fruits but no seeds, and “Fertility 4 X/' which sets both fruits 
and seeds. In contrast with these results, Howard* reported that both 
types of branches on diploid-tetraploid sectorial chimeras in Brassica rapa, 
B, campestris and Raphanus sativus have always been self-incompatible. 
Likewise Lewis^ found the autotetraploid branches of Oenothera organensis 
to be self-incompatible like the diploid; the inhibition of pollen tubes, 
which was strong in the diploid, was reduced in the tetraploid but not 
enough to allow fertilization. In extensive tests of autotetraploid maize, 
Randolph* and Fischer* observed that different stocks varied from low to 
high self-fertility and that these differences were accounted for only in 
part by cytological irregularities. Certain s^-sterile stocks were ordinarily 
cross-sterile as femdes but cross-fertile as males. There was also some 
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evidence of cross-incompatibilities between certain self-fertile stocks. 
Since genes for incompatibility have not been described for diploid maize, 
Fischer^ suggested that chromosome doubling results in a change in genic 
balance due to the cumulative action of some genes and the non-cumulative 
action of others. 

Because suitable terms to describe mtiltiple alleles in autotetraploids 
would facilitate the discussion, the following new terminology is suggested 
and will be used in this paper: 


NO. or 

OXVTIWRNT 



DBMONATZOM 


BXAICFI.B 

aUOOSSTKD TRRM 

IN TA»LB I 

None 

SiSiSiS, 

MonoaUelic 

... 

Two 

Two 

SiSiSiS, 

SiSi&St 

Unbalanced ) „ ,, 

^ . f Diaildic 

Balanced ) 

... 

n 

Three 

SiSiS^ 

Triallelic 

III 

Four 

SiSiSiS. 

TetraaUelic 

rv 


As a result of treating white clover (TrifoUum repens L.) seedlings with 
colchicine,'® several plants were obtained on which some of the stolons had 
the doubled number of 64 chromosomes, whereas other stolons on the 
same plants retained the original number of 32. When preliminary tests 
of these paired sectors in the greenhouse and in the field indicated that 
both 32- and d4-chromo50me parts were self-incompatible, six of the pairs 
were tested more extensively in the greenhouse. The techniques used for 
selfing and crossing were the same as those described previously." Chro¬ 
mosome counts from root tips of the new cuttings showed that the 32 and 
64 numbers had been maintained in each case. A rapid examination of the 
pollen was made with a hand lens, and every plant was found to produce a 
very high percentage of apparently normal, well-filled pollen. In this 
repeat test, both 32- and 64-chromosome cuttings again proved self-in¬ 
compatible. The 32-chromosome slips yielded an average ctf 0.11 seed per 
head on the 35 heads that were sdf-pollinated, and the 64-chromosome 
slips yielded 0 seeds on 30 heads. All 61 crosses that were tried between 
different 32-chromosome cuttings were compatible and averaged 34.1 
seeds per head. Likewise, all 31 crosses between 64-chromo8ome cuttings 
proved compatible, but they averaged only 17.6 seeds per head. The 
difference between these two averages was highly significant. With the 38 
heads used in 64 X 32 crosses, however, only 0.29 seed per head was 
obtained, and with the 67 heads used in 32 X 64 crosses the average seed 
set was 0.51. 

On the basis of these results, two 32Hchiomosome cuttings and the 
correspcmding two 64-chrosnosame cuttings from the same two original 
seedlings were selected for a test of the compatfl^ty tekrionohips of their 
F] populations. In the 32 X 32iamily, 13 Fi plants consbted of four intra^ 
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sterile, inter-fertile groups of four, four, three and two plants, respectively, 
and all were reciprocally compatible with both parents. Among the 178 
compatible crosses, the highest seed set per head was 56 and the lowest 23 
with an average of 42.2. The differences in average seed set between the 
plants as females were highly significant in two of the groups (those with 
four plants each), but not significant in the other two. Among the same 
plants as males, there were no significant differences in average seed set. 
The Tnaximum seed set among the incompatible crosses was 5, the mini¬ 
mum 0, and the average for the 35 heads (three crosses were made in 
duplicate) was only 0.37. The two parent plants proved self-incompatible, 
and tlie 13 Fi plants reacted the same way. When three heads on each 
of the two parents were tripped to effect self-pollination, using 10 flowers 
per head, 0 seeds were obtained on the female and only one on the male. 
Likewise 0 seeds were obtained when 5 heads on each of the parents were 
manipulated. Similarly, the 13 Fi plants yielded a maximum of one seed 
per head and an average of 0.13 when three heads per plant were tripped 
and an average of only 0.90 when a total of 73 heads were manipulated. 

This t 3 rpe of self- and cross-mcompatibility is explained by assuming 
that a single series of oppositional alleles conditions pollen-tube growth and 
that in this case the parents had no alleles in common: 

SiSi X S3S4 « SiS, + 8x84 + vSa8, -f 8,84 

When sectors of the 32-chromosome parent plants were doubled, the 
oppositional alleles likewise would have been doubled: 

S 1 S 1 S& and 83 S 1 S 484 

A cross between two such cuttings should yield the following genotypes in 
the Fi generation: 

DXALbSLlC TMIAXXSUC TVTRAAIXBLXC 

ISiSiStSi 4 SiSiS»S 4 16S}StSt& 

1 SiSiS«S4 4 8>S|S«S« 

1 ScStSiSi 4 SiSiSiSi 

IStStSiSi 4 SiSiS4S« 

The frequency shown is based on random 2X2 assortment of the four 
homologous chromosomes with no crossing-over between the 8 gene and 
the centromere. With independent assortment of the eight chromatids, 
on the other hand, a 9:9 ;9:9:24:24:24:24:64 ratio would be expected, 
For the small population used here, it is not possible to distinguish between 
these two extreme ratios by means of the test* In a study of this sort, 
bowever, the most critical evidence comes from the pattern of incompatible 
group reactions rather than firom the close fit of obtained frequencies of 
dfffensnt genotypes to expected ratios* 
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t!» averages for the III and IV genotypes used as 9 were obtained from the individual plant averages within each class, and consequently 
each average was based on the same number of variates for computing the least significant differences. 

^ ^ace this average was based on only two plants, the data for selfing were not included in the analysis for the 9 genotype HI-3. 
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In order to test the behavior of oppositional alleles in this doubled condi¬ 
tion, each of the 29 Ft plants from the 64 X 64 cross was self-pollinated, 
crossed reciprocally to both parents, and crossed diallely with all of the 
sister Fi plants. The results (table 1) were more complicated than those 
from the 32 X 32 cross, and they cannot be explained by any of the existing 
hypotheses, Altliough the 64-chromosome parents were self-incompatible 
like their 32-chroniosoine counterparts, the Fi generation segregated into 
three self-incompatible plants and 26 self-compatibles. These 29 plants 
were self-pollinated by tripping 10 dowers per head in the greenhouse and 
by manipulating entire heads in both greenhouse and field. The classifica¬ 
tion into compatible, and incompatil)le types was very distinct by all three 
mctliods, and the results from the three methods agreed (table 1). The 
differences in average vseed set between the 26 self-compatible plants were 
highly significant in each of the three methods, but there were no significant 
correlations between methods. The value of r was 0.36 when correlating 
the two greenhouse tests, and it was only 0.10 when correlating the results 
of manipulation iti greenhouse and field. 

In order to explain the 3 :26 segregation, it is proposed that diallelic 
plants, which produce only one kind of heterozygous pollen, are self- 
incottipatible, whereas triallclic and tetraallelic plants, which produce, 
resi)ectively, three and six kinds of heterozygous ]X)llen, are self-compatible. 
It must be assumed: (o) When only one type of heterozygous pollen is 
produced, the presence of one or both of the same factors in a pistil will 
inhibit that pollen, and (6) when more than one type of heterozygous 
pollen is produced by a plant, none of it is inhibited even if the same factors 
are present in the pistil. [Assumption (a) has been verified by the work of 
Lewis,^ but assumption (b) is new to this subject; no previous studies have 
included comparable diallelic, triallelic and tetraallelic genotypes in all 
possible combinations.] On the otlier hand, homozygous pollen is as¬ 
sumed to be inhibited whenever the same allele is present in the pistil. 
Such a proposal is more complex than would be needed to explain only the 
differences in self-compatibility, but in this form it is also useful in explain¬ 
ing certain cross-incompatibilities. This concept implies that pollen from 
a tetraploid is not always specifically inhibited by the same genes in the 
pi.stil, as is the case with diploids; the ability or inability to grow depends 
instead on the reaction between the stigma and all the types of pollen 
placed upon it. Perhaps chromosome doubling has brought into action 
certain modifying genes that did not express themselves in the diploid, 
similar to the results obtained by Randolph* and Fischer.® In crossing tlie 
two balanced diallelic parents, which were shown by their 32-chromosome 
sister cuttings to be different in all four alleles, the Fi should consist of a 
1:8 ratio of self-incompatibles: self-compatibles (i.e., four diallelic: 32 
triallelic or tetraallelic). The obtained ratio 3:26 fits the expected 1:8 
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very closely with a iion-sigiiilicatit corrected “ 0.031. Similarly, it 
fits the expected 9:40 ratio, based on random chromatid assortment, with 
a non-significant corrected “ 0.707. 

When the tliree self “incompatible Fi plants were diallely inter-crossed 
and reciprocally back-crossed to both parents, tlieir differential reaction 
allowed them to be divided into two groups (table 1). One of the three 
plants (Group TI-1) was compatible as female with its female parent but 
incompatible with its male, while the other two (Group 11-2) were jncom-' 
patible as females with tlieir female parent, compatible with their male, 
and cross-incompatible. Although the crosses ll-l X II- 9 P, II-2 X Il-cf 
P and II-2 X lf-1 are c^msidered compatible, it should be pointed out that 
in every case the average seed set was significantly lowxr than that ob¬ 
tained in the other compatible crosses of these same three plants as females 
with their 2fi self-compatible sisters. 

All crosses involving the self-compatible ]>lants as males were compatible, 
but several differential reactions occurreil among the crosses self-compatible 
9 X self-incompatible cf (table 1). Four self-compatible plants (Ckoup 
III-l) set significantly more seed when crossed in this direction with their 
female parent than they did with the other self-incompatible plants. This 
average of 3.0 with the female parent, however, showed a highly significant 
difference in conipiirison with the compatible crosses between the same four 
plants as females and their self-compatible sisters as males. Four other 
self-compatible plants (Group 111-2) proved incompatible with their 
female parent when the latter was used as male but compatible witli the 
other three self-incompatible groups used as males. In this case, tlie cross 
II1-2 X II-l has been classed as compatible, but its average of 6.0 was 
significantly different from all other compatible crosses using Group 111-2 
as female. A third group of three self-compatible plants (Group 111-3) 
set an average of 4.5 seeds per head when crossed as females with their 
male parent, and the differences between this and the crosses witli the other 
self-incompatible groups as males were highly significant. Likewise, the 
differences between 4.5 and the other compatible croisses using Group III-3 
as female were highly significant. Tlie remaining 15 self-compatible 
plants (Group IV) pnived incompatible as females with both parents and 
with both self-incompatible Fi groups. The differences between the four 
types of incompatible crosses involving Group IV as female were not 
significant. 

If pollen-tube growth in crosses is conditioned in the same manner as 
was prpposed for selfings, the theoretical pattern of incompalibilities (table 
2) is similar to that which was obtained (table 1). The segregation of 
1:2:4;4:3:15 in the Fi population gives a very satisfactory fit to expected, 
with a non-significant x* = 4.904 (7 D.F,), When the same ratio was 
fitted to the expected based on independent chromatid assortment, a non- 
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sigtiificaiit “ 7.805 was obtained. Probably because the Fi population 
was small, only two self-incompati)t>Ie groups were found. In order to fit 
these results to the pattern of cross-incompatibilities obtained with the self¬ 
compatible plants as females, it is apparent that the two self-incompatible 
groups which were obtained were either C and E or D and F (table 2). 
The data do not fit in all rcvspects, however, and certain additional assump¬ 
tions must be made. One discrepancy from the expected results was tliat 
those self-compatible plants (Group Ill-l) which were compatible as fe¬ 
males with their female parent, but incompatible with their male parent 
should have been incompatible as females with one or the other of the self- 
incompatible Fi groups but not with both. Each of tlie four plants in this 
group gave some indication of setting more seed with one self-incompatible 
Fi group than with the other, but the differences were neither large enough 
nor consistent enough to be significant. The second and more serious 
deviation from expected was the incompatibility obtained between each 
of the self-incompatible Fi plants as female and one of their parents. 
According to the hyix)thevsis, these crosses should have been compatible, 
and no adequate explanation of this irregular behavior is available at 
present. 

Two additional lines of evidence have been obtained which support the 
concept of pollen-tube growth sometimes depending on the interaction 
between the stigma and all pollen grains placed upon it rather than on the 
specific relation between the alleles borne by the pollen and the stigma. 
In the first place, significant differences in average seed set were obtained 
from the different male groups. No such effect was observed in the 32 X 32 
chromosome test, nor has it ever been observed before in white clover in 
the thousands of crosses which have been made with normal 32-chromo¬ 
some plants. Several cases of morphological or cytological abnormalities 
causing defective pollen and consequent male sterility have been observed 
ui 32-chromosome clover, but no differences due to genetic causes, where 
there was no influence on pollen fertility, have been demonstrated. Among 
the (54 X 64 matings, some of the most outstanding cases have already been 
pointed out. Further examples may be seen (table 1) by comparing the 
differences between group averages with the least significant differences. 
Similar differences were found when tlie results were grouped in other ways. 
For example the average of all crosses using the triallelic plants as males 
was 16.4, while the average for the tetraallelic as males was 13.4, and the 
difference between these averages wa.s highly significant. Similarly, the 
triallelic plants set significantly more selfed seed (av. = 21.4) than the 
tetraallelic plants (av. « 15.6). One possible explanation of these rela¬ 
tionships might be that more complex interactions and somewhat lowered 
seed set would result from six types of heterozygous pollen on the stigma 
than from three; further tests are now being made. With these data it 
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was possible to demonstrate in addition highly significant differences be¬ 
tween the plants within each of the groups in regard to their differential 
male influence. It was also noticed that with most of the self-compatible 
plants, the seed set from selfing was significantly greater than from crossing. 
Most of the seifs were made without emasculation, whereas the crosses 
were made following emasculation, but differential treatment of this sort 
has never given difi'erent results with nonnal 32-chromosonie plants. It is 
necessary to postulate modifying factors to explain such behavior, and 
there may be a better chance for their expression in tetraploid plants. 

The other additional line of evidence supporting the interaction hypothe¬ 
sis was dexived from the significant end-season increases in seed set obtained 
in the green house. This behavior likewise has not been observed in 32- 
chromosome white clover. When it was noticed that the reflection of 
pedicels was not so definite a reaction with the 64-chromosome plants as 
it was with the 32, 103 crosses were made in duplicate. The first crosses of 
each pair averaged 13.8 seeds per head, while the second averaged 17.2. 
The average interval between them was 10.9 days. The differences be¬ 
tween repeats were analyzed for each of the eight types of compatible mat¬ 
ings between diallelic, triallelic and tetraallelic plants, but significant 
variance due to repeats was found only for the crosses IV X III and IV X 
IV, These combinations would involve the greatest number of inter¬ 
actions between pollen and pistil, and therefore might show the greatest 
influence from environmental factors such as end-of-season. 

Summary ,—The 64-chromosome stolons of white clover, induced by 
colchicine treatment of seedlings, were found to be self-incompatible like 
the 32-chromosome plants from which they arose. In the Fi population 
from two of the 32-chromosome plants, four intra-sterile, inter-fertile 
groups were found, and all Fi plants were reciprocally compatible with both 
parents, indicating that the parents differed in all four oppositional alleles. 
In the Fi from the two corresponding 64-chromosome stolons, three plants 
were self-incompatible, and the remaining 26 were self-compatible. All 
intercrosses involving the self-compatible plants as males were compatible, 
but both compatible and incompatible matings were found when the self- 
incompatible parents and Fi plants were used as males. On the basis of 
these differential reactions, several genotypes were postulated. It is 
suggested that growth of pollen bearing two different alleles depends some¬ 
times on the interaction between the stigma and all pollen placed upon it 
rather than on a specific oppositioneJ effect. 

^ Contribution No. 68, of the V* S, Regional Pasture Research Iab<>ratory, Plvisicm 
of Forage Crops and Diseases, Bureau of Plant Industry. Soils, and Agricultural Engi¬ 
neering, Agricultural Research Administration, U. S. Department of Agriculture, State 
College, Pennsylvania, in codperation with the northeastern stetes. 
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LINKAGE STUDIES OF THE RAT {RATTUS NORVEGICUS) VI. 

By W, E. Castle and Helen Dean King 


UNivERSiTy OP California and Wistar Institute 


Communicated February 28, 1944 


1 . A Fourth Linkage Group. —In a canvass of the linkage relations of 
genes of the rat, it has been found that kinky and stub are borne in a com¬ 
mon chromosome. The evidence is as follows. Kinky (ife) is a recessive 
mutant gene discovered by Feldman.^ It makes the hair short and curly, 
being similar in its phenotypic effects to the two dominant mutations cmly 
and curlys. Stub {st) is a mutation likewise recessive and frequently 
lethal at an early age, discovered by King.’ It makes the tail short and 
"stubby” and frequently results in abnormality of the kidneys, and other 
organs in the pelvic region, the hind legs being sometimes partially fused. 
Microphthalmia also is often observed, particularly of the left side. Since 
stub animals, even when they live to normal breeding age, are usually 
sterile, only animals heterozygous for the stub gene arc available for genetic 
study. When they are crossed with animals homozygous for kinky, half 
the resulting progeny will be heterozygous for both genes, though they show 
neither. Such carriers can be identified by suitable test matings. They 
should theoretically produce gametes of four classes, ft, st, k st and 0. The 
first two would be non-crossover (repulsion) gametes, the last two would be 
crossover (recombination) classes. To ascertain the relative frequency of 
their occurrence is a task best undertaken by an outcross of an Fi animal to 
one which carries neither gene. The resulting progeny may at maturity be 
tested individually by a backcross to an Fi animal known to be a carrier of 
both ft and st. Usually it is most convenient to employ out-crossed 
females in backnnnssing to tested Fj males, A total of 138 out-crossed 
females have thus been tc^ited. They fall into the four expected classes 


with frequencies as indicated, 


k si bstO 

55 2? IT 36* 


crossovers 11 + 36 


47; non- 


crossovers 66 + 25 91. Total number 138. Deviation from equality 
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of the two groups 22, P.E. 3.96. Dev./P.E. = 5.5, a significant and clear 
demonstratioti of repulsion between the two genes. Crossover percentage 
34.1 2.6. 

Jt will be observed that of the 138 tested animals 77 are recorded as 


carriers of the k gene. I'his is a little more than the expected half. But 
only 36 tested animals are recorded as carriers of .f/, which indicates that 
many such failed of identification in the test matings through the produc¬ 
tion of too small a number of young (six or more being rated a satisfactory 
test) or because the stub young died at or before birth and were eaten before 
the test litters were inspected. 

Consequently it would seem desirable to correct the deficiency of stub 
carriers by increasing the number to half the total population, and de¬ 
creasing correspondingly the classes recorded as lacking st. The de¬ 
ficiency of stub carriers is 33, requiring an increase of 16 each in classes k st 
and $1, and a corresponding decrease in classes 0 and k. Making these 


changes the classes would become 


h st k st 0 

•FK ^ more symmetrical distribu 

5041 27 20 


tion, though with an unchanged crossover peirentage, 34.1. 

Before indications of linkage between stub and kinky had been obtained, 
tests had been made with entirely negative results for linkage of stub with 
wobbly (w), witJi blue dilution (rf), and with Curly^ (Cwj). 

2 . A Further Study of the Second Linkage Group .—In earlier studies® it 
has been shown that the dominant gene curly is loosely linked with the 
recessive and lethal gene anemia (an) and the recessive gene incisorless (in 
complete absence of incisor teeth). 

To get a better knowledge of the order of the genes and tlieir map dis¬ 
tances in the curly region, a three-point cross has been made between curly 
animals (carrying anemia) and incisorless animals* The resulting Fi 

Cu an + 

animals were in genetic formula 7 :——r". They were out-crossed to 

+ + 

animals free from all three mutant genes, and the out-crossed progeny 
were then back-crossed to Fi to ascertain how many and which of the three 
genes each of them carried. A total of 175 animals have been thus tested, 
and they fall into 8 classes* Non-crossover classes are represented by the 
genotypes Cu an, 66 individuals, and tn, 76 individuals. The six crossover 
genotypes and their frequencies are as follows: 


Cuin 7 
an 3 
Cu 6 


An in 3 
Cu an in & 

0 11, total 34. 


4 


It was shown in an earlier publication that an probably lies between Cu 
and 6 (brown) though much closer to the former. If the order of the three 
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genes is as assumed Cu an b, the position of in with reference to Cu an 
may be either (1) Cu an in or (2) in Cu an or (3) Cu in an. Let us consider 
the evidence for each of these possible arrangements. 

Whatever the order of the three genes, the total occurrences of crossing 
over (single or double) in the 175 cases studied will be the same, 34. But 
the number of double crossovers will be different under each assumed 
arrangement. Thus it will be 8 under order (1), 10 under order (2) and 16 
under order (3). 


QKDKK 

(1) Cu an in 

(2) inCuan 

(3) Cn in an 


flINOf.II 


OOlTfiLB 

% DOtTBT>B 

10 + 16 - 

26 

8 

23.5 

10 + 8 - 

24 

10 

29.4 

10 + 8 » 

18 

16 

47.0 


I'hat order Ls most probable under which double crossovers are least abso¬ 
lutely and relatively. This points to order (1) as most probable and order 
(8) as least probable. Order (3) is further improbable because it would 
make the crossover percentage between Cu and an 28.5, whereas an earlier 
study in which in was not involved (and in which consequently the appar¬ 
ent crossing over between Cu and an would be less) showed only 2.1 
0.5%. Under either order (1) or order (2) the value for Cu an would in 
this investigation be 10.3%, a much smaller discrepancy. 

Assuming that order (1) is correct, the total amount of crossing over in 
the region Cu an will be 10 single + 8 double == 18 — 10.3 L6%. In 

the region an in there will be 16 single + 8 double == 24 = 13.7 =*» 1.7%. 
Consequently the map for the second chromosome may be drawn thus: 


Cu an in b 

• 0 1073 24 4?) 

A test of the validity of this arrangement by a study of the linkage relation 
of in to b is highly desirable. 

For comparison we may add here the other linkage maps of the rat so 
far as at present known. 


1, 

1 _ 

r P 

w 

0 3.3 

3.8 23.3 

58.6 

m. 

hr 


wo 

0 


40.3 

IV. 

k 


St 

0 


34.1 
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1 Jour, mrod., 26, 162 (1936). 

' The American Anatomical Memoirs^ No. 17» p. 59 (1939); Anat. Rec. 81, p. 283 (1941). 
» Proc. Nat. Acad. Sci., 21, 390 (1935); Ibid.. 25, 578 (1940). Carnegie InstUuiion 
Year Book. No. 41. p, 225 (1941-1942). 


EQ UILIBJUUM IN GENIC MA TERJALS 

By Donald F. Jones 

CONNBCTICUT AqRICULTDRAL ExPBRIMBHT STATION 

Communicated February 25. 1944 

Inbred strains of maize, continuously inbred for many generations, are 
favorable material to show small heritable variations. Changes in cob 
and silk color, plant and ear site, and in the amount of chlorophyll have 
been reported (Jones, 1924, 1939; Singleton, 1943). These alterations 
either have no effect upon vigor and productiveness or clearly reduce the 
plants in some degree. In addition to these, other heritable changes have 
been found recently in various inbred material. Ail of these lessen the 
ability of the plant to grow and to reproduce itself in some measure. In 
their total effect upon the inbred plants, they appear to be degenerative 
changes. 

Unexpectedly, it has been found that these apparently degenerate lines, 
when crossed back with their parental lines, show heterosis. Presumably, 
they differ by only a single gene. This point remains to be tested. Fur¬ 
thermore, one of these degenerate lines has been shown to give better 
results, than the parental normal line, in outcrosses. The changes so far 
noted affect both physiological and morphological characters and are 
listed as follows: 


ittanD UNA 

C14* 

C14 

C30 

C237 

lUinois Hy 
C.I, 4—8 


CJ. Kr (187-2) 
C.I. Kr (187-2) 


CKAXACTBiaSTIC PBATUVII 

Late flowering 
Blotched leaf 
Reduced plant 

Reduced ear 
Dwarf plant 
Narrow leaf 

Crooked stalk 
Pale top 


NATOmS or CStANOS 

Tassels and silks appear later 
Chlorophyll reduced 
Smaller in ail parts, blooms 
earlier 

Ears smaller, stalks taller 
Intemodes reduced In length 
Leaf width and stalk diameter 
smaller, blooms earlier 
Intemodes shortened and bent 
Chlorophyll reduced 


• The letter C desipiatea inbreds produced at the Connecticut A,[ricultural Experi¬ 
ment Station, New Haven, Connecticut. Illinois refers to the A,pricultnral Experiment 
Station at Urt>ana, Illinois, and C.I., the Office of Cereid Investigationa, U. S. D^art- 
ment of Agriculture, Washington, D. C, 
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The reduced plant, C30, has been described by Singleton (1943, 1944). 
It is a change in the Purdue 39 inbred sweet com originally found in Idaho. 
It is used in the production of Connecticut hybrid sweet com. This single 
gene mutation gives evidence for increased growth in crosses with unrelated 
lines as well as a hybrid vigor effect when crossed with the parental line. 

Increased growth in crosses of related lines was noted during the 1943 
growing season in the narrow leaf line crossed back to the original plants 
from which it was derived. The narrow leaf condition was found two 
years previously in oiie progeny that had been grown from a single self- 
fertilized ear. When grown the following year in adjoining rows it was 
seen to be clearly distinct in width of leaf. It was crossed back to the 
original line to see if it would segregate as a single factor difference. When 
the original line, the deviating line and their first generation hybrid were 
all grown in adjoining rows in 1943, differences were clearly noticed. 

The originally 4-8 line and the same line from a new source were alike, 
showing tliat no visible change had occurred in the parental line. The 
deviating narrow leaf line was smaller ip leaf width and stalk diameter, 
the same or slightly taller in height of stalk, the same in time of shedding 
pollen but earlier by seven days in time of silking. Thus it was not a 
degeneration in all respects as earliness of flowering is a good measure of 
growth efficiency in maize. Any environmental or inherited condition that 
favors growth is reflected in a speeding up of the time of flowering. 

The first generation hybrid plants resulting from the cross of the devi¬ 
ating narrow leaf line and the original line from which it came was equal 
to or better than the better parent in all characters. The combined result 
was a noticeably greener, and more robust plant that was early maturing 
and more productive of grain. Not enough plants were grown to measme 
these small differences accurately. The hybrid did not surpass either 
parent in any single character by a statistically significant margin but the 
total result was impressive, especially in yield of grain, 

Illinois Hy is an inbred that is widely used in the production of hybrid 
field com. A dwarf form of this inbred was compared with the original 
line for two years. It has proved to be typical Hy in all details of color 
and structure except that the intemodes are shorter, and the leaves smaller. 
The plant is brachytic in type, averaging about half the height of the 
original line. The dwarf plants flower at the same time as their normal 
parent and produce smaller ears with smaller kernels and are somewhat less 
productive in total amount of grain. While the segregation of this charac¬ 
ter has not been tested, dwarfs of this typt have appeared in other lines and 
are usually due to a single mendelizing recessive gene. 

The first generation of the cross of dwarf and normal Hy was grown 
alongside the normal plants. The crossed plants averaged the same in 
height but shed pollen two days earlier and silked four days earlier. The 
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plants were noticeably greener and more thrifty in appearance during the 
growing season and at maturity the ears were larger with brighter and 
better filled kernels. As the hybrid vigor effect was not anticipated only a 
few plants were grown and most of the ears were used for hand pollination 
so that no yield figures are available. The earlier flowering and maturing 
is a clear indication of heightened growth efiiciency. 

An inbred line of Learning, Cl4, has been continuously self-fertilized for 
21 generations. After the first ten generations it was reduced to a high 
degree of imiformity and constancy. In the 17th generation a conspicu¬ 
ously tall darker green plant, flowering early, was noted in one progeny. 
This single plant had the appearance of a typical C14 slightly enlarged 
and invigorated as if it was growing in a particularly fertile spot. It was 
not large enough to be an outcross sucli as appear occasionally as a result 
of contamination with pollen from unrelated plants. This deviating plant 
was self-fertilized and the resulting ear was larger and better matured than 
the other self-fertilized ears in the same progeny. The kernels were 
marked with a faint pericarp stripe not characteristic of any other varieties 
that had been grown that year or before. 

The progeny grown from this ear was noticeably taller, greener and more 
productive than the other related lines. It was slightly more variable but 
showed no clear segregation. Several plants were self-fertilized and grown 
for two successive generations. Some of these now differ from the original 
line in glume and intemode color and in the amount of chlorophyll blotching 
shown by the leaves late in the season. All progenies have been reduced to 
the same level of productiveness as the original line or below. 

The segregation of color markings indicates that the original plant could 
have resulted from an outcross with a related back-crossed line that was 
growing nearby the year before the deviating plant was discovered. It 
was so considered until the behavior of the other deviating lines was noted. 
The possibility that this is a mutation originating in the heterozygous 
condition must now be considered. 

One line from this source more heavily blotched than the original is now 
noticeably less vigorous and productive. Whatever its origin it differs 
from the original C14 line by only a small germinal alteration. When 
crossed with the normal line the first generation hybrid plants were taller, 
greener and more productive. Here again the differences are small and 
not statistically significant for any one measurable character but all are 
in the same direction of increased growth efficiency. 

The reduced ear size character has been described previously (Jones, 
1939) as a change in two directions. The number of kernels on the ear is 
reduced but the height of plant is increased. Crossed with the original this 
deviating line showed no increasing effect in either height of stalk or 
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production of grain. The first generation plants were intermediate in both 
respects. 

A single factor mutation in tobacco (Jones, 1921) gives results in the 
heterozygous condition that are superior in some respects to either parent. 
In this case the change is from the determinate to the indeterminate habit 
of growth. The heterozygous plants average several more leaves and more 
flowers per plant than the determinate parent and produce a larger amount 
of total plant material than either parent in the same period of growth. 

Several other deviating lines in maize have been found but have not yet 
been compared in crosses with their parental lines. Late flowering plants 
appeared in another progeny of C14 also in the 17th generation. The 
seedlings germinate more slowly and the plants are shorter than their 
normal sibs throughout the growing period- At the end of the season, 
when the normal plants cease to increase in height, the late flowering plants 
continue growth for a longer time until they are either as tall or almost as 
tall as normal when elongation ceases. 

In 1942 the normal line averaged 84.0 inches in height to tlie tip of the 
tassel and the late flowering line 78.9. In 1943 the heights are 78,2 and 
75.9, respectively. In time of flowering in 1943 the two lines compare as 
follows: 


DAYS FROM PLANTING TO 

FIRST TASSSL 

LAST TASSBL 

FIRST SILK 

LAST SILK 

Late flowering line 

63 

67 

66 

78 

Normal flowering Hue 

59 

65 

61 

66 


Differences 4 2 5 12 


The number of days is counted from date of planting to pollen shedding 
and first appearance of silks. The results are based on an average of four 
replicated plots in each case. The two lines differ in no morphological 
character and at the end of the season appear to be alike in every respect. 

In 1942 several progenies of C.I. Kr (187-2) were grown from single self- 
fertilized ears all coining from a single line that had been inbred for many 
years atid grown in Connecticut four generations with continuous self- 
fertilization. No unusual variations had been noted in previous years. 
In 1942 several progenies were segregating for an obscure chlorophyll 
variation. A few plants were noted in the early stages of growth as being 
shorter and lighter in color at the base of the upper leaves. These plants 
were marked and self-fertilized. At time of flowering the differences had 
largely disappeared, the plants were entirely normal in appearance but 
were usually a few days later in silking. At maturity the plants were so 
nearly the same as the normal plants in height and productiveness that they 
could not be noted as deviations. 

When grown the following year two progenies were homozygous for this 
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pale top condition, four were segregating and six were free of it. In the 
homozygous progenies the plants were now noticeably reduced in size 
throughout the season. The stalks were more slender and shorter at 
maturity. One homozygous pale top progeny measured 72,8 inches in 
height compared to six normal progenies tiiat averaged 76.8. The plants 
flowered later and the ears were smaller and less well matured. Chloro¬ 
phyll color was a little lighter throughout the season although the plants 
grew out of the early pale top condition and were not clearly differentiated 
in this respect after flowering. Only when they were growing together in 
an entire row were they distinctly different. Nevertheless, the deviating 
plants appeared to be more differentiated from normal the second year 
than when tliey first appeared as segregates from normal. The condition 
had become progressively worse. 

In one of tlie progenies, segregating for pale top in 1942, one normal 
green plant was noted as distinctly shorter at maturity. Upon closer 
examination it was seen tliat two inteniodes at the base of the plant were 
much shortened and bent. The progeny grown from the self-fertilized seed 
of this plant w^ere all crooked in tlie same way as the parent, varying in the 
number of intemodes affected from one to five. In some plants alternate 
intemodes are shortened and bent, the intervening intemodes being 
normal. 

Out of thirteen progenies grown, six are normal, four are segregating 
normal and crooked stalk, and tliree are all crooked. In two of the latter 
the parental plant was not noted as being abnormal in stalk formation. 
All of the progenies showing crooked stalks are also either homozygous or 
heterozygous for pale top and all of the progenies showing pale top are 
either homozygous or heterozygous for crooked stalk. Apparently the two 
deviating types originated at tlie same time. They both behave as 
mendelian recessives. One progeny is also segregating for flat cobs. 
Further tests are needed to show whether or not these tliree conditions are 
associated in any way and the meaning of the simultaneous appearance of 
the three degenerate types. 

Neither pale top nor crooked stalk have been tested in crosses with 
normal related or unrelated lines. But there is an indication that the 
normal plants heterozygous for one or both conditions are taller than 
homozygous normals. Two progenies segregating for pale top and crooked 
stalks averaged 80.1 inches in height compared to the six normal progenies 
which averaged 76,8 in adjacent rows. The segregating progenies had 
several deviating plants that were clearly shorter than ngrraal and these 
were included in the measurements. The heterozygous normal plants 
must be taller than the homozygous normal to more than make up for this 
difference. 

In all cases so far observed the deviating lines originate in heterozygous 
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normal plants that are selected either wittingly or unwittingly for propaga¬ 
tion. The larger growth of the heterozygous plants increases the chance 
that they will be used as the progenitors for the succeeding generations. 
The maintenance of inbred strains to be used in the production of hybrid 
com is a more difficult problem than was at first realized. Even if the 
reduced lines do give better results in crosses the propagation of the inbred 
line may become prohibitively costly. This apparently has happened in 
several widely used inbreds which are now so unproductive as to be difficult 
to produce in those regions where the hybrids from them are stiH among the 
•most productive. 

The increased growth shown by some and possibly all of these related 
crosses results in eadi case from a single allelic difference. This at first 
sight appears to be a stimulus of heterozygosis as originally postulated by 
East (1909), East and Hayes (1912) and Shull (1914). This conception 
was extended by Rasmusson (1934) and by East (1936) as an interaction 
between alleles. East dismissed these defective genes as having no im¬ 
portance in heterosis. It is now apparent that no clear distinction can be 
made between normal and degenerate characters since they may have 
multiple effects, some favorable, some unfavorable. Dunn and Caspar! 
(1942) describe numerous changes in a small section of a mouse chromo¬ 
some having diverse effects, some lethal, others having degenerate effects. 
Hybrid combinations of some of these multiple changes promote normal 
growth. 

Deviating lines show a loss in some respects and a gain in others. The 
earlier flowering of the narrow leaf and reduced plant lines is an indication 
of increased growth efficiency. There seems to be an equilibrium in genic 
substances such that a change in one direction may be counter-balanced by 
a change in another. Whatever the deviating line has lost the original line ‘ 
supplies in their crossbred offspring. What the deviating line has acquired 
may be added to the sum total of genic action. Along with this there is the 
accumulation of non-allelic, favorable growth factors that is known to 
occur. 

This investigation has been aided by a grant from the Rockefeller 
Foundation. 

Dunn, Ir. C., and Caspari, B., these Procbedxngs, 28» 205-210 (1942). 

Bast, E. M., Aimr, Nat.. 43, 173-181 (1909). 

East. E. M., Genetics. 21,375-^97 (1936). 

East, B. M., and Hayes, H. K., V. S. Dept, oj Agr,. Bur. PlantInd. BuU., 243 (1912). 

Jones, D. F., Genetics. 0, 433-444 (1921). 

Jones, D. F., Ibid,. 9, 405-418 (1924). 

Jones, D, F., Ibid.. 24, 462-473 (1939). 

Rasmusson, J., Nereditas^ 18, 245-261 (1934). 

ShuU, G. H., Zeit. ind. Abst. vererb.. 12,97-149 (1914). 

Singleton, W. R., Genetics. 28, 89 (1943). 

Singleton, W. R., Eecords of Genetiet Society of America for 194S. (1944). 



88 


BACTERIOLOGY: II. A. BARKER 


Proc. N. a. S. 


ON THE KOLK of CARBON DIOXIDE IN THE METABOLISM OF 

CLOSTRIDIUM THERMOACETICUM 

By H. a. Barker 

Division of Plant Nutrition, University of California 

Communicated March 2, U)44 

Clostridium thermooceiicum ferineiits glucose anaerohicully with the 
formatioTi of soiiiewliat more than 2.5 moles of acetic acid per mole of glu¬ 
cose decomposed.^ Besides acetic acid, only cell material and a trace of 
carbon dioxide are produced. The remarkable features of this “acetic 
acid fermentation” are (i) the formation of more than two moles of acetic 
acid per mole of glucose and (2) the absence of carbon dioxide or other Ci 
com{R>und which would be expected to arise by a Ci-Cj split of a Ca inter¬ 
mediate. 

In explanation of the high yield of acetic acid and the absence of carbon 
dioxide, two hypotheses have been suggested.® One is the primary cleav¬ 
age of glucose into three Ca fragments. The other is the production and 
later reabsorption of carbon dioxide. The latter hypothesis seems much 
more probable in view of the fact tliat two other anaerobic spore-formers 
are already known to convert carbon dioxide into acetic acid. The r6le of 
carbon dioxide in the metabolism of these bacteria is that of an oxidizing 
agent. Clostridium acetivum-^> ® uses it for the oxidation of molecular 
hydrogen according to the equation 

4H, + 2 CO 2 = CH 3 COOH + 2 H 2 O 


while Clostridium acidi-urici^* * uses it for the oxidation of uric acid and 
other purines. The acetic acid fermentation of C. thermoaceticum may 
similarly be regarded as an anaeroTiic oxidation of glucose by means of 
carbon dioxide as expressed by the equations 


Oxidation: CJiijjOfi + 2 H 2 O = 2 CH 3 COOH + 2 C 02 + 8 H 

Reduction ; SH + 2COa = CHgCOOH + 2 H 2 O _ 

Net reaction: CeHuOe i:: SCHsCOOH 


There are two direct methods by which the above hypothesis regarding 
the r61e of carbon dioxide in the acetic acid fermentation might be tested. 
One ijivolves the use of carbon dioxide labeled with a carbon isotope. 
This method cannot at present be applied because of wartime restrictions 
and the recent untimely death of Dr. S. Ruben who was planning to co¬ 
operate in these experiments. The second method consists of studying the 
action of the bacteria on a substrate more reduced than glucose, such as 
glycerol or a sugar alcohol. Since glucose is fermented without carbon 
dioxide evolution, it follows that the decompositipn of a more reduced sub- 
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strate must involve carbon dioxide uptake if carbon dioxide is acting as an 
oxidizing agent. Unfortunately this method also caimot be applied to the 
problem at hand because the strain of C. thermoaceticum at present available 
does not attack any of the jxjtlyalcohols. 

Since no direct method of detecting carbon dioxide utilization is avail¬ 
able, an indirect approach based upon the following line of rcasotiing has 
been used. If glucose deconij^osition involves a splitting of the molecule 
into three C2 pieces (the first hypothcvsis mentioned above) the decomposi¬ 
tion of a pentose shoulrl yield two C2 and one Ci fragments, if, 011 the 
contrar}^ acetic acid is synthesized entirely or in part from carbem dioxide, 
it should be the only product of a pentose as well as a hexose fermentation. 
The experimental results (table 1 ) show that except for traces of carbon 
dioxide, acetic acid is the only product formed from /-xylose. Therefore a 
utilization of carbon dioxide is indicated. 


TAHLK 1 

Fermkni ATioNS OF /-Xykose AND I'VRUVATE BY Clos,iridium thennoaceiicum 


(niM per 100 mM substrate femientcd) 


rRoDuers 

Carbon dioxide 
Acetic acid 
Carbon recovery (%) 
Redox index 


/-XVLOSE 

2.3 

223 

90 

Indet. 


sniiSTRATttS 

RVRtJVATE 

61.3 

109 

89 

1.03 


Although the results obtained with xylose definitely favor the hypothesis 
of carbon dioxide reduction, other explanations are, of course, possible. 
Instead of being directly sjilit into two C 2 and one Ci fragments, xylose 
might be broken into a C 2 and a C 3 piece, two of the latter then being con¬ 
verted into a Ce comiiound which could be subsequently split into three Cz 
fragments. In this way the facts could be explained without assuming 
carbon dioxide to be either formed or utilized. In view of this theoretical 
possibility it seemed desirable to find out if C. thermoaceticum is able to 
form carbon dioxide from an appropriate substrate and to see whether 
indications of acetic acid synthesis could be simultaneously obtained. The 
decomposition of pyruvate was therefore studied. 

Since pyruvate is more oxidized than a carbohydrate, its decomposition 
must yield carbon dioxide or some other compoimd more oxidized than 
acetic acid. Carbon dioxide and acetic acid are in fact the only products. 
Now the decomposition of pyruvate would be expected, in the absence of 
carbon dioxide reduction and the synthesis of Ce compounds, to yield not 
more than 100 mM of acetic acid per 100 mM of pyruvate decomposed and 
not less than 100 mM of carbon dioxide per 100 mM of acetic acid formed. 
Actually the experimental results (table 1) agree rather well with the equa¬ 
tion 
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4CH«COCOOH + 2H,0 « 5CHaCOOH + 2COt. 

The 3 deld of acetic acid is significantly above 100 mM while the 3 rield of 
carbon dioxide is only about 50 inM per 100 mM of pyruvate fermented. 
These results are again entirely consistent with the view that carbon 
dioxide is converted into acetic acid. But proof of this mechanism must 
await the application of one of the two direct methods mentioned above. 

i Barker, H. A., Ruben. S„ and Beck, J. V.. Proc. NaL Acad. Set., 26,477-182 (1940). 
» Barker. H. A., and Beck, J. V., Jour. Biol. Chem., 141,3-^27 (1941). 

• Fontaine, P. E., Peterson, W. H., McCoy. E., Johnson, M. J„ and Ritter, G. J., 
Jour. Bad., 43,-701-716 (1942). 

• Wieringa, K. T., Leeuwenhoek, 3, 1-11 (1936). 

• Wieringa, K. T.. Ibid., 6, 261-262 (1939-1940). 


THE MATRICES OF FACTOR ANALYSIS 

By a. a. Albert 

Department of Mathematics, University op Chicaoo 
Communicated February 26, 1944 

In factor analysis a study is made of n-rowed symmetric matrices Mo 
whose diagonal elements are all zero and whose nondiagonal elements are 
correlation coefficients, that is, real numbers between zero and unity. A 
general problem^ is then to determine a diagonal matrix D such that 

Jlf « Afo + 

has minimum rank p. The diagonal elements of D are those of the factor 
matrix M and are called the ccmmunalities. As soon as D is evaluated a 
standard computational technique may be employed to write ilf as a 
product 

M « FF\ 

where F has n rows and p columns,* F' is its transpose. 

Professor L. L. Thurstone of the Department of Psychology of the 
University of Chicago has called my attention to this problem with par¬ 
ticular emphasis on a special case. This case is of the greatest importance 
because the matrices which arise from actual psychological tests appear to 
be of the type assumed for this case. 

Our special problem is the study of the case where p is equal to what we 
shaU can the ideal rank r. We define r to be the largest order of a non¬ 
vanishing minor of Mo obtained by a selection of r of its rows and r different 
columns. No element of such a minor is a dtagonid dement of and 
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hence all minors of the kind described are minors of Af as well as of Afo* 
It follows that 


p r, 

and that our special problem is a study of the case where p attains its 
minimum value r. It should be clear that 

w = w ““ 2r g 0. 

The procedure we shall give then begins with a compulation of the ideal 
rank and will yield not only r but also the corresponding r row and column 
labels. Then wc may alter our notations so that the columns are theirs/ r 
columns and the rows the second r rows. This yields a partitioning of 
so as to yield the notation 

/^o jy c\ 

Af0 = B Co I (1) 

\g H Ko/ 

for Mo. Here Ao, B and Co are r-rowed square matrices and the determi¬ 
nant |B| ^ 0, The matrices .4o, Co, Kq are syinmctric matrices with zero 
diagonal elements, and Ko^ G and H have m rows, G and H have r columns. 
Let us assume that the computation of r has been carried out so as to yield 
the matrix 


E « B-K 

We now write 

/A B^ G'\ 

A/«Afo + i?-(B C ir\ 

\g H K/ 

A ^Ao + X, B « Bo + F, K^K^ + Z (2) 
for diagonal matrices 

X «= diag.{*i, ..*r}, Y diag-{yi, Vr], 

Z = diag.{*i.«»}. (3) 

Then r is the rank of ilf if and only if it is the rank of 

// -AE 0 \ /O B' - AEC G' ~ AElA 

(0 / 0 W » (5 C H' ), (4) 

\0 -GE ij \q H - GEC K - GEH'J 

where 1 is the r-rowed identity matrix and Jm is the m-rowed identity 
matrix. This yields the 

Thbokbm. Thi factor matrix M has rank r if and only if X, Y, Z are 
chosen m that 
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A' = GEH', II = GEC, G' = AEII', B' = AEG. (5) 

We observe that our hypothesis that r is the ideal rank implies that r is 
the rank of the (r + l)-rowed square matrix 

(B h/\ 

U kj 

obtained by using the i~th row gt of G, the j-th column h/ of H', and the 
element kij in the i-th row and j-th column of for i 9^ j. Then r is the 
rank of 

/ / 0\fB h/\ (B h/ Y 

lj\g, kj Vo 

that is, ktf = giEh/, But then 

GEH' - A'o 

is a diagonal matrix and we satisfy the first relation of (5) by taking Z = 
GEH' “ Aq. The second and third relations may be written as 

GJSK - AT - GJSCo, XEH' ^ G' - A^H', (6) 

and we have the basis for the following: 


Determination of Diagonal Elements 

I. Estimate the ideal rank r. This results in the fixing of our notation 
for B, Ao, Co, G, II Ao. 

IL Find the inverse E of B, If our estimate of r is too great it will not 
be possible to carry this out, 

III. Compute GE «= (<ri^) wl^re t* = 1, ..m andj = 1, ..r. 

IV. Compute {GE)H', The nohdiagonal elements of this m by n 
product will coincide with the corresponding nondiagonal elements of Ao 
unless our estimate of r is too small. If they do not coincide the choice of B 
needs to be modified and it is a simple matter to complete the determination 
of the inverse of the new B, If they do coincide the diagonal elements of 
{GE)H' are the desired communalities Si, 22, .. 

V. Compute, for every nonzero element of GE, the element in the i 4 h 
row and j-th column of (C£)Co. Subtract this computed element from the 
correspondingly placed element of H and divide by The result is the 
(r + j)-th diagonal element of M. In most cases this will yield m deter¬ 
minations of y^ and a weighted mean obtained by summing elements in 
columns would probably give a best value. 

VI. Compute EH' — where j ^ 1, ..., r and i ^ 1, ,. Find, 
for every nonzero X^<, the element in the j-th row and i4h column of A^iJEH') 
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Siihtract the result from the correspondingly placed element in G' and divide by 
The result will be Xj, the j-th diagonal element of Af. 

In the cases most usually encountered the procedure above completely 
determines all diagonal elements and gives a full solution of our problem. 
Note that if we determine X so that G' = ARW as in step VI, then II — 
GEC - // " IIE'AEC = //£'(J3' - ARC), If H has rank at least r it 
will follow that the determination of F as in step V, which yields H ~ GEC^ 
will imply that ^ AEC^ M has rank r. Conversely our remaining work 
in which we investigate = ARC implies that if we make = .4£C and 
G' “ AEIV then we will have 7/ — GEC. 


It is necessary to investigate the relation B' == ARC since we might have 
a case where n ~ 2r, G, //, and A'o do not appear, and the procedure out¬ 
lined above is vacuous. In this case we proceed to compute E = (5,^) as 
usual, and in all cases where the procedure above docs not determine X 
and F, we continue as follows; 

VII. Compute the matrix products 



- ^0 (ECu), (y,s) = ^oE 




VIII. Solve the equations 


M a ^ h - 1, r). (8) 


These equations may be used normally to .solve for r — 1 of the unknown 
diagonal elements Xk as quotients of two linear functions of the remaining 
one. The consistency of our system will then usually determine the re¬ 
maining unknown, In all cases the solution must be such that 

\A\ 9 iO. (9) 

Observe that in the exceptional case where Aq ^ Co == 0 and B — I the 
diagonal elements of A are any nonzero numbers and C = F = 

IX, Solve the equations 

' (pcati + = Xia^i + (b j “ b ..., 0 (10) 

for the diagonal elements y^. 

Equations (10) normally yield t determinations of each These equa¬ 
tions may also be used as checks if the diagonal elements have been deter¬ 
mined by the use of V, VI. 

Tests VIII and IX are equivalent to E' ~ A EC. For B is nonsingular 
and this matric equation implies (9). Then J5' =* AECiA^^ + X)£(Co + 
F), (jS' - AJSC^) + X(-ECo) = [(v4o + X)E]r. This equation is 
equivalent to (10). For each value of j the equations (10) are a system of r 
equations in a single unknown with matrix a column of the non¬ 
singular matrix AE, and F^ has rank one. Consistency of (10) demands 
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that the rank of the augmented matrices must be one, that is, for all t ^ Jfe 
and j we must have 

(*««« + /9</)(**7w + 8w) •“ (*<7o + £«)(%*«« + (11) 

These equations are another fonn of (8). 

The various determinations of the same diagonal elements may be 
employed to determine them accurately in cases where there are experi¬ 
mental errors in the given correlation coefficients. It should be possible 
then to obtain data indicating clearly the correct values, and final corrob¬ 
oration will be obtained by factorization of the matrix M. 


EXAMPLE 



0.72 -0.61 
0 -0.80 
-0.80 0 
0.68 -0.54 
0.20 -0.40 
0.68 -0.69 


0.92 

-0.26 

0.68 

0.20 

-0.54 

-0.40 

0 

-0.39 

-0.39 

0 

0.55 

0.21 


0.69\ 
0.68 \ 
-0.69 1 
0.56 i 
0.21 / 
0 / 


Then 


3 


( 


0.61 -0.80 
0.92 0,68 


> 


so that 


GE 


V-0. 


124 -1.028'\ 
699 0.178/ 


E 


i 2 . 

\- 2 . 


118 

866 


2.492\ 

-1.900/ 


GEH 


/ _ /o- 

" Vo. 


851 0.210 
210 0.58 


) 


This verifies our assumption that the ideal rank is two. We also compute 

/-1.124 -1.028V 0 ■ ~0.64\ 

trxico-699 0.178A-0.64 0 

/ 0.665 0.607\ „ /-0.955 -0.997\ 

V-0.096 0.377/ " “ V-0.644 0.173/ 


to give yi - 0.860, yi ■« 0.850, yj 


EH' 


/-1.819 -0.091\ 
V 1.887 0.933/ 


- 0.970, yt 

AtEH'-l 


-0.972. Similarly 

-1.359 0.672\ 

-1.310 -0.066/ 




0.082\ 

0.746/ 


so that *1 - 0.890, *i - 0.901, x, - 0.800, Xi - 0.800. The bad value of 
0.901 is due to the smallness of the numbers 0.082 and 0.091, and the 
weighted mean 
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1.619 + 0.082 
1.819 + 0.091 


0.891 


indicates that the correct value is 0.89. Actually M = FF', where 



0.8 0.4 
0.5 0.8 


-0.2 0.9 
-0.9 0.4 


"0.7 0.3\ 

0.6 0.7/ 


^ Cf. Thurstone, L. L,, The Vectors of Mind, Chicago, 1935, and Lcderman, W., **On a 
Problem Concerning Matrices with Variable Diagonal Elements," Proc. Roy. Soc. Edin., 
Vol. 60, (1939), 17 pp. 

• Actually M » PAP* where A is a diagonal matrix with its last n — r diagonal 
elements zero, P is an orthogonal matrix. Then F is the product of the first r columns 
of P by the respective square roots of the first r diagonal elements of A, that is, the 
square roots of the characteristic roots of M. 


LAPLACE TRANSFORMS OF A CLASS OF HIGHER DIMEN¬ 
SIONAL VARIETIES IN A PROJECTIVE SPACE OF n 

DIMENSIONS 

By Shiing-shbn Chern 
Institute for Advanced Study 
Communicated February 15,1944 

The theory of conjugate nets and their Laplace transforms has been the 
object of extensive study. Its extension to r-dimensional varieties in a 
projective space of n dimensions, r < n, has so far not been very successful. 
The object of this note is to indicate a possible way that the theory can be 
extended. 

Consider a projective space of n dimensions. To develop the differ¬ 
ential geometry in the space we employ Cartan's method of moving 
frames, taking as projective frame the set of n + 1 linearly independent 
vectors A, Ax^ ..(each with « + 1 components), determined up to a 
common factor. The equations of infibnitesimal displacement are of the 
form 

dA « + i»iAi + .., + aimAa 

dAl » ... + 

■ 

dA., ■» + ... + OhmAn 

where the w’e are PfafSan forms in the parameters on which depend the 
firamea. By remarking that the exterior derivatives of the left-himd sides 
of (1) are zero, we get the so-called equations cd structure of the space; 
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«oo “ [wiWio] + . • . + 

Oo\ =5= [cO00W(] + [wiOJjf] + • - - "h [wna)»<] 

co'y rrr [oJiOWj] + [cOijCOlj] + . . . + [Wj«CO^], i, J = 1, . . ., W 

w'iO ~ [WfOOJoo] + [w<iCOio] + . . . + [cOfttW^o] 

Let Vr be a variety of r dimensions in the space. We make the conven¬ 

tion that a linear combination of the vectors of a frame represents a point 
whose homogeneous coordinates are its components. To each ix)int of Vr 
we attach a frame such that A coincides with the point, Au -.i4r lie in 
the tangent r-plane, and Ar + u ..w “ r other points of the space. 
For such a family of frames over we have 

Wr+1 ™ ^ COn “ 0| 

r 

iOiai ^ ^*" Ij ot r ”1” 1, ,,.f ft (3) 

where gt^a arc functions of parameters on the variety and are symmetric 
with respect to f, j. Construct the quadratic forms 

= WiOJla + . . . + €C — f + 1, . . ., « (4) 

and suppose q of them be linearly independent. This number q is an 
arithmetic invariant. We can choose the frame attached to the point A 
such that 4>r H 1 , ..+ <? are linearly independent and ^ + i, .. 
are identically zero. We shall call Uie net of quadric cones of vertex A 
defined by the equation 

4 4 1 *4“ ... “f“ X;. 4 4- ^ “ 0 (5) 

the asymptotic net at ,4, It generalizes the asymptotic tangents of a 
surface, 

E. Cartan^ studied the varieties of r dimensions whose asymptotic net is 
reducible to the form 

XlWx^ + . . . + = 0 (6) 

Cartan proved that such varieties depend on r(r — 1) arbitrary functions 
in two variables. It is not difficult to prove that for f = 2 these varieties 
are in general the surfaces sustaining conjugate nets. 

From the last remark we can deduce a notable geometrical property of 
these varieties. Suppose the frames attached to the points of Vr we so 
chosen that the asymptotic net has the equation (6). Then the lines 
AAui = 1, ....f, are invariantly related to the variety. They define on 
the variety r families of curves such that through every point passes one 
and only one curve of each family. If the tangent r-plane is displaced 
along a curve of the tth family, its intersection with a neighboring tangent 
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f-plane is the tangent (r - l)-plane AAi ,. • Ar. This is clearly 

a generalization of the well-known property of conjugate nets. 

It turns out tliat this property is characteristic to the varieties under 
consideration. In fact, suppose tliat a variety of r dimensions possesses r 
families of curves such that when die tangent r-plane is displaced along a 
curve of one family, its intersection with a neighboring tangent r-plane is 
tlie tangent (r — 1)-plane tangent to tlie other r — I curves. Then, under 
a certain generality assumption, the variety has the property that its 
asymptotic net is reducible to the equation (6). The generality assump¬ 
tion has to be made, because there are some degenerate cases, which arc 
not interesting. A simple and reasonable assumption of this kind is that 
the osculating planes of the variety are of 2r dimensions. 

The above results can be described as a geometrical interpretation of tlie 
varieties studied by Cartan. To define for such varieties a kind of trans¬ 
formation generalizing the transformation of Laplace, we proceed as fol¬ 
lows; 

Let Vr be such a variety whose r families of curves have at the pf)int A 
tlie tangents AA <, f — 1 , ..,, r. Then the following theorem can be proved: 
On each tangent ^4 4 < there exist r — 1 points (j 4- i) such that when the 
vV-plane A Ah ... .^4^, is displaced along A At, j 4^ ii, . h, its intersection 
with a neighboring 5-plane is the {s — 1)-plane At^j ... Ai^J- 

Associated to each point A we have therefore r(r 1) points /I*;, When 
A describes our variety, each point Aij describes a variety of dimension 
g r. It can be proved that if the locus of At) is of dimension r, it also has 
the property described above. It is natural to call these varieties the 
Laplace transforms of Vr, there being altogether f(f — 1) Laplace trans¬ 
forms. The Laplace transforms of a Laplace transform of Vt will consist 
of Vr, some of the Laplace transfonns of Vr, and some new varieties. 
There is a great number of interesting problems which generalize the classi¬ 
cal theory of periodic Laplace sequences. The problems seem to be par¬ 
ticularly fascinating, because it is probable to expect some results which 
axe not direct generalizations of the theory of surfaces. 

The proofs of the above results offer no difficulty and are therefore 
omitted. For long time there was the opinion that the projective differ¬ 
ential geometry of r-dimensional varieties in a space of n dimensions has 
serious analytical difficulties. We wish to point out here that Cartan’s 
method of moving frames offers a workable scheme which, at least theo¬ 
retically, can push to an end the problems which are of geometrical interest. 

^ Cartan, K., *'Sur ies vad^t^ de courbtire constante d'un espace euclidten oti non- 
eudidien/' Bull, Soc, math, France, 47, 125-160 ( 1919 ); 48 , 132-208 ( 1920 ). 
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It has previously been shown^^»^ that although certain groups of micro¬ 
organisms are characterized by the capacity to produce antibiotic sub¬ 
stances, great variation may be found in the quantitative production of the 
specific substance among the strains within each group* Aside from the 
natural variation of a group of organisms to bring about a certain physio¬ 
logical reaction, this phenomenon is markedly influenced by three environ¬ 
mental and nutritional factors: (1) the composition of the medium, especially 
the presence of peptones, carbohydrates and certain growth-promoting or 
other nutritional substances (2) conditions of growth, notably aeration 
and temperature of incubation—some strains grow better in stationary 
cultures, where they usually produce a surface pellicle, whereas others 
grow best in submerged and agitated cultures, in the form of suspended 
colonies or masses of cell material throughout the medium; and (3) changes 
in the composition of the medium produced by different strains of the same 
organism—some strains of Aspergillus clcMus, for example, change the 
reaction of the medium to alkaline, rather than to acid, thus favoring the 
rapid destruction of the antibiotic substance clavacin.*® 

The fact that many microdrganisms produce more than one antibiotic 
substance and the fact that the activity of these substances is measured by 
a single biological method, based upon their selective antibacterial activity 
in artificial culture media against a single test organism, often tend to 
introduce further confusion in the interpretation of the results obtained. 
The following two illustrations will suffice: (1) The Penicillium notatum- 
chrysogmum group of fungi produce penicillin, a relatively non-toxic com¬ 
pound highly active against gram-positive bacteria, and a protein that func¬ 
tions as a glucose-oxidase and that exerts an antibacterial actio^ only in the 
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presence of glucose and other carbohydrates. This often tended to confuse 
the isolation and characterization of penicillin, especially when media used 
for the testing of the antibiotic substance contained glucose.*®*^® (2) The 
A . fumigatus group of fungi produce, in addition to the pigment fumigatin 
and the non-nitrogenous and sulfur-free fumigacin,'® also the nitrogen and 
sulfur-containing gliotoxin.^®'^® The presence*® or absence* of a small 
amount of gliotoxin admixed with the fumigacin crystals led to its charac¬ 
terization as a different compound. 

Another series of complications in the study of antibiotic substances 
arose from the fact that the same substance may be produced by different 
fungi. Thus, the designation of a single compound as clavacin, clavifor- 
min, patulin and clavatin is based either upon the insufficient characteriza¬ 
tion of the crude vs, the crystalline compounds or upon its production by 
different types of fungi.*^’^***. It is now fairly well established that peni¬ 
cillin or penidllin-like comi>ounds arc produced by a large number of dif¬ 
ferent fungi, belonging not only to different species but even to different 
genera. In spite of this, the substance formed by members of the A . fiavus 
group and by different species of Penicillium has not only been given 
different designations (flavicin,^ flavacidm,^ gigantic acid**, parasiticin^) 
but synonyms have already been piled upon synonyms, with such addi¬ 
tional ones as aspergillin and flavatin. 

Some of the groups of fungi-produdng antibiotic substances show ex¬ 
treme variability in this respect; here belong A» clavatus and A, pavus- 
oryzae, discussed previously,*®-*® and P. notatunt’Chrysogenum, the sub¬ 
ject of this paper. Different strains obtained from different substrates 
and, in many instances, isolated from the same mother culture show dis¬ 
tinct physiological differences that influence not only the abundance, but 
often the very natme, of the antibiotic substances produced.^-® 

Strains Used, —In the following investigations on the production of peni¬ 
cillin and penidilin-like substances by different fungi, 17 cultures were 
used. These comprised 13 strains of P. notatum obtained from different 
sources, 3 other species of Penicillium belonging to the group of green 
Penicillia, and one species of Aspergillus, The numbers and sources of 
these fungi are briefly summarized: 

No. 40. P, notatum, received from Dr. C. Thom of Washington, D. C,, in 1036, as No. 
144-6112.1. 

No. 41. P, notatum, Fleming strain, received from Dr. C. Thom in December, 1939. 
No. 42. P, notatum, Westling strain, received from Dr. R. St. John-Brooks of London, 
in December, 1940, who in turn received it through Dr. H. Raistrick, from 
C. B. S. Baam Collection in Holland, in 1926. 

No. 43, P, notatum, received from Dr. R. St. John-Brooks, tn December, 1940, who 
in turn received it from Dr. Fleming in 1934. 

Nos. 44, P. notatum, isolated by Prof. A. Callenger of Leeds University, from bread, 
46. in 1933, idenUhed by Dr. C. Thom; received from"Dr. R. St. John-Brooks in 
1940, 
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No. 46. P. notatum, Reid's culture of Fleming’s strain* received from Dr. Reid in 
July* 1941, 

No. 47, P, nolctum, Heatley’s culture of Fleming’s strain* received from Dr. Heatlcy 
in December* 1041. 

No. 48. P. janthinellum, isolated from the soil and kept for several years In culture 
collection. 

No. 50. P. notatum, NRRL No. 832; represents a strain isolated by Dr. Biourge in 
Belgium, and received from him by C. Thom; received from Dr, K. B. Raper 
in February* 1943. 

No. 51, P. notetum, isolated at the NRRL from the Squibb Strain* No. 1249* B21; 

received from Dr. K. B. Raper in March, 1943. 

No. 136. P. spinulosum, isolated by Dr. M. B. Morrow of Austin, Texas, from a 
Guatemala .soil; received in August* 1942. 

No. 137. A, jiavus, isolated from the soil in 1941* and found'® to be capable of producing 
a penicillin-like substance under certain conditions of culture. 

No. 161, Peniciliium sp. a green Pcnicillium isolated from the soil in 1941.” 

No. 7813. P. notatum; Dr. C. Thom’s culture No. 144B69, received from ATCC, in 
August* 1943 (NRRL No. 832). 

No. 8251. P, notatum, Fleming strain, Thom's culture No. 144-6767, received from 
ATCC, in August, 1943. 

No. 8537. P, notatum received by the NRRL from Dr. Florey; this is presumably the 
.same culture as No, 47; it was received from the ATCC in August* 1943. 

Conditions of Culture—Thret different methods were used for the culti¬ 
vation of these fungi and for the production of penicillin; namely, the liquid 
stationary, the liquid submerged, and the deep agar-tube methods. In 
the first, the medium, consisting of a modified Czapek-Dox broth, with 
brown sugar in place of glucose, and supplemented with com steep liquor^®’ 
and CaCOsi was placed in Erlenmeyer fiasks to a depth of about 1 to 1.5 
cm.; the flasks were» incubated at about 22®C. for varying periods of time. 
In the submerged culture, the medium was placed, in lOO-ml. portions in 
250-ml. flasks, in a shaking machine, and incubated at 28®C. In the 
third metliod,'® a medium similar to the above, but supplemented with 2 
per cent agar, was placed in 20-ml. portions in test tubes, measuring 18 X 
140 mm., and the tubes were inoculated at the surface. 

Methods of Testing ,—Three different methods were used for testing the 
antibiotic activity of the cultures: (1) the dilution method, using the streak 
agar plate, with Staphylococcus aureus or Bacillus subtilis as test organism; 

(2) the agar diffusion or cup method with B, suhtUis as the test organism;' 

(3) the agar tube method,'* with B. subtilis as the test organism. 

Results Obtained ,—In the first experiment, the effect of com steep upon 
the production of penicillin was determined, using strain No. 50, by grow¬ 
ing the culture both in a stationary and a submerged condition. The re¬ 
sults (table 1) gave the highest activity for the submerged cultures con- 
taixiing com steep, a fact already established by workers in the North¬ 
ern Regional Laboratory. A more detailed study of the production of 
penicillin under submerged and stationary cultures gave a maximum ac- 
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tivity in 4 days for the submerged and in 10 to 12 days for the stationary 
cultures, 

A comparison of the production of penicillin by 15 different cultures of 
fungi, grown under both sbitionary and submerged conditions (table 2), 
brought out marked differences in activity. Some of the cultures were 
found to be highly active under both submerged and stationary conditions 
(No. 7813); some were inactive or had only limited activity under both 
conditions (Nos. 41, 43, 44, 45, 48); some gave a higher activity under one 
set of conditions and others under another. On comparing the course of 
production of penicillin by P. notalum (No. 50) and A, jJavus (No, 137), 
both grown in a submerged and agitated state, it was found that although 

TABLE I 


PBN1CU.UN PROnUCTIOK BY P. Kotatum, AS INFLUENCED BY ADDITION OF CoRN StBBP 

Liquor and by Shaking of Cultures 


wsmuM 

OHOITTH OF 
CUT.TUI*K» 

INCUBATION, 

DAYfi 

n.ATB MvrracfDt 
DILUTION ONITA" 

cue MBTHOD, 

Oxford uhita^ 

pH 

BS" 

Submerged 

3 

30 

0.9 

6.7 

BS 

Submerged 

5 

100 

2.3 

8.2 

BS 

Submerged 

7 

30 

6.3 

8.8 

BS 

Stationary 

5 

100 

0.3 

6.0 

BS 

Stationary 

7 

<30 

1.8 

7.2 

CSM 

Submerged 

2 

300 

5.0 

6.5 

CSM 

Submerged 

3 

1000 

5.4 

7.9 

CSM 

Submerged 

5 

1000 

15.4 

8.2 

CSM 

Submerged 

7 

300 

11.8 

8.8 

CSM 

Stationary 

4 

<30 

1.6 

• * * 

CSM 

Stationary 

5 

100 

0.5 

6.6 

CSM 

Stationary 

7 

30 

3.7 

6.8 


^ B, subUlis as test organism. 

^ Staph, aureus as test organism. 

* BS « Brown sugar medium, containing 4 per cent brown sugar and 2 p. p. m. 
ZnSOi.THsO, in addition to other salts; CSM » com steep medium, containing 2 per 
cent brown sugar, 1 per cent CaCOi and 1.5 per cent com steep, in addition to other salts. 

the activity of the first reached a higher maximum, it tended to disappear 
more rapidly than that of the second. Bacteriostatic spectra of the two 
culture filtrates were made after 5 days* incubation, when the activity of 
both was at a maximum, and found to be identical, corresponding to that 
of isolated penicillin. 

The usefulness of the agar tube method for making rapid comparisons of 
the production of penicillin by different fungi, as well as for studying the 
effect of the composition of medium and conditions of growth upon this re¬ 
action, is illustrated in table 3. When the Czapek-Dox medium used, 
No* 336 showed no activity at all; however, In brown-sugar media it 
proved to be as efficient as two of the best P. mtatifm strains (Nos. 41, SO). 
On the other hand, No. 161, which was nearly as good as the nokUum 
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TABLE 2 

Production of Penicillin by Different Strains of P. noUUum and Other Fungi 


StniMBROBtl CULTUREB STATIONARY CUtTURBS 




ACTIVITY, 


ACTXVXTY, 

CUtTURB 

INCUR ATtON. 

DILUTION 

INCUBATION, 

DILUTION 

HO. 

DAYS 

twrm" 

DAYS 

UNITS 

40 

6 

50 

7 

50 

40 

7 

300 

W f 

a 4 

41 

7 

0 

9 

0 

42 

4 

20 

7 

100 

42 

6 

50 

9 

100 

43 

7 

6 

10 

■ « 

44 

3 

0 

7 

10 

44 

7 

0 

* ^ 

• * 

45 

4 

0 

7 

10 

46 

7 

0 

* 4 


46 

5 

30 

9 

10 

46 

7 

30 

» « 

« « 

47 

7 

50 

10 

« 4 

47 

9 

100 

* * 

m * 

48 

5 

0 

7 

0 

50 

3 

150 

7 

76 

50 

5 

300 


m * 

61 


300 

# * 

♦ • 

136 

4 

300 

6 

75 

136 

6 

10 

• « 

* • 

7813 

4 

1000 

7 

600 

7813 

6 

1000 

9 

300 

7813 

8 

1600 


• • 

8251 

4 

30 

7 

30 

8251 

6 

30 

10 

30 

8637 

4 

30 

7 

30 

8637 

6 

100 

9 

30 


" Staph, aureus used as test organism. 


TABLE 8 

Influence of Coufosition of Medium upon the Production op Penicillin et 
Different Organisms, as Measured by Aoar-Tube Method 

5-Day Incubation. Top Layer. Mm. of Zone Produced on B. subtilis Inoculated Plate 


OROANZSM 

NO. 

CxapbK'Dox 

-COirPOSITION OF MRDIUM-- 

BROWN SUGAR" CORN 8TBBFI» 

SING* 

41 

10.0 

21,0 

40.0 

41.0 

60 

19.5 

23.0 

39.5 

30.6 

136 

0 

23.0 

36.0 

38.0 

161 

18.0 

19,0 

26.0 

26.0 


* Brown sugar in place of glucose. 

* Supplementary to above, 1.5 per cent, 

* ZnSOi. 7H|0,0.001 per cent, supplementary to above. 


strains when grown in the S 3 mthetic medium, proved much inferior in the 
com steep media. 
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A comparison of the production and diffusion of penicillin by a larger 
number of cultures of fungi by the agar tube method is recorded in table 4. 
Some of the strains that gave rather inferior results in liquid media proved 
to be excellent producers of penicillin in the agar medium. Number 41, 
for example, gave virtually no activity in either submerged or stationary 
cultures, as shown in table 2, but gave excellent activity in the agar culture. 
Number 46 that gave only low activity in liquid media gave as high activity 
as the best strain, 7813. These results thus serve to emphasize that the 
strain of the organism, the conditions of growth and the composition of the 
medium are the three essential factors in the production of penicillin. 

Discussion ,—The production of penicillin is not limited to any one spe¬ 
cies of fungi or even to the genus PenicUlium, Different species and different 


TABLE 4 


Penicilun Production by Different Strains of P. notatum and Other Fungi 
Agar-Tube Method, Incubation 6 Days, Mm. of Zone Produced on B, suhiilis Plate 


OttOAHTSM 

TOP* OF 

MIDDLE OP 

BOTTOM OP 

NO. 

COl^tTUN 

COLUMN 

COLUMN 

40 

40,0 

32.0 

19.5 

41 

42.5 

26.6 

0 

42 

36.3 

23.5 

0 ' 

44 

34.8 

27.6 

0 

46 

30.8 

12.6 

0 

46 

43.0 

32.0 

16.3 

47 

40.0 

29.8 

0 

50 

43.6 

30.5 

ii.o 

136 

30.0 

31.6 

0 

161 

25.6 

11.5 

0 

7813 

44.0 

36.8 

18.0 

8261 

39.6 

24.5 

0 

8637 

38.6 

25.8 

0 


strains of the same species appear to produce the maximum amount of peni¬ 
cillin or penicillin-like substances under different conditions of culture* 
Whereas some strains are most active under one set of conditions, other 
strains exert their greatest activity under other conditions. The fact that, 
in addition to penidUlin, a second antibiotic factor is produced by most of 
the penicillin-producing fimgi further complicates this rdationsdup; this 
factor may be active only in the presence of glucose, as in the case of the 
P. notatum strains, or its activity may be independent of the glucose in the 
medium, as in the case of the aspergilUc acid produced by A . flams.* The 
production of the second factor is also infiuenc^ by the composition of the 
medium and by conditions of growth. 

* Journal Series Paper, New Jersey Agricultural Experimeot Station, Rutgm Uni- 
verslty, Department of Soil Microbiology. ^ 

^ Abraham, K. P., Chain, H., Fletcher, C. M., Oatdner, A. D., Keatleyf N. O., 
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PERMUTABLE PERIODIC TRANSFORMATIONS 

By P. A. SuiTH 

DBPAKnOENr OF Matkeuatics, Coluhbia Univbbsity 

Communicated April 11,1944 

The so-called “special homologies” were introduced as useful tools* in 
the topology of finite cyclic transformation groups. Up to the present 
they have found no application in connection with non-cyclic groups. The 
following remarks indicate, however, that such applications do exist. 

Let JC be a finite aimplidal complex and let X ■■ {f) be a group of 
regular* simplidal homeomorphisms of K into itself. Let G be an additive 
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coefficient group. Polynomials in elements of 3t with integer coefficients 
can be considered as operators on the chains of K, equally well as operators 
on the homology classes of K since they permute with the boundary oper~ 
ator F. The totality of these operators is a ringP ^ {p, } which is 

commutative when I is. We consider only the commutative case in the 
present note. 

We denote by 0 the operator which converts all chains into nuU chains. 
Let p be the order of an element t of I. We denote either one of the 
operators 


1 - /, 1 + ^ 

by p(0» the other by p(/). These elements are zero-divisors of P since pp «* 
1 - - 0. 

Given a set of elements tu .. of I, we define a set I{tu of 

simplexes of K by the rule that .E is in / if and only if E is invariant under 
some transformation other than the identity in the subgroup generated by 

• * *» 

Lemma 1 , Let tu ■ •. > be independent^ dements of % and let X be a chain 
in K — I{tu ..., ^«)* -4 necessary and sufficient condition that 

p(tl)p(k) * ♦. pitm)X « 0 
is that X he expressible in the form 

X « p{ti) Yi + ... + p(tm} Ym* 

the Y*s being chains in K — L 

Lemma 2. Let the t*s and X be as in lemma 1, A necessary and sufficient 
condition that 

p{k)X p{U)X « 0 

is that X be expressible in the form 

X p{ti)p(,t%) ... pitn^Zf Z C K 

A proof of lemma 1 for the case in which w *» 1 has been given elsewhere* 
and its generalization to arbitrary M is straightforward. Lemma 2 is a 
fairly direct corollary of lemma 1. 

Application. Let ^ be a prime and let M be a homological n?sphere 
over the group of integers modulo p. Let ^ be a transformation of 
period p operating in M. The fixed-point set L of / is* a homological r- 
sphere over (r £ «), possibly null (r •» — 1). If Af satisfies certain local 
conditions, for example if Af is locally euclidean, r is necessarily less than n. 
We asstune here that Af satisfies such conditions. 
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Theorem. // t and s are permutable transformations of prime period p 
operating in M and if their fixed-point sets are identical {possibly null), then s 
is a power of /. 

Corollary.** There cannot operate in M a commutative group of fixed- 
point-free transformations which is of order p^, a > 1, and of type 
'Tixedpoint-free" refers, of course, to transformations other than the 
identity. 

Corollary. M cannot admit a commutative transformation group of 
order p^ aud type (/?, unless ^ g (n + l)/2. 

We shall prove tlie theorem for the regular simplidal case and refer 
elsewhere^ for the method of passing from the simplicial to the topological 
case. 

We suppose then that M is a finite n*complex and that 7(5) « /(/) =3 L, 
say. L is a homological r-sphere over 3#* We suppose that s is not a 
power of Then 5 and t generate a group of order p and type (/>, p). 

I'Ct p„, Pn - j, ... stand alternately for 1 — / and 1 + / + ... + and 
let 5 = 1 — 5 , cr = 1 + .V + ... + 5^“^ Let be the group of p^-hom- 
ology* classes of (M, /). There exists for each h a decomposition® 

= O* X (1) 

such that the cycles of Oj are in M — L, those of in L. Under the 
present hypotheses the groups C*, ..., are cyclic''* of order p and 

= Oj. “ 0. (* = «.»' + 1) (2) 

“ $ 5 .. o; - 0 . (3) 

We assert that there exist cycles A", ..., such that A* is a generator of 
0* and 

p,A* - «A* - 0 (A r + 1). 

Let r" be a generator of the ordinary homology group (Af, 3^). Then 
jF" « jfer**, k an integer. Evidently » 1 mod p so that ife « 1 mod p. 
Hence iF" « 0, Similarly p«F" » 0. This last relation implies that F" 
is an element, evidently non-zero, of By (1) we have 

F" - A’* + AS( A** C M - L, AS C L) (4) 

where A”, AS are elements of O", respectively. Since the latter group 
is zero, A" cannot be the zero of Opt hence is a generator. Since all chains 
in It, in particular Aq, are annulled*^ by 6 and p^, A** is also annulled by 5, 
p» and therefore has the required properties. Suppose that A*, ..., A**^* 
{h > r) have been chosen. The relations pjh-iA*'*’* *» 5A*"^^ *■ 0 imply 
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(lemma 2) say, where F C Af — L. Let F* «■ F{<rY). 

Then 


p,r* « FpH<r¥ * « 0 

5r* « FdtrY^ 0. 


Now r* is precisely the image of tmder a certain onto-homomorphism^* 

^ Since these groups are both of order p, a is an iso¬ 

morphism and so r* is a generator of =» Oj. We then obtain the re¬ 
quired A* from r* as for the case A « n. 

We can now prove the theorem by obtaining the contradiction O'' p' =0. 
As above with h replaced by r, we may write A''*^^ I^t 

» As in (4) we have F’' « A'' + AJ (AJ C L) where A’' is an 

element of OJ. Since this group vanishes, there exists a special homology 


FiprlT-^^) « A^ 

The boundary of 



is AJ C L. This boundary, however, is of the form <rA + PfB hence its 
intersection with L is null. Hence (5) is an absolute cycle and is therefore 
the boundary of a chain say IT Then 


Fpr^,ir^^ « Pr+I<rr^‘ ^ 

« Pr+i<rr+' - A^-^' 

SO that A'"^^ satisfies a special homology and therefore is the zero of 

Since is a generator, we conclude that « 0* 

0 

^ Abo called p-homologies (5 and 6). All references are to Appendix B of Lefschets’s 
Algibraic Topology* 

* L 

* The elements lu ...»fm are independent if W?* ■> 1 implies «■ 1 modulo the order 
of h. 

♦4,1. 

* (2.1) Theorem, 

* If p > 2, every periodic transformation of an even dimensional euclidean sphere 
admits fixed p<nnts. Hence the corollary is of interest only when n is odd, 

* 5 and 6. 

•7.1. 

>• 12 . 

« 4.8. 

w 6 and 10.8. 

» 4.3. 
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ON THE ARITHMETIC IN A GROUP RING 

By Richard Brauer 
University op Toronto^ 

Communicated March 24, 1944 

1 . Every group @ of finite order g determines an associative algebra F, 
the group ring, over an arbitrary field K. This algebra consists of all linear 
combinations 


a - (1) 

of the group elements with coefficients at in K, where equality of these 
elements, addition and multiplication are defined in the natural manner. 
The study of the algebra F forms one of the most powerful weapons we 
have for the investigation of groups of finite order. When the field K is 
of characteristic 0, the algebra F is semisimple, and the general principles of 
the theory of algebras can be applied. As is well known, the ordinary 
theory of group representations and group characters can be obtained in 
this way. We then assume that the field K is algebraically closed, or at 
least that K has the property that all irreducible representations of ® in K 
are absolutely irreducible. If the latter condition does not hold in the 
original field K, it will be satisfied in algebraic extension fields of K of finite 
degree. Without loss of generality, we may restrict ourselves to the case 
that K is a suitable algebraic number field, ^ as we shall assume throughout 
this note. 

There cam be little doubt that we are far from knowing all important 
properties of group characters. In particulau-, we are interested in further 
results which connect the group characters directly with properties of the 
abstract group Any result of this kind means, in the last analysis, a 
restdt concerning the structure of the general group of finite order. 

2. One approach to our question is to study the arithmetic properties 
of F after we study the algebraic properties of F. An element a of F is 
said to be an integer, if all the coefficients Ct in (1) are integers of K. The 
ring / of these integers is not a maximal order,* and therefore the ordinary 
theory of ideals does not hold. However, our definition of integer is 
linked with the group ® in a natural manner, and we would lose this connec- 
tion> if we replaced / by a maximal order. Actually, a study of most 
arithmetic properties of a maximal order would not lead us beyond the 
algebraic prop^es of F. 

The arithmetic question in which we are mainly interested* is the 
question how a prime ideal 0 of K (or rather its extension (p) ^ pJ to J} 
behaves in /. This leads to the study of the residue class ring J* » //(p). 
But can be interpreted as the group ring of ® over the field R** of residue 
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classes of integers of K modulo p. We thus come back to a study of a 
group ring and of representations of but now with regard to a modular 
field K*. The investigation of (p) becomes equivalent to the study of the 
modular representations® of ®. For every prime ideal divisor ^ of (p), the 
residue class ring J/^ is a complete raatric algebra of a certain degree / over 
Thus, ^ defines a modular irreducible representation 5 of ® of degree 
/, and we have a (l~l)-correspondence between the prime ideal divisors 
^ 1 , 'iPa, of (p), and the irreducible modular representations gi, 

Since J is not a maximal order, we cannot write (p) as a product of 
powers of the However, we still have a unique representation of (p) 
as a direct intersection of ideals 

(p) « n sRa n ... n (2) 

Here, any two of the SD?,. are relatively prime, and no SFIt can be written 
as an intersection of relatively prime ideals which are different from 
The dividing a fixed form a ‘‘block" and according to what we 
said above, we may also speak of the modular representations belonging 
to the block Every then belongs to exactly one block. Finally, we 
may associate every ordinary irreducible representation 3^ ® wil^ cx- 

actly one block 5,.* Every S) of the block contains only modular con- 
stituents of 5,., and, conversely, every of appears only in 3y ^>f -8^. 
This shows that there exists a connection between the decomposition (2) 
and the decomposition of T into a direct sum of simple algebras. 

Denote by p the rational prime number which is divisible by p. If p® 
is the highest power of p which divides all degreesof the belonging to 
the block then p* also is the highest power of p which divides the 
degrees Zj of all ordinary representations We then say that the 

block Sr is of type a. If p" is the highest power of p dividing the order g 
of ®, then we call d » a — o£ the defect of S,. The smaller d, the simpler 
is the structure of 9)1^ in (2). 

If the group characters of & are known, we can easily obtain the blocks 
Si, Sa, ..., S(. The main object of this paper is to give a direct character¬ 
ization of the blocks. For instance, we shall show that the number of 
blocks of given positive defect d is completely determined by the structure 
of certain subgroups 91 of ® which are the normalizers 91 of the subgroups 
$ of order p^ in 

3. The modular group ring 7/(p) determines a matrix C of Cartan 
invariants.® This C is the direct sum of the matrices of Cartan in¬ 
variants of the rings //9Jlr corresponding to the blocks S^. The degree of 
Cr is equal to the number y, of prime ide^s (and of modular representa¬ 
tions Si) in the block. The matrix Cr is S 3 namietric, the corresponding 
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quadratic form is non-negative, the determinant of C, is a power of p. 
The coefficients Cij are non-negative rational integers, the value of Cij de¬ 
pends on the mutual relation of the prime ideals and 

It is easy to determine the elementary divisors of C. Let Ku • • •, * 

be the classes of conjugate elements of & which contain p-regular elements, 
i.e., elements whose order is prime to p. Let gx he the number of elements 
in K\ so that gx “ where «x is the order of the normalizer of the ele¬ 
ments of Xx, and suppose that p divides nx exactly with the exponent px* 
Then p^\ p^\ ,. p^^ are the elementary divisors of C.** Exactly of 
these elementary divisors must belong to C^, and naturally the question 
arises in what manner the k elementary divisors of C are distributed into 
blocks, A partial answer is given by 
Theorem 1: If Cr is the Cartan matrix of a block of defect d, then has 
one elementary divisor p^ while all other elementary divisors of C, are powers 
of p with exponents smaller than d. 

As corollaries*® we obtain 

Corollary 1: If there exist p-regular classes in (S for which the 
order of the normalizer of the elements is divisible by but not by then (S 
possesses at most l„ blocks of defect o (<t — 0, 1 , 2 , ..., a). 

Corollary 2: 7'here exist ex(Utly la blocks of maximal defect a, where 

gssO {mod />"), g 91 ^ 0 {mod 

Corollary 3 : If Br is a block of defect 0 , then has the degree 1, and its 
only coefficient is /. T'he block consists of exactly one ordinary representation 
3 dnd one modular representation 5* Taken as a modular representation, 
,3 remains irreducible and coincides with JJ- The prime ideal "ip belonging to % 
coincides with in {2). 

In the proof of theorem 1, the following construction can be used. Con¬ 
sider the k columns of the matrix of group characters of ® which belong to 
the /)-regular classes Kx, K^, .,.»JK* of It is possible to select a minor of 
degree k which is not divisible by p. Exactly of the rows in this minor 
must belong to ordinary characters of J?^. It is then possible to associate 
of the columns witli S,, such that each column belongs to exactly one 
and that the rows and columns associated with B^ form a minor which is 
not divisible by p, (This construction may not be unique.) We can then 
prove 

Theorem 2 : If the classes Kx, Kf^, JC„, ... are associated with the block 
by the preceding construction, and tf p divides the order of the nortnalisers 
of the elements of Ki to the exact exponent pu then the elementary divisors of C, 
are the powers of p with the exponents pxt — 

If is an ordinary character of and if is the value of for the 
elements of K„, then it is well known that the numbers 


\ 


( 3 ) 
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are algebraic integers. The proof of theorems 1 and 2 yields at the same 
time 

Theorem 3 : A character belongs to a block of a defect larger than 
or equal to a given number d, if and only if we have oi^{Ky) ss 0 {mod p) for all 
p-regular classes with py < d. Two characters fx belonging to blocks 

of defect d appear in the same blocks if and only if 

u>^{Ky) ^ m^{Ky) (modp) 


for all p-regular classes with p^ ^ d. 

Corollary 4: If the Cartan matrix C, of the block of defect d has h 
elementary divisors p^~^, then B^ contains at least h + 1 ordinary characters 
whose degrees are not divisible by (By definition, the degrees are 

all divisible by /?***'*.) 

4. If is a class of conjugate elements of we also denote by 
the sum of all the elements in this class. As is well known, the then 
form a basis of the center A of the group ring F. We thus have formulae 

K^p - (4) 

where the a^^py are non-negative rational integers. The true significance 
of the numbers in (3) is that they form a character of the commutative 
algebra A. Taking the (mod p), we obtain a modular character of A, 
or what is the same thing, a character of the center A* oi the modular group 
ring r*. But characters of ® belonging to the same block Br give rise 
to the same modular character of A. Hence we have a (1-1) correspond¬ 
ence between the blocks B^ of @ and the characters of the commutative 
modular algebra A*. 

It is easy to prove certain arithmetic properties of the a^^py in (4). For 
instance, if an element G of Ky commutes with all elements of a subgroup ^ 
of order p^ of ® while no element of commutes with aU elements of 
then a^py must be divisible by p. On the basis of this remark and more 
general statements of a similar nature, it is possible to establish connections 
between A* » A*(@) and the analogous algebras A*(8l), formed by means 
of suitable subgroups 9? of ®. In this manner we obtain a connection 
between the characters of A*(@) and those of A*(5l), and finally a connec¬ 
tion between the blocks of ® and certain blocks of 91. Our main results 
are proved by combining this method with that of section 3. They are 
contained in the following theorems; 

TfiEOREM 4: Choose one group of order from each doss of conjugate 
subgroups of this order of ®, and denote the normaiizer of by jn, {o «« 1, 
2, ..., 0* given prime p, oU blocks of 91<r have at least dse d^ect d. 

If 91,, possesses exactly blocks of defect d, then @ conUtins exactly fi + ft + 
... + ri blocks of defect d* 
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Thborbh 5: 7'o every block B of dtfect dof ® there corresponds uniqudy 
a block B of defect d of one of the in theorem 4. If wJK,) in IS) is formed 
hy means of a character of B while is formed in an analogous manner 

by means of a character of B, then 

(modp). (5) 

$ 

HerCf Ka is any class of while Kfi ranges over all classes of 91, which lie 
in Ka and whose dements belong to the centralizer of The ideal p 
denotes a fixed prime ideal divisor of p in the field generated by the characters 
of B and S. 

Corollary 5; If in ike notation of theorem 5, the class „ does not contain 
dements of then 

co^(jSra) ^ 0 (mod p) (6) 

If Ka contains dements of I,, and if the order of the normalizer of these de¬ 
ments is not divisible by p^^^, then Ka contains only one class Ke which 
consists of elements of 2^, and we have 

w^(Xa) ^ (mod p). (7) 

The congruences (5), (6) and (7) can be expressed in terms of the charac¬ 
ters. We, thus obtain the following relations between the characters of @ 
and those of 9^1^. 

Corollary 0: Let by any character of B, say of degree z, let be a 
character of the corresponding block B of 91,, say of degree w. In the notation 
of theorem 5, we have 

« ~ YAfih{K$) (mod with w « i - o + p<. 

^ga fi 

where g« is the number of elements in K„, gf is the number of dements in Kfi, 
Pa is the exponent to which p divides n„ ** g/ga, and s is the exponent to 
which p divides z. In the case of (6), this yields 

t^(K„) » 0 (mod pp"), 

while in the case of (7) we obtain 

UK.) « ~ UKfi) (mod «>*- + <') 

o 

where n is the order pf^,. 

Our results do not give any new information about the blocks of hipest 
kind, i.e., of defect 0. We have here $■« — 91,*®. For blocks 

of positive defect d, we may have 91, >> ®, but only when ® has a normal 
subgroup of an order p^ > 1. In any case, every block of defect d of 91, 
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contains an Ordinary representation which associates the unit matrix with 
the elements of As a representation of this one is of the highest 

kind. This shows that the question of finding all blocks of defect d > 0 
can be answered by studying groups of smaller order than g. If for every 
one of these B we know the number of ordinary characters contained in B, 
we also know the number of blocks of defect 0. By corollary 3, it is the 
number of classes of diminished by the number of ordinary characters 
which belong to blocks of positive defect. 

In finding all blocks of the following remark is useful. 

Remark ; In theorems 4 and 5, it is sufficient to consider only groups 
which are />-Sylow-subgroups of normalizers of /^-regular elements, and 
for which is a maximal normal /^-subgroup of if these assumptions 
are not satisfied, does not possess blocks of defect d. 

* The work on this note was done while the author was a Fellow of the John Simon 
Guggenheim Memorial Foujidation. 

* Using a theorem of Hasse, Jour. f. d. reine u. angew. Matk.f 167, 399-404 (1931), 
we could even assume that K was obtained from the field of rational numbers by the 
adjunction of a certain root of unity. 

* For the arithmetic in maximal orders of algebras, see, for instance, Jacobson, N., 
'The Theory of Rings," Math. Surveys No. II (1943). 

* For the following cf. Brauer, R., these Proceedings, 25,252-258 (1939). 

* For the modular representations of groups, cf. Brauer, R., and Nesbitt, C., Uni¬ 
versity of Toronto Studies, Math, Ser. No. 4 (1937), and Math.^ 42, 656-690 (1941). 
I refer to the second of these papers as BN. 

® Cf. BN, §9. 

’ BN, §17. 

« BN, § 5. 

» BN, § 16. 

Corollary I is an improvement of theorem 3 of BN. Corollary 2 is identical with 
theorem 2 of BN. Corollary 3 is identical with theorem 1 of BN. 


POSSIBLE NUMBERS OF NON-INVARIANT OPERATORS OF A 

GROUP 

By G, a. Miller 

Dbfartmbnt of Mathematics, University of Illinois 
Communicated April 8, 1944 

In a preceding number of these Proceedings (30, 25-28 (1944)), it was 
noted that a necessary and sufficient condition that there is a group in 
which the number of the non'invariant operators is a given prime number p 
is that there is a group of order p + 1 which contains no invariant operator 
besides the identity. From this theorem it follows that the only odd prime 
numbers which are less than 100 and are not equal to the number of the 
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non-invariant operators in some group are 3, 7, 31* 43. It is obvious that 
there is no group which contains exactly two or four non-invariant opera¬ 
tors and if a group contains exactly five non-invariant operators it is the 
non-cyclic group of order 6. Each of the two non-abelian groups of order 
8 contains exactly six non-invariant operators and these are the only 
groups which have this property. 

From the noted theorem it results that whenever a prime number is of 
the form 2" — 1 it cannot represent the number of the non-invariant opera¬ 
tors of any group. In particular* there is no group which contains exactly 
seven non-invariant operators. There is also no group which contains ex¬ 
actly eight non-invariant operators since the smallest number of non-in¬ 
variant operators in a non-abelian group of order g is known to be 3g/4 and 
the non-abelian group of order 10 contains nine non-invariant operators. 
The tetrahedral group is knowiz to contain eleven non-invariant operators 
while each of the other twf) non-abelian groups of order 12 clearly contains 
exactly ten non-in variant operators. We have now noted all the possible 
non-abelian groups which separately contain no more than eleven non-in¬ 
variant operators. 

Suppose that the order of the central quotient group of a given group G 
is a power of a prime number. A Sylow subgroup of G whose order is a 
power of this prime number contains an invariant subgroup whose order is 
this prime number. The operators of this invariant subgroup are commu¬ 
tative with every operator in the central of G and also with at least one 
operator of G corresponding to every operator in the central quotient group 
G, Hence these operators appear in the central of G, which is contrary to 
the hypothesis unless the central is divisible by the prime number which di¬ 
vides the order of this central quotient group. Hence we have proved the 
following theorem: When the order of the central quotient group of G is a 
certain power of a prime number then the order of G is divisible by a higher 
power of this prime number and hence the order of the central of G is divisible 
by this prime number. 

If a given group G contains exactly n non-invariant operators then the 
direct product of G and an arbitrary abelian group contains exactly n times 
the order of this abelian group invariant operators. In particular* from the 
fact that there is a group which contains exactly five non-invariant opera¬ 
tors it results directly that there is at least one group which contains an 
arbitrary multiple of five non-invariant operators. We have seen that there 
are two and only two groups which separately contain ten non-invarian t 
operators but it is obvious that there is only one group which contains 
exactly fifteeh non-invariant operators since a group whose central involves 
one of Us Sylow subf;roups and whose order is divisible by only two distinct 
prime numbers is the direct product of its Sylow subgroups. In particular, 
the central of a group of order 20 cannot be of order 5. 
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It was noted above that both the dihedral group of order 6 and the di¬ 
hedral group of order 10 are completely determined by the number of their 
respective non-invariant operators. To construct a system of groups which 
has the property that every group contained in the system is completely 
determined by the number of the non-invariant operators contained in the 
group we may note that whenever 2 p — 1 is a prime number, where p is 
also a prime number, the dihedral group of order 2 p contains a prime num¬ 
ber of non-invariant operators. Since there is one and only one dihedral 
group of order 2 p and this contains no invariant operator besides the iden¬ 
tity when p is odd it results that each of these groups is completely de¬ 
termined by the number of its non-invariant operators. The three lowest 
orders of such groups are 6, 14, 38. 

Although there are many groups which are completely determined by 
the number of their non-invariant operators and this number therefore 
serves as a complete definition of these groups there are also many cases 
in which different groups have the same number of non-invariant opera¬ 
tors. It was noted above that the two non-abelian groups of order 8 and 
two of the three non-abelian groups of order 12 have this property. Among 
the nine non-abelian groups of order 16 there are six which have a central 
of order 4 and hence they contain exactly twelve non-invariant operators. 
The three remaining non-abelian groups of order 16 contain a centrfid of 
order 2 and hence involve separately fourteen non-invariant operators in 
each case. Since the groups of order 16 have been widely published it may 
be assumed that these cases are known. They represent the only groups 
which contain exactly either twelve or fourteen non-invariant operators. 

We have now mcideutally noted that each of the natural numbers which 
are less than 16 except 1, 2, 3, 4, 7, 8 is equal to the number of the non¬ 
invariant operators in at least one group. To prove that there is no group 
which has exactly sixteen non-invariant operators we may first note that 
the order of such a group could not be 18 for it would then contain a central 
of order 2 and hence it would contain only one subgroup of this order and 
this would be a Sylow subgroup. For similar reasons it could not be of 
order 20. It could not be of a larger order since at least three-fourths of the 
operators of every non-abelian group are non-invariant. There exists 
therefore no group which contains exactly sixteen non^invariant operators. 
In fact, there exists no group which has exactly a power of 2 less than 2^ 
non-invariant operators. 

If a group contains exactly seventeen non-invariant operators it is dther 
the dihedral or the generalized dihedral group of order 18 and if it contains 
exactly eighteen non-invariant operators its order could not exceed 24. 
If it is of order 24 its central must cont^ its ^low subgroup ot order 3 and 
hence it must be the direct product of a group of order 3 and ont of the 
two non-abelian groups of order 8 according to the theorem noted above. 
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If it is of order 20 it is either the dihedral or the dicydic group of this order 
and hence there are exactly four groups which have the property that each 
of them contains exactly eighteen non-invariant operators. Since a group 
which involves exactly nineteen non-invariant operators is the metacyclic 
group of order 20 it is completely determined by the number of its non-in¬ 
variant operators and the two noted groups of order 18 are the only groups 
up to order 20 which contain exactly a prime number of non-invariant oper¬ 
ators but are not completely determined by this number. 

The alternating group G of order 60 is known to be the group of smallest 
composite order which is simple. We proceed to prove that this group is 
completely determined by the fact that it contains exactly fifty-nine non¬ 
invariant operators. To prove this fact it may first be noted that since 
fifty-nine is a prime number the number of the groups which contain ex¬ 
actly fifty-nine non-invariant operators is equal to the number of groups of 
order 60 which separately have the property that each of them contains 
no invariant operator besides the identity. If a group of order 60 contains 
no invariant operator besides the identity it involves six subgroups of order 
5 which it transforms according to a transitive group of degree 6. This 
transitive permutation group must be of order 60 since each of its six sub¬ 
groups of order 6 transforms the remaining five subgroups of this order 
contained in G among themselves but not invariantly. 

Hence, the permutation group according to which G transforms its six 
subgroups of order 5 is simply isomorphic with G and there is therefore 
only one permutation group of degree six and of order 60 which is simply 
isomorphic with G, and hence the simple group of order 60 is completely 
determined by the fact that it contains fifty-nine non-invariant operators. 
The fact that the alternating group of degree five is the simple group of 
smallest composite order was noted already by E. Galois (1811-1832). The 
fact that this group is completely determined by the number of its non-in¬ 
variant operators furnishes a new definition of this important simple group 
of composite order. Various other definitions of this group are known. 
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THE BIOLOGICAL EFFECTS OF X-^RAYS AS A FUNCTION OF 

INTENSITY 

By a* a. Bless 

Department of PHvsrcs, University of Florida 
Communicated April 3, 1944 

The factors which are influencing the biological action of radiations natur¬ 
ally received a great deal of attention. The prevailing opinion seems to 
be that the biological effects of radiations are a function only of the energy 
of the absorbed rays. This view seems to be reasonably well established 
for radiations of x-ray frequency.^ In the range of frequencies of the band 
of ultra-violet radiations the effect seems to depend on the particular wave 
length.^ 

The effects of other radiations, such as neutrons or alpha particles appears 
to be also a function of the total energy absorbed, though in this case the 
energy of the individual particles seems to be a factor as well.* However, 
the effects of a given amount of energy of neutron rays are different from 
the effects produced by the same amount of absorbed x-ray energy. The 
ratio of effectiveness of a given amount of neutron ray energy is many times 
as great as the absorption of the same amount of x-ray energy. This ratio 
does not at all remain constant but varies for different effects and with dif¬ 
ferent specimens. In the case of mutation of drosophila the ratio is 2 • 1; 
for the effects on carcinoma, is 6:1; for the recessive effects on wheat the 
ratio is 20:1 and so on.^ 

The difference in the action of the two types of radiation is, in the opin¬ 
ion of Zircle* and of Failla,^ due to the greater intensity of radiation pro¬ 
duced by neutron and alpha rays compared with the intensity of ionization 
produced by x-rays. Zircle points out that the ratio of the intensities of 
the two types of radiation is of the order of 100:1. In veiy careful experi- 
maits Zircle showed that the biological effects of alpha particles vary ap¬ 
proximately with the 2.5 power of that intensity. 

The view that the intensity of ionization is responsible for the difference 
in the biological action of the various radiations seems to have a great deal 
in its favor. The seat of the action of x-rays or of other types of radiations 
are the cells or some parts of the cell. The exchange of nutrients of this 
part of the cell with the rest of the organism must depend upon the bound¬ 
ary of the affected region. The ability to exchange products with the neigh¬ 
boring regions is profoundly affected by the electrical conditions in that 
boundary. It seems, therefore, reasonable to assume that high ionization 
near the boundary of a given region may profoundly affect the biological 
action of that region. 

In the case of x-rays no intensity effects have been observed so far as 
the author is aware. It is possible that the x-ray energy was in all cases 
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administered at such low intensities that the effects escaped the attention 
of the workers. 

It seemed worth while to investigate whether the biological effects of a 
given dose of x-rays administered at a very high intensity are different from 
the effects produced by an equal dose at moderate intensities. 

The source of x-rays was a deep therapy tungsten target water cooled 
x-ray tube with a 45 degree focus. The tube was run at about 
70,000 volts and 10 milliainperes. For roost measurements the radiation 
was filtered witli 1.2 mms. of aluminuro. All these factors were kept con¬ 
stant in order to have the same band of radiations. The only factor that 
was varied was the distance from the tube. The construction of the tube 
was such that spedinens could be placed at a distance of 6 cros. from the 
target. The distance was varied from 60 cms. to 6 cms. with a variation of 
the intensity of radiation from 25 to 2500 r/min. No experiments were 
made at longer distances from the target. 

In order to increase the range of intensities, experiments were also con¬ 
ducted with unfiltered radiation at the smallest distance from the target, 
namely 6 cms. Since the quality of the unfiltered radiation was different 
from the filtered it seemed advisable to determine the relative effectiveness 
of the two types at low intensities in order that the intensity effect, if 
present, should not mask the comparison. The effect on seeds of wheat of 
imfiltered and filtered radiation were observed at a distance of 60 cms. 
from the target. The radiation at this distance was, doubtless, too weak to 
have an intensity effect. It was found that the time necessary to produce 
a given effect (per cent growth) with unfiltered rays was approximately 
one-half that of the filtered. The intensity of the unfiltered radiation at a 
distance of 6 cms. from the target was thus about 5000 r/min. The ex¬ 
periments were run for eight different intensities of radiation ranging from 
25 r/miti. to 5000 r/min. 

The choice of a suitable biological material proved to be most difficult. 
Many unsuccessful experimeiits have been made with beans, peas and corn. 
Unfortunately the variation between individual species was much too 
great. Also, the variation of the effects of a given dose of x-rays even when 
the seeds were inbred was so great as to render the results doubtful, except 
for a prohibitively large number of measurements. The seeds of wheat 
proved to be more free from these defects than any other material tried and 
were finally adopted for the purpose. The Big Club variety was selected 
chiefiy because some work has already been done on these seeds. 

The experiments extended for a period of over two years. While the 
restdts obtained during the first year were quite consistent, the wheat 
seedlings were very defective that year, and it seemed advisable to repeat 
the experiment with a new and more vigorous crop. This was done last 
fall. Hie procedure followed was that employed by Zirde and Acbersold,* 
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The seeds were allowed to soak in water for 3 hours. They were then 
spread in trays over moist filter paper. After about 12 hours the seeds 
were placed on small plates, 30 seeds on each plate, and exposed to x-rays. 
After 48 hours of sprouting, the length of the stems was measured, and this 
length was used as the biological indicator. During Winter the variation 
in the temperature of the rooms was too great to follow this procedure. In 
some cases the rooms were so cold that even after 48 hours the growth was 
very small; on the other hand the growth was excessive at other times when 
the rooms were over-heated. Instead of following the practice of measuring 
the length of the seeds 48 hours after exposure to x-rays, the procedure was 
adopted of examining the seeds only after the average of the controls 
reached a height of about 45 mms. Later experiments were conducted with 
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the seeds in a constant temperature.enclosure. This method gave the best 
results so far as the magnitude of the spread from the mean is concerned. 

The variation of the length of the stem was used as the criterion of the 
effects of radiation, and no attention was paid to the roots. The reason for 
neglecting these data was the great variability of the root system. In some 
plants the roots were short and stubby, while in others they were long and 
slender. Also the number differed with different plants—some had two, 
while others had three or four. 

The variation of the length of the stem as a function of the dose was 
studied at various intensities of x-rays. Data were also taken for a given 
dose at intensities varying from the smallest to the largest. Figure 1 shows 
the variation of the per cent of growth as a function of the dose with radia¬ 
tions at various intensities. It was subdivided into two curves in order to 
show more conveniently the results of the measurements with the eight 
different intensities. Each point represents the average of about 200 meas- 
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urements. It is evident that tlie various intensities do not produce any 
marked differences in the results. 

In figure 2 are shown the variations of the per cent growth for a given 
dose with the intensity of radiation. In these curves are incorporated data 
obtained in figure 1 and also data of experiments which were run especially 
for this purpose. Again it is evident that no significant variations with in¬ 
tensity are present. 

It is evident that within the limits employed here the effects of x-rays 
do not depend at all on the intensities at which a given dose is adrainis- 
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tered. It is possible that the density of ionization produced by x-rays even 
at 5000 r/min. is stiU much too small compared to density of ionization 
produced by alpha particles or by protons. It is also possible that the 
character of the action of the two types of radiation is different. 

* G. Failla* Jour, Appl. Phys„ 12, 279 (1941) Arthur A. Bless, Proc. Nat, Acad, Sci, 
23, 194 (1937). 

* Florence E. Meier, Smiths, Misc, Coli, 95, 2 (1930). 

» R. E. Zircle, Am, Jour, Cane., 23, 668 (1933). 

* R. E. Zircle and P. C. Aebersold* Proc. Nat. Acad. Set., 22, 134 (1936). John H. 
Lawrence and Robert Tenant, Jour, Exp, Med., 06, 667 (1937). R. E. Zircle and Isa- 
dore I«mpe, Am. Jour, of Roent, and Rad. Tker., 39,613 (1938). A. Marshak Proc. Soc, 
Exp, Biol and Med., 41,176 (1939). 
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THE EFFECT OF X-RAYS UPON DOMINANT MUTATION IN 

MAIZE^ 

By L. J. Stadlbr 

Division of Cereal Crops and Diseases. U. S. Department op AoRicmTURB, and 

Missouri Agricultural Experiment Station 

Communicated April 13, 1944 

No dominant mutations have been found in x-ray progenies of barley and 
maize, in the course of experiments in which many hundreds of recessive 
mutations have been detected. Many dominant alterations appear in the 
first generation progeny produced by the use of x-rayed pollen, but these 
alterations are lethal to the gametophyte and are therefore not reproduced 
in later generations. The recessive mutations detected are at least par¬ 
tially haplo-viable, since they must be transmitted through both male and 
female gametophytes before their effects may be observed in homozygous 
individuals. Since all of the induced alterations which are viable in haplo- 
phase are wholly recessive, these experiments provide no evidence of the 
production by x-rays of any mutant gene of positive action. The induced 
mutations observed may be merely gene losses tolerated by the gameto¬ 
phyte.®'* 

The evidence against the occurrence of x-ray-induced dominant muta¬ 
tion is, however, inconclusive, for the following reasons: 

L The number of genes capable of showing tlie effects of dominant 
mutation may be much smaller than the number capable of showing re¬ 
cessive mutation, since many genes may be fixed by natural selection at a 
level maximal for phenotypic effect. The preponderance of recessive mu¬ 
tations may be only a reflection of the preponderance of such alleles in the 
genotype of the irradiated individual. The possibility of inducing domi¬ 
nant mutation therefore may be tested critically only by the effects upon 
known recessives, that is, genes with known dominant alleles. 

2. Among known recessives many may be themselves deficiencies and 
therefore incapable of mutation. Critical evidence of failure to mutate to 
a dominant allele therefore may be obtained only from recessive genes 
which have previously been known to mutate to dominant alleles. 

3. The only recessive alleles which meet this requirement are the so- 
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called variegation genes, which may be regarded as unstable reoessives 
mutating frequently to a dominant allele. Each of these is characterized 
by a high spontaneous frequency of dominant mutation, so high that the 
effect of x-ray treatment in inducing additional dominant mutations prob¬ 
ably would be inappreciable, Demerec's experiment^ with the tmstable 
miniature-3 of Drosophila virilis is an example of this difficulty. 

It is possible to avoid these difficulties in the case of one gene. The re¬ 
cessive gene ax in maize has several known dominant alleles. Rhoades*^** 
has shown that in the presence of another gene, D/, mutations of a to various 
dominant alleles occur. With increasing dosage of Dt the frequency of 
dominant mutation of a is sharply increased, and in endosperms triplex for 
Dt and for a {a a a Dt Dt Dt) more than 100 mutations per seed are usually 
found. In the absence of Dt no dominant mutations of a have been re¬ 
ported, though a a a dt dt dt endosperms have been closely examined in 
large numbers. (Dr. Rhoades informs me that he has seen one instance 
of an apparent “dot"’ of anthocyanin colored tissue in the aleurone cells of 
an a a a dt dt dt seed.) 

The gene a, then, is capable of mutation to a recognizable dominant allele, 
and can be tejsted for response to x-ray treatment in genot3q>es in which 
spontaneous dominant mutatiotis of the gene rarely if ever occur. Since 
the effects of mutation are clearly recognizable in minute sectors of tissue, 
the treatment may be applied at a fairly advanced stage in endosperm de¬ 
velopment, so that many hundreds of cells may be tested for mutation by 
examination of a single endosperm. It is possible therefore to test for the 
occurrence of this mutation in practically unlimited populations. 

The experiment was conducted as follows: The seed to be irradiated was 
produced by the cross a a X A a, both parent stocks being homozygous 
for dt dt and for the complementary factors required for aleurone color de¬ 
velopment. The endosperms of .half of the seeds produced are ^4 a a 
(colored aleurone). These serve to indicate the size of the sectors resulting 
from genetic alterations induced by irradiation at the stage of development 
chosen, since induced deficiencies or recessive mutations of A in these en¬ 
dosperms result in sectors deficient in aleurone color. In the colorless 
seeds {a a a) induced dominant mutation of any one of the a genes would 
result in a corresponding sector of colored aleurone. The colored seeds 
thus provide a basis for estimating the number of opportunities for the 
occurrence of detectable mutation in the colorless seeds, and for compari¬ 
son of the relative frequency of induced dominant mutation and induced 
loss of A due to recessive mutation or deficiency. 

X-ray treatment was applied to the ears 73--81 hours after pollination, 
following preliminary experiments which indicated that treatment at this 
stage results in sectors of suitable size. Treattpents were made on field- 
grown plants by means of a mobile x-ray unit with self-rectifying tube, 
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operated at 88 K»V,P., 4.5 ma. tube current, and 15 inches target distance, 
with no filtration other than that of the overlying tissue. Under these 
conditions the time of treatment is 2.48 minutes per 100 r. The doses 
applied, uncorrected for filtration, were 800 r and 1600 r. 

The lower dose was applied to 21 ears, which yielded a total of 8003 seeds. 
The effect of the treatment was clearly greater on the exposed side of the 
ear than on the opposite side, as indicated by the frequency of deficiency 
sectors and also by the occurrence of “scarred” endosperms. There was 
also appreciable variation in dosage alf)ng the long axis. 

The average size and frequency of sectors showing “j4-1oss” (that is, 
loss of the A phenotype), wOvS estimated by detailed examination of a small 
sample of seeds. From each of six representative ears given the lower dose 
of radiation, three seeds were taken from the treated side and three from 
the opposite side, with approximately even distribution along the long axis 
of the ear. Each of the 36 seeds was closely examined under magnification 
by the use of a dissecting microscope. This permits determination of the 
size of sectors by direct count of aleurone cells affected. In small sectors 
due to loss of A the aleuro:ie cells arc not wholly colorless, but the contrast 
in color is sharp enough to make the outline of the sector quite definite. In 
large sectors, produced by irradiation of the ear about 30 hours after poll¬ 
ination. the aleurone cells of sectors resulting from loss of A are colorless 
except for a rim of faintly colored cells about the margin of the sector. 
There are in addition occasional sectors of dilute aleurone color, probably 
resulting from similar changes affecting an unknown gene or genes. These 
are readily distinguishable from sectors involving A in the early-treated 
material, but are less distinct when the sectors are so small that marginal 
color may cover the entire sector. In order to minimize the error from 
this source, all sectors which seemed possibly due to loss of genes other 
than A were omitted. These made up nearly one-third of the aleurone 
sectors observed on the treated seeds. The ratio of dilute sectors to color¬ 
less sectors on early-treated seeds of the same cross is considerably less than 
1:2, and it is therefore probable that the actual frequency of il-loss in the 
experimental material is somewhat higher than the data below would indi¬ 
cate. The observations are summarized in table 1. 

The 18 seeds representing the exposed side of the treated ears (seeds Nos. 
1 to 3 on each ear) yielded 618 sectors, or an average of 34 per seed; while 
those representing the opposite side yielded 248, or an average of 14 per 
seed. The sectors varied rather widely in size, the average number of 
aleurone cells included being 112. The frequency of .4-loss sectors on un¬ 
treated ears, determined by similar examinatioti of 10 representative seeds 
from each of the 19 control ears, was 0.12 per seed. The 23 sectors found 
ranged in size from 9 to 750 cells. 

The approximate number of aleurone cells in the entire endosperm was 
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determmed similarly by counts of aleurone cells in representative areas. 
The number of aleurone cells in seeds of average size was found to be about 
1(50^000. It may be roughly estimated, therefore, that at the time of 
treatment the number of cells per seed whose genetic alteration could be 
detected by sectors in the mature aleurone is about 1400 (160,000/112). 

The colorless seeds of the same treated ears permit the detection of muta- 
ti(?ns of a to any one of the various A alleles producing aleurone color. 
Each endosperm cell contains three a's, each of which is capable, under the 
influence of D/, of mutating to a colored aleurone allele. If the phenotypic 
effects of mutation and of deficiency are shown by the total cell progeny of 
the irradiated cell, or by the same fraction of this progeny, the result of 
mutation should be a colored sector equal in area to the color-deficient sec¬ 
tors produced by deficiency. 

If either alteration requires for its realization a period of one or more cell 
generations in excess of the other, the resulting sectors may be of unequal 
size. It is not to be expected, however, that delay in realization will regu¬ 
larly reduce the size of sector by onc-half for each cell generation. The 
sectors observed include only the cells of the aleurone layer which are in¬ 
cluded in the block of tissue affected; their reduction in size with advancing 
endosperm development depends upon the pattern of development of the 
tissues concerned. Actually, the average size of deficiency sector observed 
in ears treated at periods after pollination ranging from 73 to 81 hours was 
not changed enough to show any consistent relation among the 21 ears 
treated. Ears treated 96 hours after pollination yielded smaller but 
readily recognizable sectors. It is evident, therefore, that even if there 
were a delay in realization of gene mutation for several cell generations after 
irradiation, tlie resultant sectors would be detectable. Colored sectors as 
small as 10 cells in size are clearly recognizable on close examination of tfie 
seeds without magnification, and a single colored aleurone cell on a color¬ 
less seed is readily identified under magnification. 

All of the colorless seeds were closely examined without magnification 
for sectors of colored aleurone. Occasional discolored areas of pericarp or 
endosperm were fotuid, but imder magnification these were readily dis¬ 
tinguishable from colored aleurone sectors. No sectors of. colored aleurone 
were found, among the 3832 seeds examined. On the basis of 1400 cells 
per seed, each containing 3 a genes capable of dominant mutation, this 
represents approximately 16 million chances for detectable dominant mu¬ 
tation (3832 X 1400 X 3). The treatment to which these cells were ex¬ 
posed produced in the adjoining colored seeds approximately 100,000 losses 
of A . Since the number of A ’s tested for frequency of A -loss was only one- 
third the number of a’s tested for frequency of dominant mutation, the ex¬ 
periment shows failure to induce dominant mutation in a trial on a scale 
suflScient to produce about 300,000 -losses. 
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A similar examination was made of the ears irradiated at 1600 r. At this 
dose the number of >1-losses on seeds on the exposed side of the ear is too 
great to permit an accurate count. On the opposite side of the ear the fre¬ 
quency is very high also, but samples representative of the central portion 
of this region (amoimting to approximately one-sixth of the ear) were suit¬ 
able for examination. In 8 of the ears treated a sample of 6 seeds per ear 
was examined, the sample in each case being taken from the two rows least 
exposed to the radiatioti. The number of -losses from these samples 
averaged 20.3 per vSeed. This is about three times the frequency of i4- 


TABLE 1 

FREQUICNCy AND SiZH OP SECTORS DUE TO ^-LOSS FOLLOWING X-RAY TREATMENT 


Ear 

Interval, pollina¬ 

No. 870 

No. 870 

No. 880 

No. 881 

No. 882 

No. 884 

Total 

tion to irradia¬ 
tion (hrs.) 

75 

76.5 

80.5 

81 

81.5 

75 


Number of sectors 








Seed No. 1 

22 

32 

26 

36 

49 

40 

205 

No, 2 

30 

31 

38 

33 

34 

29 

195 

No. 3 

49 

43 

34 

23 

37 

32 

218 

No. 4 

3 

9 

13 

14 

6 

15 

60 

No. 5 

20 

12 

17 

12 

14 

9 

84 

No. 6 

n 

10 

13 

18 

24 

22 

104 

Number of aleu¬ 








rone cells per 
sector (fre¬ 
quency dis¬ 
tribution) 








1-10 

12 

12 

16 

9 

23 

18 

90 

11-50 

38 

43 

48 

42 

47 

41 

259 

61-200 

71 

64 

46 

63 

82 

69 

395 

201-600 

14 

23 

27 

22 

11 

19 

116 

600-h 

0 

1 

4 

0 

1 

0 

6 


losses in seeds similarly located on the ears treated at 800 r, and inspection 
of seeds in other regions of the ears indicates that this is a fair estimate of 
the relative frequency of A-losses from the two doses used. The average 
site of sectors was 113 cells. 

The 15 ears treated at 1600 r produced a total of 2487 colorless seeds. 
These were closely examined for sectors of colored aleurone, and in addition 
a sample of 60 seeds from the most heavily treated region of each was 
minutdy examined under magnification. No sectors of colored aleurone 
were found, with the exception of a single doubtful spot possibly including 
3 aleurone cells, which could not be poritively identified. The frequency of 

-losses, produdble by the same dose in an equal population of i4-genes, 
estimated as before, is about 600,000. 
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The susceptibility to dominant mutation of the a genes used in this ex- 
periment was tested by pollinating each of the parental stocks by a homo¬ 
zygous stock designated a-dl Dt, The gene a-dl is one of a number of “dot¬ 
less” a alleles arising by mutation’ of standard a under the influence of Dt. 
It is indistinguishable from a in phenotypic effect, but differs in showing 
almost no dots due to dominant mutation in the presence of DL In endo¬ 
sperm triplex for a-dl and Di an occasional small dot may be found, as in 
the case of the similar mutant described by Rhoades, but the rate is 
negligible in comparison to that of standard a. In the endosperms of 
a a a-dl dt dt Df, produced by the crosses imder discussion, the dots ob¬ 
served may be ascribed almost wholly to mutation of one of the two a's 
under the influence of the single dose of Dt, The mutation frequencies for 
x-ray action and Dt action are, of course, not directly comparable, since it 
is not possible to apply the two stimuli for comparable periods or to com¬ 
parable populations of cells. 

The number of dots per seed in endosperms of a a a-dl dt dt Dt produced 
by crosses on the female parental stock was 2.95, on the colorless seeds of the 
male parental stock 2.1. In each case the dots represent the number of 
mutations produced by two a genes in the presence of a single Dt gene. In 
the a aa seeds irradiated, therefore, the number of mutations to A which 
would be expected in the presence of one dose of Dt is about 4 per seed (2.95 
+ 2.1/2). Rhoades* has shown that the frequency of mutation of a to vl 
is disproportionately increased by increased dosage of Dtt and that about 
17 times as many mutations are produced in Di Dt Di seeds as in Dt dt dt 
seeds. The population of 6319 seeds of a a a, which failed to yield muta¬ 
tions to A under x-ray treatment, was therefore capable of yielding about 
4(X),000 mutations to A under the influence of homozygous Dt (6319 X 4.0 
X 17). 

Summary,—IL-my treatment failed to induce mutation of a to .4 (or to 
any other colored aleurone allele),.in populations which, with the x-ray 
doses applied, were capable of yielding about 900,0(X) losses of A by de¬ 
ficiency or by mutation to a colorless allele. 

The a genes used in the experiment, when combined with Dt, yielded 
numerous mutations to A or other colored aleurone alleles. The population 
irradiated was large enough to have yielded, under the influence of homozy- 
gousD/, about 400,000 of such mutations. 

* Cooperative investigations of the Division of Cereal Crops and Diseases, Bureau of 
Plant Industry, Soils, and Agricultural Engineering, Agricultural Research Administra¬ 
tion, V, S. Department of Agriculture, and Missouri Agricultural Experiment Station, 
University of Missouri. Missouri Agricultural Experiment Station Journal Series 940. 

* Stadler, L. J., Proc. Sixth Int, Cong. Genetics, 1,274-294 (1932). 

* Stadler, L. J,, Cold Spring Harbor Symposia, 9,16S-177 (1941). 

^ Demerec, M., these PitocGBPtNOs, 20f 28-31 (1934). 

» Rhoades, M. M., Genetics, 23,377-396 (1938). 

» Rhoades, M. M., Cold Spring Harbor Symposia, 9,138-144 (1941). 
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GRAPHICAL METHOD OF FACTORING THE CORRELATION 

MATRIX 

By L. L. Thurstone 

The Psvchombtkic Laboratory, The University of Chicago 

Communicated April 14, 1944 

Multiple factor analysis starts with a square matrix R of order w X « 
with cell entries which are experimentally determined. The matrix R 
shows the correlation of each variable with every other variable in the test 
battery. The correlation matrix is symmetric since Some 

students write unity in the diagonal cells and this is legitimate for some 
problems. More often the diagonals contain the communalities which 
are so chostm as to be consistent with the rank of the matrix as determined 
by the side entries. The factoring methods to be described can be applied 
for any set of diagonal entries.^ 

The first object of multiple factor analysis is to find a factor matrix F of 
order n X r where r is the rank of the correlation matrix 7^^*. The factor 
matrix Fmust be written so as to satisfy the fundamental relation FF' “ R. 
The correlation matrix R can be factored into a factor matrix F in many 
different ways and F is not here unique. The current geometrical inter¬ 
pretation of R is that its entries show the scalar products of pairs of test 
vectors J and K which are not necessarily of unit length unless this restric¬ 
tion is imposed by unit diagonals fjj. Since the correlation coefficients are 
scalar products, it follows that no reference frame is implied by R, Each 
row j of tlie factor matrix F shows the entries which are the projections 
of the test vector J on a set of r orthogonal reference axes. The lack of 
uniqueness of F is geometrically interpreted in the free choice of an orthog¬ 
onal reference frame for the test configuration of n test vectors J. The 
reference frame is explicitly defined in F relative to the test vectors but it is 
not defined in R, 

One factorial solution for F is to locate the first reference axis so as to 
maximize the sum of squares of test vector projections. The second refer¬ 
ence axis can be located by the same criterion applied to first factor correla¬ 
tion residuals, and so on until a set of r orthogonal axes have been deter¬ 
mined which correspond to rank r of the Correlation matrix. In the writer’s 
original formulation of this problem, it was called the principal axes solu- 
tion^ In the first paper on this problem a computational method was 
described for finding the principal axes solution F. It involved first factor¬ 
ing the correlation matrix into a factor matrix Fwithany arbitrary orthog¬ 
onal reference frame and a subsequent orthogonal transformation repre¬ 
senting a rigid rotation to the principal axes. That solution involved the 
characteristic equation of the matrix F'F and determination of its latent 
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roots» The next year Hotelling described an iterative method of factoring 
the correlation matrix directly into the principal axes solution which he re¬ 
named principal components,^ Since the iterative methods, as well as all 
other available methods, of obtaiixing the principal axes solution are very 
laborious, it is of interest to students of multiple factor analysis to find 
shorter methods. 

Consider the first column of F for the principal axes solution. Its ele¬ 
ments are It is desired to find the values of a^i so that the first factor 
shall account for a maximum of the variance in tlie correlation matrix R, 
Then 


Tjk ~ •“ Piki 



where and dju are the first factor saturations of tests 7 and jSr, and p;* is 
the residual to be minimized. Squaring and summing for all correlation 
coefficients, we have 


2X^ajia^irjk H" === r, (2) 

j k j k jk jk 


where the sum of the squares of the correlation residuals p^* may be denoted 
s. The partial derivative with respect to a^i is then 


from which we get 


dz 

ixifi 


k k 


ajiXan^ « 

k k 


(3) 

(4) 


Let the sum ^ L The summation Zra can be written as a matrix 
product Ra, Then 

Ra ^ at (5) 

where R is the given square matrix^ a is a column vector, and / is a scalar, 
namely, the largest latent root. The iterative process consists in starting 
with a trial vector u so that 


Ru - plu^ (6) 

where or numbers proportional to these, constitute the trial vector 

for the next iteration. The process continues until vXu^ be^mes propor¬ 
tional to the trial values u at which time the values of v («■ u) are the de¬ 
sired values of a^i and the first column of F is then determined. The num¬ 
ber of iterations can be ccmsiderably reduced by starting with J{^ or 
or even R*. While that looks effective in a text book example, it is not so 
inviting a procedure when we are confronted with a oorrriation matrix of 
order 70 X 70. 
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Consider the matrix multiplication Ru in equation (6) and, in particular, 
the scalar product of the row j of Rjt and the column vector m. This 
product is 

R^ - (7) 


and this can be written briefly as 


Vs 






but this is also the well-known equation for the slope of the regression line 
r on u through the origin for a plot of r against u. If we plot columns of 

against the trial values 7^*, we get a plot with n points. The best fitting 
straight line through the origin (regression r on u) can be dravra by inspec¬ 
tion and the slope of the line is easily read graphically with sufficient 
accuracy for the first few iterations. That slope is tlie value Vj. To plot, 
say, 30 points and to draw by inspection the best fitting straight line 
through the origin takes less time than to add cumulatively 30 products on 
a calculating machine. 

By equations (5) and (6) it is evident that at the solution the values 

— Uj ^ aj. When a set of values of v has been determined graphically, 
we plot V against u and find the slope m. In the first few graphical itera¬ 
tions, this slope will not be unity because the trial values u are probably too 
large or too small. If the true values are better represented by ku, in which 
A is a stretching factor, then a plot of r against ku will give a slope of v/k 
instead of v. When these graphs have been drawn, the slope of v/k against 
ku should be unity. But the obtained slope of v against w is m for the values 
actually used. Hence the observed slope m =« k^. Having found the slope 
w of the plot of V against u, we find k « \/fn. Then if we should take a 
new set of trial numbers ku^, the iteration would give, instead of equa¬ 
tion (8), 



where y * v/k. The slope of y against x should now be unity and the 
values of y should be used as the trial vector for the next graphical iteration. 
The determination of m and k can be done with a slide rule and the new 
trial values y »» v/k can also be determined by the slide rule. The slope m 
can be found either by inspection or by simple summing with the method 
of averages in which m ^ Zv/Xu for like signed pairs of v and u. 

The graphical method here described for the principal axes solution has 
also been ^apted for a centroid method of factoring the correlation matrix 
by which the computations for a factor matrix can be done by a computer 
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without excessive labor even for a large matrix and without the use of 
tabulating machine equipment. That procedure is considerably faster 
and it will be described in a subsequent paper, 

A numerical example is here given. In table 1 we have a correlation 
matrix R of order 10 X 10 and rank 3. The corresponding factor matrix F 
for the principal axes is shown in the same table. It is the solution to be 
found from R, The latent roots of R are 2.85, 1.47 and 0.53, These are 
the sums of squares of columns oi F, In table 2 the initial trial vector u 
for the major principal factor is taken roughly proportional to the sums of 
columns of R. Column 1 of is jjlotted against column u and the slope is 
estimated to be approximately +0.05 and it is recorded in column t>j. 
Ten such plots give the values in column ri. The slope is read directly 
from each graph by noting the ordinate of a straight line fit at U\ ~ 1. 
Next obtain the two column sums Smi and The ratio wZ'/Sw — m and 

k ^ This summation can be absolute sums for like .signed pairs of 

and V, Then compute yi — Vi/k with a slide rule. These are also the trial 
values Ui for the next trial. Proceed likewise for three trials which give the 
desired values of Oji to two decimals. 

The first factor residuals are then computed. These are p;* = — 

CL jiOfti. Choose as a starting vector that column of the first factor residuals 
which has the largest absolute sum, ignoring diagonals. This is column 1 . 
Its values are recorded in column ui for factor two. The procedure is now 
the same as before. The third iteration was taken on a calculating machine 
and it gave the second factor loadings the second column of F^ to two 
decimals. The last iterations for each factor can be done on a calculating 
machine to obtain greater accuracy while the first few iterations can l>e done 
graphically to save time and labor. The computation for the third 
column of F was done in the same manner. 

Occasionally, when two or three.latent roots are nearly the same, the 
iterative process will be found to oscillate or the convergence will be slow. 
This is an indication that the test configuration has nearly equal thick¬ 
nesses in these dimensions, so that the configuration is nearly circular or 
spherical in these dimensions. If the purpose is to extract the maximum 
variance from the correlation matrix, it does not matter where we place a 
set of orthogonal axes in those dimensions which are represented by nearly 
equal latent roots. In such a situation it is desirable to reduce the obtained 
vector V to a unit vector in the system without waiting for complete con¬ 
vergence, That can be done with a stretching factor ponvso that pv * a, 
where a are the desired factor loadings. The value of p can be found from 

the relation l/p By this device the computer need not be 

unduly delayed by slow convergence in obtaining a factoriaUy useful solu¬ 
tion. 
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The graphical method here described for estimating inner products can 
be applied in a variety of computational problems. 

^ The author wishes to express his indebtedness to the Canietpe Corporation of 
New York for a research grant in support of our development of multiple factor analysis 
and its application to the study of primary mental abilities. 

* L. L. Thurstone, ‘Theory of Multiple Factors/* 1932, pp. 17“27, Edward Brothers, 
Ann Arbor, Mich. 

’ Harold Hotelling, “Analysis of a complex of statistical variables into principle com^ 
poncnts/* J. EAuc, Psych,, 24, 417- 441, 498-520, (1933). 


THE HE VELOPMENT OF NORMA LAND IIOMOZ YGO US BRA CH Y 
{T/T) MOUSE EMBRYOS IN THE EXTRAEMBRYONIC COELOM 

OF THE CHICKS 

By S, Gluecksohn-Schoenheimer* 

Department op Zo6i.ogv, Columbia University 
Communicated April 15, 1944 

The study of the causal morphology of mammalian embryos in spite 
of the great interest attached to it has not progressed very far because of 
the technical difficulties with which any experimental approach to the 
problem has met. Waddington and Waterman* grew rabbit embryos in 
vitro for a limited time and Nicholas and Rudnick* devised a method for 
raising rat embryos in a culture medium. In spite of these attempts, it 
was not possible to operate on mammalian embryos in early stages and 
let them continue their development inside the uterus, nor could such 
embryos be raised and develop normally in a suitable extra-uterine me¬ 
dium for any length of time. Methods which would accomplish this would 
be of importance not only for the study of normal causal morphology of 
mammalian embryos, but also for an experimental study of the embryog- 
eny of certain hereditary abnormalities. Searching for such a method, 
a new procedure for raising entire mouse embryos outside the uterus was 
developed and described in detail (Gluecksohn-Schoenheuner).^ It con¬ 
sisted in removing the embryos from the uterus of the mother and trans¬ 
planting them into the extra-embryonic coelom of the chick embryo where 
they remained and developed for one or several days. This method has 
been applied in the experiments reported here to the study of embxyos 
homozygous for the Brachyury mutation TT, 

As described by Chesley^ the homozygous mutants (T/T) show extreme 
morphological abnormalities from the age of about 8 da)rs on and die at 
about 10 days. The posterior body region, including posterior limb buds, 
is missing completely and extensive abnonnalities are found in notochord, 
neural tube and somites* 
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An additional abnormality, not mentioned by Chesley, was observed 
in the allantois. While the normal allantois, after having budded off from 
the embryo, appears turgid and proceeds to grow and to lengthen until it 
comes in contact with the ectoplacental cone, the abnormal allantois of the 
T/T homozygotes stays very short and has a shrunken tuberous ap¬ 
pearance. As a result of the abnormality of the allantois, umbilical ves¬ 
sels do not develop; thus the connection of the embryonic and the maternal 
circulation fails to be established and the embryo dies at the time when 
maternal circulation becomes all-important for the nutrition of the em¬ 
bryo (age of 10 days). 

Ephntssi,* in an attempt to determine the potentialities of the different 
tissues of the inviable T/T embryos, explanted these tissues and grew them 
in tissue culture. Under the experimental conditions, the tissues sur¬ 
vived, grew and differentiated beyond the time and stage at which they 
would have died in utero. From his results, Ephrussi concludes that the 
death of the embryos in utero is probably caused by a “disturbance of 
the normal correlations" and is due “exclusively to internal factors." 
From oiu- observations, it seems that the death of the embryo at the 
particular time of 10 days after fertilization is due to the failure of the 
circulatory connection with the motlier rather than to any unknown internal 
factors. 

It seemed of considerable interest to study the extra-uterine development 
of whole 7yr embryos from two points of view: first, it was planned to 
examine their development in the chick host and compare it with that of 
embryos of the same genotype (T/T) in their nonnaJ enviroiunent; sec¬ 
ondly, it was hoped that by this approach we might be able to learn some¬ 
thing about the rdle of the allantois in the development of the homozygotes. 

For this purpose, embryos derived from matings of heterozygous Brachy 
females {T/+) to heterozygous Brachy males {r/+) were used. A total 
of 149 transplants was made, 84 of which were successful. A transplant 
was considered successful if development of the mouse embryo proceeded 
after transplantation and if the embryo was alive when removed from the 
chick host. The mouse embryos were left in the chick embryo for 18 to 47 
hours. After this time, they were taken out from the chick host, exam¬ 
ined, recorded, fixed in Bouin, imbedded in paraffine, sectioned at 6 m 
and stained in Delafield's Haematoxylin and eosin. The results to be 
reported here were arrived at after examination of the sections. 

As described before .(Gluecksohn-Schoenheimer),* normal mouse em¬ 
bryos removed from the uterus of the mother 7 days after copulation (egg 
cylinder stage, Fig. 1) and transplanted into the extra-embryonic coelom 
of the chick develop and differentiate head structures, neural folds, 
somites, a beating heart and a tail bud (Fig. 2). The embryos from 
matings of Brachy (T/+) by Brachy (T/+), transplanted into the extra- 
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FIGURES 1-4 

Figure 1. Sagittal section through an egg cylinder stage of a normal mouse embryo, 
7 days 19 hours after copulation, * stage 11. Allantois. SOX. Figure 2. 

Sagittal section through a normal mouse embryo (No. 207) explanted into the extra- 
embryonic coelom of the chick in the egg cylinder stage (stage 11) and remoyed from 
there 49 hours later, H « head,« heart. SOX. Figure 3. Sagittal section through 
a mouse embryo (No. 314) from a mating of r/-f X r/-f, explanted into the extra- 
embryonic coelom of the chick in the egg cylinder stage (stage 11) and removed from 
there 24 hours later. Embryo belongs into Class I normal. H ■■ head, S -> somites. 
SOX. Figure 4. Sagittal section through the same embryo (No. 314). Note turgid 
attached allantois. H • head, 5 « somites. -4 - allantois! 80X. 
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embryonic coelom of the chick, fall into three classes: the first class coni'- 
prises those embryos which develop normally in the host environment; 
they show good development of head, heart, somites and neural tube 
(Fig. ti); the allantois is big and turgid and attached to the ectoplacental 
cone (Fig. 4). The rest of the embryos show abnormal development and 
can, in turn, be separated into two classes, using the condition of the allan¬ 
tois as criterion. In both of these classes, II and HI, the allantois is ab¬ 
normal, but in each class typically different from the other: Class II con¬ 
tains embryos with a short allantois which does not attach to the ecto- 



6 

FIGDRKS 5-7 


Figure 5. Sagittal section through mouse embryo (No. 413) from mating of 7’/+ X 
1/4*1 grown in exlra-embryouie coelom of the chick; Class IT. No somites, under¬ 
development of head and trunk. Short allantois. SOX. Drawn from photograph. 
Figure 0. Sagittal section through mouse embryo (No. 312) from mating of /'/-f- X 
^/4*i grown in extra-embryonic coelom of chick; Class 111. No somites, underdc' 
velopmeut of head and neural folds; note the short tuberous allantois. 80X. Drawn 
from photograph. Figure 7. Photograph of a mouse embryo {T/T, Class III) which 
was explanted into the extra-embryonic coelom of the chick in the early head fold stage 
(8 days) and remained there for 47 hours. Typical features of T/T embryo: develop¬ 
ment of head, heart and anterior limb-buds, absence of posterior body structures. 
Compare Chesley*, Fig. 6. 20 X. 

placental cone; but while it is not big and turgid, it is not shrunken either. 
It looks as though it had been arrested in its development towards normal. 
The general condition and development of the embryos in this class are 
not as good as of those in the normal group: head and trunk structures are 
underdeveloped and somites are sometimes lacking entirely (Fig. 5). 
Whether there exists any causal relationship between the underdevelopment 
of the allantois and that of the rest of the embryo, or whether the abnormal 
allantois presents just one symptom of a general tendency to underdevelop¬ 
ment of the entire embryo cannot be decided now. The embryos of the 
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second abnormal group* Class III* are characterized by an allantois with 
a very typical abnormal appearance: it is small* not turgid but collapsed, 
and characteristically tuberous; it stays short and never attaches to the 
ectoplacental cone. Its most characteristic feature is its tuberosity (Fig. 
6). There is definite underdevelopment in the rest of the embryo; the head 
is small, the trunk short, the neural folds are thin, there are no somites, 
and hardly ever a beating heart. Four of the embryos in Class III de¬ 
veloped into t 3 rpical T/T homozygotes (Fig. 7); all of these had been 
explanted in early head fold stages, i.e., at just 8 days after copulation. 
The rest of the embryos in this class which had been explanted in earlier 
stages egg cylinder stage—could not be diagnosed by any of the 
typical features of 9-day T/T homozygotes because they did not develop 
far enough. But they were diagnosed by the typically abnormal condition 
of the allantois; and in addition they showed underdevelopihent of head 
and trunk and absence of somites. 

1 
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46 

Stage: early head 
fold, H days 

17 

1 

6 

2 

26 

Total 

28 

27 

19 

7 

81 


* Early egg cylinder stages, end of 6 days. 

^ Egg cylinder stages, 7 days, beginning growth of allantois, slight thickening of head 
folds. 

When we consider the numerical distribution of the explanted embryos 
among the three different classes (table 1), we find that 19 out of a total 
of 81 fall into Class III, i.e., the group comprising the embryos supposed to 
represent the abnormal TT class. Of these 19, only 4 developed all of the 
typical TT features; but all of the others had the typically abnormal 
tuberous allantois which is found in all TT embryos developing in their 
normal environment (see above) and which never appears in explanted 
embryos from matings of normal by normal. We expect one quarter of the 
embryos from r/+ by r/+ matings to be T/T and the actual number of 
19 out of 81 fits expectation very well. 

The second class of abnormals—27 embryo8“-might possibly represent 
the r/+ embryos. If one considers the different explantation stages 
separately in this clas8» it appears that of the embryos explanted at earlier 
stages (7-13) about 50% fail into Class II while of those explanted at 
later stages (early head fold and S-days stage) about 70% fall into Class I 
and only one embryo is classified as Class II. It is conceivable that the 
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developmental potencies of the very early T/+ embryos under the un¬ 
favorable explantation conditions are reduced in comparison with those of 
+/+ embryos. If this is the case, it might well be that the allantois, which 
is completely abnormal in the homozygotes, reacts to the abnonnal ex- 
plantation conditions more strongly in the young heterozygous embryo 
than it does in the homozygous normal, showing lower developmental po¬ 
tencies under abnormal conditions than does tlie normal. In this con¬ 
nection it seems of interest that a deficiency of the number of heterozygous 
short-tailed mice {T/+) appeared in matings of Brachy short-tailed 
mice {T/+) inter se (Kobozieff and Pomriaskinsky-Kobozieff)® and in our 
own laboratory (Dimn)J Although some of this deficiency could be 
accounted for by the failure of the Brachy mutation to express itself in 
some of the heterozygotes, a differential prenatal mortality of 7’/4" 
embryos might be responsible for the lower number of heterozygotes in 
addition to the normal appearance of some T/-\- mice. The total num¬ 
ber of embryos in Class II does not correspond to the expected of 
embryos while the number of 28 in the normal group is higher than 
the expected 25%. One would thus have to assume that a certain fraction 
of r/+ embryos, namely, the older ones, were able to develop nonnally, 
or one might ascribe the distribution of embryos among the two classes 
entirely to chance. In the latter case, one would assume identical develop¬ 
mental potencies for +/+ and T/+ embryos, and they would be equally 
distributed between Classes I and II. Their total of 55 corresponds well 
to the expected 75% of +/+ and T/+ embryos combined. While, thus, 
there remain some doubts about ascribing the embryos in Classes I and II 
to two genetically different groups, +/+ and r/+, the remaining 25% 
fall into a group distinctly and characteristically different from the rest 
of the embryos, independent of the stage of explantation; this group is 
assumed to represent the T/T class. 

It thus appears that the abnormal development of T/T embryos is 
determined before it is apparent morphologically and is independent of the 
stage of explantation (table 1). The earliest stages which it is possible to 
explant, i.e., early egg cylinder stages, show the tendencies to abnormal 
development of the entire embryo. Earlier stages cannot be tested, since 
they do not develop at all under the explantation conditions described, 
regardless of whether they come from crosses of nonnals or Brachys. 

An analysis of the rdle of the allantois in the development of the normal 
and abnormal embryos was not possible on the basis of our experiments. 
The fact that an abncumal or underdeveloped allantois occurs always in 
combination with abnormal or subnonnal development of the entire 
embryo seems highly suggestive. The allantois of the mouse might well 
serve as an organ for intake of nutrient substances and excretion of waste 
products. Any disturbance in the function of this organ might thus lead 
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to secondary abnormalities throughout the entire embryo. However, 
experiments involving the extirpation of the allantois and studying its 
effects on the embryo would be required to settle the question of the r61e 
of the allantois in the development of the normal mouse embryo. Such 
experiments might also provide an answer to the question of the possible 
causal r61e of the allantois in the abnormal development of TT embryos. 

Summary—Embryos from crosses of Brachy short-tailed mice (T/+) 
inter se were removed from the mother in early stages of development and 
transplanted to the extra-embryonic coelom of the chick. They re¬ 
mained in the host for 18 to 47 hours and were then removed for study. 
The embryos obtained could be separated into three different classes: 
(1) normal embryos; (2) abnormal embryos with different degrees of ab¬ 
normalities, with reduced developmental potencies, possibly representing 
the T/+ embryos; (3) abnormal embryos with typical abnormalities, 
representing T/T embryos. T/T embryos will thus develop true to their 
genotype, even if explan ted before the time at which morphological differ¬ 
ences appear. The possible causal rdle of the allantois in the development 
of these embryos is discussed. 

t This research was aided by grants from the Josiah Macy, Jr., Foundation and the 
Fund for Research of Columbia University. 

* The author wishes to express her gratitude to Dr. L. C. Dunn for his suggestions 
and his constant interest during the course of this work. 

1 Waddington, C. H., and Waterman. A. J., Jour. Anal., 67. 355-370 (1933). 

* Nicholas, T. S., and Rudnick, D., Jour. Exp. ZooL, 78, 205-232 (1938). 

* Gluecksohn-Schoenheimer, S., Scieuctt 93, 602-503 (1941), 

^ Chesley, P., Jour. Exp. Zool., 70, 429-459 (1935). 

« Ephrussi, B., Ibid., 70, 197-204 (1935). 

* Kobozieff, N., and Poniriaskinsky-Kobozieff, N. A., Compt. rend, des seances de la 
Sbcm de hiologie, 127, 120 (1938). 

^ Dunn. L. C.. The Harvey Lectures, 35, 135-165 (1940). 


REMARK ON A DISTORTION TENSOR FOR ELASTIC 

DISPLACEMENTS 

By T. y. Thomas 

University of California at Los Angeles and Institute for Advanced Study 

Communicated April 18, 1944 

One of the most successful of the various conditions for yield resulting 
from a state of stress produced by mechanical means is that due to von 
Mises.* This condition states that yield will occtu: when the energy per 
unit volume produced by a change of shape alone reaches a certain value 
characteristic of the material under consideration. It would thus appear 
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that distortion, i.e., change of shape as distinct from change of volume, is 
one of the primary factors in the occurrence of yield. This suggests that in 
addition to the ordinary tensors of stress and strain (related by Hooke's 
law) we consider a distortion tensor and seek to express the condition of 
yield directly in terms of this tensor. 

A differentiable point transformation x £ referred to rectangular co¬ 
ordinates and having its jacobian everywhere different from zero (and 
hence locally non-singular) will be conformal (i.e., angles will be left un¬ 
altered) if, and only if, 

di" c)f “ 

where p is some positive function of position. When the transformation is 
an elastic displacement it is customarily represented by x" — x“ + u^{x) in 
which the (also denoted by tia since rectangular coordinates are em¬ 
ployed) are the components of a vector. In accordance with the usual 
assumptions, the «’s and their derivatives are small quantities, the product 
of which can be neglected. Hence 

i; - « +(2) 


and 


hy “I" 

when (2) is substituted into (J). Taking the detenninant of both members 
of (1) and making use of the fonn (2) of the derivatives dx“/dx^ we have 

l5S + = p’. 

or 

P » = 1 + V»«“a = 1 + ( A = U%). 

Substitution of this value of p into (3) gives 

^a0 " « 0, {e^fi » Va(Wo, p + wp.«))» (4) 

where e is the strain tensor of elasticity theory. The quantity A is the 
dilatation or increase per unit volume due to the displacement. Conversely 
if (4) is satisfied the elastic displacement is conformal. 

We now define a tensor D as an invariant of an arbitrary elastic displace¬ 
ment by putting 

^ ^oP ^<Hp* 
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We call D the distortion tensor » From the above, the displacement will be 
conformal without distortion) if, and only if, Z) » 0 . We can there¬ 
fore think of the tensor Z>, in general, as giving a measure of the distortion 
produced by the elastic displacement*® 

It is well known that any elastic displacement causes a displacement of 
the local neighborhood of an arbitrary point P which is the result of the 
following three displacements, namely (a) a translation P (j5) a rigid 
rotation about Q, and ( 7 ) a non-rigid displacement or deformation having Q 
as a fixed point* This latter deformation can be resolved, on the basis of 
the distortion tensor D, into a component with distortion and a component 
without distortion* Thus if dx denotes an arbitrary small vector issuing 
from the above point the part of the deformation due to the distortion 
will be represented by D^hxf^ and the part without distortion by 

these quantities being the components of the changes pro¬ 
duced in hx^ in this decomposition of the defonnation. 

Hooke's law for a homogeneous and isotropic medium can now be written 

0 - (3X + 2//) A, (5) 

where 

Thus E is the distortion analogue of the stress tensor <r while X and m are the 
usual elastic constants. Now denote by r, and 7 ^ (t » 1 , 2 ,3) the principal 
values (at any point) of the tensors cr and £, respectively. From the 
definition of these quantities we immediately have the relations 7 ^ * 

0/3 and when written in full these become 

7i ® V8[(^1 "" ’■a) + (n — Ti)], 'I 

7a- VaKn r.) -- (n - ra)], ' (6) 

7« * — T3) — (t2 — T»)].) 

Now consider the square of the tensor £. Denoting this by we have 

*E* « ^ 27<7f 

when use is made of the above relations ( 6 ). But apart from a constant 
factor the above bracket expression is the energy per unit volume due to 
distortion.* Since the squares of the tensors P and E differ only by a con* 
stant factor on account of (5), the von Mises yield co&dition can ther^ore 
be stated as follows: yield vdll occur whm the square of the distortion tensor 
D (or its stress analogue E) atiains a characteristic value. 

By a distortion invariant of an elastic displacement we understand any 
invariant which depends solely on the distortion* In particular any scalar 
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function of the components <Ta0 (or e^) will be a distortion invariant if, 
and only if, it is expressible as a function of the components (or 
The sufficiency of this condition is immediately obvious. To show the 
necessity for a scalar 5 (<r„^) we have 

= 5[(t„ + r)«^] 

where r is arbitrary. But choosing r — — 0/3 the latter function is seen to 
become S(7tf6«^)or SiE^^) from which the conclusion follows. This 
result can obviously be extended to differential and non-scalar invariants. 
The above quantity E^ or is an example of a distortion scalar. So like¬ 
wise is the quantity 7i -- 73 = ri — T3 which is proportional to the maxi¬ 
mum shearing stress (when ri ^ ra ^ ra). This stress also appears to be of 
significance in determining the condition of yield.* Other examples are 
the magnitudes of the principal values 7* of the tensor E (which differ from 
the principal values of the distortion tensor by a constant factor). Useful 
modifications of the known yield conditions may possibly be given by these 
latter or other distortion scalars which can be constructed. Such invari¬ 
ants will automatically take care of the failure to reach a state of yield as 
the result of hydrostatic pressure or uniform tension. 

1 Nachr, d. Gesellsch. d. Wissensch. zu Gottingen, Math.-Phys. Klasse, pp. 582-592 
(1913). See also, Nadai, A., Plasticity, McGraw-Hill, Chap. 13 (1931), and Timo¬ 
shenko, S., Theory of Elasticity, McGraw-Hill (1934), p. 137. 

* The usual formula for the change Bd of an angle 0 due to an elastic displacement gives 
this change in terms of the components Zafi of the strain tensor, Cf. Ivove, The Mathe¬ 
matical Theory of Elasticity, Cambridge, Vol. 4 (1927), p. 62. Also, Timoshenko, S., 
loc. cit., p. 192. By making use of the above definition of the components Dafi it can 
be shown that 56 is given by 

sin 0 60 w -f /?a) cos 0 ~ 


where, 

A "* A ■■ 

and vi and are unit vectors determining the angle 0. Hence the change in an angle 
produced by an elastic displacement is expressible directly in tenns of the distortion 
tensor V. 

• See Nadai, S., loc. cit., p. 72, and Timoshenko, S., loc. cit„ p. 137. 

* See, ior example, Nadai, A., loc. cit., p. 00. 
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THE MINIMUM RANK OF A CORRELATION MATRIX 

By a. a* Albbrt 

DEPAK'mKKT OF MATHEMATICS, UHIVBRaiTY OF CHICAGO 

Communicated April 22, 1944 

A correlation matrix is a symmetric matrix R with prescribed non¬ 
diagonal elements (correlation coefficients) and the matrix problem with 
which we are concerned is that of determining the diagonal elements (com- 
munalities) of R so that the resulting R will have minimum rank p. In a 
recent article^ I defined the idenl rank r of JR to be the largest order of a non¬ 
vanishing minor of R such that all elements of the minor are correlation 
coefficients. Evidently p ^ r and I gave a procedure for determining the 
communalities under the hypothesis that p = r. 

Indeed we may always select our notation for the elements of Af so that 

(A B'G'\ 

/? = (B c ir I 
\gH K J 

where A^ B, C are r-rowed square matrices and the matrix JB has an inverse 
« £. Then I proved the 

Lemma 1 : If the ideal rank of R is r the matrix K — GEH' is diagonal 
matrix, 7'he rank of R is r if and only if K ^ GEH\ H « GEC^ G « 
HE^A, B' « AEC. 

In cases usually encountered in factor analysis the ideal rank r is much 
less than the order w of i? and the r-columned matrices G and H normally 
have their maximum rank r. The purpose of the present note is to provide 
a proof of the rather astonishing 

Theorem. Let the ideal rank r of R be also the rank of its submatrices G 
and H, Then there exist unique communalities such that the resulting correla¬ 
tion malrix R has rank r. 

We prove this result by severad applications of the first statement in 
Lemma 1. Since K is symmetric it implies that GEH' is symmetric. Let 
the rank of 6^ be f so that we may select a notation for R so that 

“■(p> 

¥ 

for r-rowed square matrices S and T such that 5 is non>singular. Define a 
non'Sing;ular matrix 


L «. ( 1 r) 
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of « 2r rows, for appropriately selected identity matrices and form the 
products 


“-(o) ^-{w} 

where W = Q - PT. Then 


L{GEir)L' = {LG)E{LHy = 


{T'W) 


/SET' 5 £IV'\ 

Vo 0 ; 


is a S3nmnietric matrix and necessarily SEW* ~ 0 . Since SE is non¬ 
singular we have proved that W* 0 , W — 0, 


LII -= 


L{GEH')L' = L 


/SET' SEQ'\ , ^ (SET' 0 \ 
yPET'PEQ') Vo o/ 


Suppose now that H has rank r so that LH has rank r and T must have 
rank r. Then T is non-singular and we may prove 
Lemma 2: The matrices A — B*T^^S and C “ BS^^T are diagonal 
matrices. 

For the submatrix of R consisting of its first I 3 r rows and columns is a 
correlation matrix 

(A B* S*\ 

AT = ( B c r\ 

\s T uj 


which is exactly like R except that K has been replaced by f/, G by 5 , II by 
T, Every diagonal element of is a diagonal element of M and B is an r- 
rowed non-zero minor of N, Then the ideal rank of iV is r and, by the first 
part of Lemma h U - SB-'T' is a diagonal matrix. However, this result 
is actually a part of the statement that K — GEH* is diagonal. We now 
obtain two correlation matrices 

/U T S\ (A S' B'\ 

iVi - (r c B), M «15 f/ r ) 

\s' B' a) \bt'c/ 

of ideal rank r from N, The matrix Ni is obtained by interchanging the 
first and third blocks of r rows and columns in N and the matrix by 
interchanging the second and third blocks of r rows and columns in N, 
Otir lemma then follows from the first part of Lemma 1. 

If R has rank r then N, Nu Ni have rank r. Applying Lemma 1 we have 
the uniqueness part of our theorem which we state as 
Lemma 3 : Let R have rank r. Then the c&mniunalities are uniquely deter¬ 
mined hy the equations 
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A - C - K = GB-m\ (1) 


This lemma provides a modification of my earlier technique for comput* 
ing the communalittes. In the new technique we compute the inverses of 
the three matrices S, B and the diagonal elements of three matrix prod¬ 
ucts. 

To complete the proof of our theorem we assume now that R has ideal 
rank r and that r is the rank of G and H, By Lemmas 1 and 2 we may 
select the diagonal elements of R so that ( 1 ) is satisfied. Then 


0 


since C = BS -n\ T = SEC. Similarly 

UO - HE'A) - (f) - . 

since A = S == TE^A, But L is non-singular and therefore H = 

GEC, G — HE'A . Finally, we have the identity 


- TE'A"^ ^ 


GE{B' - AECy - {II - GEQE'A + G - IIE'A 


so that, since the right member is zero, GE{B — AEC)' =® 0. The first 
r rows of this product form the matrix SE{B' — AEC)' ~ 0. Thus 
{B' ~ AEC)' “ 0, S' = AEC, the rank of R is r. This completes the 
proof of our theorem. 

Let us close by observing that R cannot have its ideal rank as its rank 
unless the ranks of G and of H are the same^ For this is a consequence of 
the fact that when H = GEC the rank of II is at most the rank of G, and 
that when G «= HE'A the rank of G is at most the rank of H. However, 
even when G and H have equal ranks less than r the minimum rank of R 
need not be its ideal rank r. Indeed let G » /f « 0, /C be a diagoned matrix 
and 



Then every minor of R with more than two rows and containing no com- 
munality has a zero row and so r =« 2. But B' =* AEC now becomes C » 
A and this is false since “Ms a diagonal matrix and C is not a diagonal 
matrix. 

■ 

^ The matrices of factor analysis, Proc, Nat, Acad, Set,, 30 , 90-95 ( 1944 ). 
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X-RAY SENSITIVITY CHANGES IN MEIOTIC CHROMOSOMES 

AND THE NUCLEIC ACID CYCLE 

By a, H. Sparrow* 

Biological Laboratories, Harvard University 
Communicated May 17, 1944 

It is well known that the sensitivity of cells to x-ray injury is influenced 
by such factors as moisture content, the stage of nuclear or chromosomal 
development, the percentage of cells in mitosis and the degree of tissue 
differentiation. However, concerning the change of sensitivity during the 
nuclear cycle there is much disagreement. Practically all stages have 
been claimed by one or more authors to be the stage of maximuiu sensi¬ 
tivity. Resting stage or very early pruphase has been claimed to be the 
most sensitive by Strangeways and Hopwood^ and by Langendorf and 
Langendorf.* Prophase has been found most sensitive by Marshak,®*^ 
Creighton* and Sax.® Carlson^ found mid and late prophase most sensi¬ 
tive. Newcombe* states that sensitivity increases as the clu*oinosomes 
approach metaphase while Sax and Swanson® have observed that sensi¬ 
tivity decreases during this period. Maximum injury to cells rayed at 
metaphase is reported by Mottram^*^ and by Whiting** while Langendorf 
and Langendorf*^ and Marshak**^'** claim metaphase and anaphase are 
least sensitive. Some authors have found two stages of high sensitivity, 
e.g., metaphase and anaphase by Holthuseii,*^ Bozeman** and Sparrow,*® 
anaphase and prophase by Regaud,*^ anaphase and telophase by Vintem- 
berger** and telophase and prophase by Langendorf and Langendorf,* 

From the results cited above it would appear that maximum sensitivity 
bears no constant relationship to the stage of mitosis at the time of raying. 
Yet the general aspects of mitosis and meiosis are remarkably uniform even 
in very distantly related forms. In the present paper meiotic metaphase 
and anaphase are shown to be stages of high sensitivity in Trillium and a 
plausible explanation for at least some of the disagreement with the results 
of other investigators is given. The relationship between nucleic add 
concentration and chromosome radiosensitivity is also discussed. 

Methods. —Rhizomes of Trillium erectum L. were obtained from com- 
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mercial dealers during October and November. They were kept in a con¬ 
stant tenifierature room at except when being examined or rayed. 

At this temperature ineiosts proceeds slowly and a fairly accurate deter¬ 
mination of stages is possible.“ First anaphase is probably the shorte.st 
stage but usually lasts at least one day. Meiotic prophase and micro- 
spore resting stages are very slow so that several weeks often elapsed Ix^- 
tween raying and snietiring. Low temperature also seemed to reduce the 
amount of chromosome clumping and stickiness which often follow^ expo¬ 
sure to x-rays. 

All plants were examined by removing part or all of one or more anthers 
for test smears. It was thus possible to select plants showing a high 
synchronisation of division at the desired stage. This was further aided 
by the characteristic lack of a regular interkinetic resting nucleus between 
first and second divisions in this species.’^ The inhibiting effect of x-rays 
on spindle activity afforded an additional check on the stage rayed. Cells 
rayed at first mctaphase usually developed into tetraploid microspores, 
those at first anaphase into diploid and those at second anaphase or later 
into the usual haploid form. 

Cells rayed at meiotic prophasc were scored for aberrations at first ana¬ 
phase. Those rayed at metaphase and anaphase showed little or no in¬ 
crease in aberrations until microspore division which followed directly, 
without an intervening second meiotic division. Scoring was done at 
microsporc inetaphase following irradiation at meiotic metaphUvSe and 
anaphase, and at microspore anaphase following x-ray treatment of micro- 
sjiores in the resting stage. 

Remits .—The data for doses of 50, 100 and 200 r at various stages of 
nlicrosporogenesis are given in table J. In most cases 50 or 100 cells were 
scored. In two cases (mmibers 9 and 10) only 10 cells were counted but in 
these the very high number of fragments per cell compensates for the 
relatively small sample. The nitmber of cells actually scored is indicated 
in table 1 under n but to facilitate comparisons all data have been ex¬ 
pressed as the number of aberrations per hundred pollen mother cells. 

Chromosomes rayed at first meiotic metaphase and anaphase appear 
practically nonnal when examined one, two or three days later. For ex¬ 
ample, in plant number 10 approximately 9 per cent of 300 first anaphases 
examined l)efore raying showed a bridge or fragment or both, and when 
examined two days after exposure to 200 r less than 7 per cent of the cells 
showed aberrations. Obviously, therefore, the x-rays cause no immediate 
increase in the percentage of aberrations at first anaphase. ‘However, 
there is a delayed reaction which becomes apparent in the microspore 
mitosis. For example, in plant number 9, which was given 200 r at first 
metaphase, a large number of giant (4n) pollen grains were later observed. 
In these so many fragments were present that it was generally difficult or 
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impossible to tell which were centric and which were acentric fragments. 
The mean total of both counted at microspore metaphase was 65.2 «** 7.07. 
The corresponding mean for diploid microspores resulting from rayed first 
anaphases was 43.7 3.45 or 87.4 per pollen mother cell. Deducting 20 

(the normal microspore chromosome complement derived from each pollen 
mother cell) gives a corrected mean of 45.2 fragments for each pollen 
mother cell rayed at first metaphase and 67.4 for each one rayed at first ana¬ 
phase. The mean number of fragments per pollen mother cell for the same 
dosage at leptotene-zygotene was 7.48 and 7.87 (plants 7 and 8 ). Obvi¬ 
ously, therefore, the sensitivity of leptotene-zygotene is very much smaller 
than that of either nietaphase or anaphase of the first meiotic division. 


TABLE 1 

The Numbbks of BiunoBS. Kings and Fragments Induced by Raying at Different 

Stages of Microsporogbnbsis" 


FLAHT 

HtrilMK 

STAOK AAVBD 

D08B 

IN r 


BRIDOBS 

RIN09 

VltAO- 

MCMTS 

TOTAL 

ABSXItA- 

TIOHS 

1 

Leptotene-Jtygo- 

60 

100 

46 

2 

117 

165 

2 

tene 

Pachytene 

50 

100 

66 

1 

210 

277 

3 

Leptotene-zygo¬ 

100 

60X2 

128 

2 

216 

346 

4 

tene 

Late leptotene- 

100 

60X2 

200 

4 

580 

t 

784 

6 

zygotene 

Late pachytene 

100 

50X2 

340 

6 

666 

002 

6 

Microspores (rest¬ 

100 

100X4 

100 

8 

492 

600 

7 

ing stage) 
Leptotene-zygo¬ 

200 

60X2 

288 

16 

748 

1052 

8 

tene 

Leptotenc-zygo- 

200 

100 

230 

12 

787 

1029 

9 

tene 

1st metaphase, 

200 

lOX 10 

T ♦ 

h 

4620 

« 4 • 

10 

Ist anaphase 

200 

lOX 20 

* A 

k 

6740 

* 4 • 

11 

Microspores (rest- 

200 

100X4 

256 

12 

776 

1044 


iug stage) 


* Where fewer than 100 pollen mother cells (or the equivalent number of derived micro¬ 
spores) were scored, the data presented have been multiplied by the factor as given 
under n. Thus, the data can be compared directly, 

^ Rings were present but not recorded. 


For stages rayed at different dosages the data cannot be compared 
directly. But since leptotene-zygotene stages were rayed at all dosages, 
the relative sensitivity at any other stage can be calculated with respect to 
leptotene-zygotene by assuming that all stages have similar dosage curves. 
Accordingly, leptotene-zygotene has been assigned an arbitrary unit 
sensitmty. Then, for any dosage, relative sensitivity is simply the number 
of aberrations at a given stage divided by the number of aberrations at 
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leptotene-zygotene for the same dosage. The relative sensitivities given in 
table 2 are calculated from “total aberrations” in table 1 except for plants 9 
and 10. In these calculations were made using fragments only, because 
scoring was done at microspore metaphase and hence bridges could not be 
included. The relative sensitivities show an increase from 1 at leptotene- 
zygotene to 1.7 at pachytene, 2,6 at late pachytene, 5,9 at first metaphase 
and 8.7 at first anaphase, and then drop again in the post-meiotic resting 
stage to approximately the same as early meiotic prophase. 


TABLK 2 

Relative Sensitivity of Stacks Based on Data from Table 1 


STAGB RAVED 

RELATIVE 

SENSmVITV 

Leptotene-zygotene 

. 1.0 

Zygotene-early pachytene 

2.8 

Pachytene 

1.7 

Later pachytene 

2.6 

Metaphase I 

5.0 

Anaphase 1 

8.7 

Microspore resting nucleus (plant no. 5) 

1,7 

Microspore resting nucleus (plant no. 11) 

1.0 


Discussion .—A number of recent papers |X)int to the growing recognition 
of the importance of the nucleic acids in protein synthesis and nuclear 
metabolism. There is also evidence that small doses of x-rays can tempo¬ 
rarily block one or more of the essential processes involved in the nucleic 
acid cycle. ^ This latter observation has prompted the following discussion 
of the significance of changes in relative nucleic acid concentrations in 
terms of chromosomal radiosensitivity. 

Relatively small concentrations of desoxyribose nucleic acid are present 
in resting nuclei while metaphase and anaphase chromosomes contain very 
high concentrations.®^ Conversely, the high concentration of ribose 
nucleic acid present in cells undergoing, or about to undergo, rapid prolifera¬ 
tion decreases®®* while the desoxyribose content increases.®** “ Spe¬ 
cifically it has been shown that during meiotic prophase initial high con¬ 
centrations of ribose nucleic acid fall and that the desoxyribose, which 
starts at a low level, increases as metaphase is approached.®* Presumably 
the ribose nucleic acid, or ribose nucleotides, pass into the nucleus, are 
changed into the desoxyribose form, polymerized and incorporated into the 
structure of the chromosome, probably as nucleohistone.®’* In support 
of this theory is the recent demonstration by Mitchell®® that x- and gamma- 
radiations result in the accumulation of pentose nucleotides in the cyto¬ 
plasm and inhibit the synthesis of desoxyribose nucleic acid. The inhibi¬ 
tion is attributed to enzyme inactivation. Since the ribose nucleotides in¬ 
crease following irradiation and since they may be present in high concen- 
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trations at stages of low x-ray sensitivity and vice versa, it is clear that their 
concentration per se docs not determine high radiosensitivity. For desoxy- 
ribose nucleic acid or nucleotides, however, the reverse is true. Stages, 
such as resting nuclei or early prophase, which have low concentrations of 
desoxyrtbosc nucleotides or nucleic acid have a low sensitivity, while meta¬ 
phase and anaphase, stages which have a high concentration, show a high 
radiosensitivity. This suggests a positive correlation between radio- 
sensitivity and the concentration of desoxyribose nucleic acid or nucleo¬ 
tides. However, it does not necessarily mean that a high content per se 
determines high sensitivity. Other factors may determine high sensitivity 
and high nucleic acid content may be merely concomitant. This sugges¬ 
tion is in accord with Dale's^** conclusion that the radiosensitivity of an 
enzyme can be modified by the amounts and radiosensitivities of other 
substances present. 

Our results indicate that x-rays fail to break metaphase and anaphase 
chromosomes, as such, but that they somehow react to produce potential 
breaks which become visible chromatid or chromosome breaks only after 
the nucleus has passed through an interphase. It has been suggested that 
nucleic acid protects the metaphase chromosomes from x-ray injury“* 
but this now seems improbable. However, the possibility remains that 
something inherent in the nucleoprotein structure of the chromosome 
temporarily prevents or inhibits the potential break from becoming a 
visible one. In this connection it may be significant that following irradia¬ 
tion at metaphase or anaphase breaks appear only after an interphase has 
occurred ditring which both the matrix and the nucleic acid structure 
undergo extensive alterations. 

Experimental evidence concerning the physical-chemical changes in¬ 
duced in living cells by x-rays is meager but it is of interest that ultra¬ 
violet, which is known to produce qualitative genetic changes similar to 
those resulting from x-rays can cause a depolymerization of sodium thymo- 
nucleate.®^ Since breakdown of the nucleic acid macromolecule has also 
been suggested as a possible cause of ultra-violet induced mutations*^ it 
would be of considerable interest to determine whether or not irradiation at 
metaphase and anaphase would induce more mutations than the same 
dosage at prophase or resting stage. 

Further evidence of the high sensitivity of metaphase is afforded by 
combined x-ray and colchicine treatments. Guyer and Claus** found 
cancer tissue in rats more sensitive to x-rays after injection of colchicine, 
and Briicke and Hueber** report that skin metastases treated with both 
colchicine and x-rays completely disappeared while metastases in the same 
patient not pretreated with colchicine showed a much less favorable re¬ 
sponse to irradiation. Further, Halberstaedter and Back*^ found that the 
lethal dose is 50 per cent smaller for Paramoecia which have been pre- 
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treated with colchicine. Since it is known that colchicine prolongs the 
xnetaphase by inhibiting spindle activity, it seems probable that the in¬ 
creased sensitivity to x-rays following, colchicine treatment stems from an 
increase in the percentage of highly sensitive metaphases. 

A relationship between malignancy and an abnormally high concentra¬ 
tion of desox 3 rribose nucleic acid (hyperchromatism) has been noted by a 
number of authors.®*^* ^ In plants malignancy in certain types of pollen 
has also been attributed to abnormal nucleic acid metabolism associated 
with extra heterochromatic jS-chroraosomes.*® Since the effectiveness of 
radiation therapy in cancer is dependent upon differential radiosensitivity 
it seems plausible that the high radiosensitivity of tumors may be associ¬ 
ated with their high content of desoxyribose nucleic acid. 

Support of the suggested relationship between desoxyribose nudeic acid 
and radiosensitivity is afforded by data on break frequency in hetero¬ 
chromatic regions which are characterized by differences in nudeic add 
content.*®' White** found relatively few x-ray induced breaks in the 

negatively heterochromatic A'-chromosome of spermatogonial divisions of 
Locusta^ while several authors**"*® report a significantly higher than random 
break frequency for positively heterochromatic regions in Drosophila. 
Since negative and positive heterochromatin are considered to be, respec¬ 
tively, under- and overcharged with desoxyribose nudeic acid with respect 
to the rest of the chromosomes*^* *^ this is further evidence that sensitivity 
to x-rays may be related to the concentration of desoxyribose nudeic add. 

From the data presented it seems dear that, in TriiKnw, meiotic meta¬ 
phase and anaphase are stages of high sensitivity and early meiotic pro¬ 
phase a stage of low sensitivity to x-rays. The prophase to anaphase 
sensitivity change approaches a 1:9 ratio. Similar ratios have been re¬ 
ported for mitotic ^visions in fertilized eggs. Mottram'® found a 1:8 
ratio between resting stage and metaphase in Ascaris ova, and Vintem- 
berger^* a 1:6 ratio between resting stage and telophase in frogs' eggs and a 
slightly lower value at anaphase. For Tradescantia^ Sax*^ estimates that 
meiotic chromosomes are at least ten times as susceptible as those in micro- 
spore resting nuclei, but does not identify the meiotic stage of maximum 
sensitivity. However, metaphase and anaphase are not generally recog¬ 
nized as stages of high sensitivity even in recent papers dealing with relative 
sensitivity.®* *•"** Yet evidence for high sensitivity of these stages is 
available from a rem^alby wide taxonomic range of oiganisms. These 
include Protozoa (Paramoedum),** Nemathelminthes 
Insecta {Sciara ap4 Habrohracon),^^ Amphibia (frog),** Mammalia 
(rat),** and in plants the present work on TrilUum* The observations in¬ 
clude both mit«(ac and meiotic stages. It seems likely, therefore, that 
metaphase and anaphase stages may prove to be generally of hij^er 
sensitivity than propbase and resting stages. 



VoL. 30, 1944 


GENETICS: A, H. SPARROW 


153 


Some of the earlier results are open to question because of the failure to 
examine the succeeding mitoses. In this connection it is probably signifi¬ 
cant that all of those who report metaphase or anaphase highly sensitive 
had examined material at some time after irradiation or used percentage of 
lethals as a measure of sensitivity. Many who report low sensitivity for 
these stages made cytological examinations but apparently failed to allow 
sufficient time between raying and fixation. Dividing cells observed while 
being irradiated were rejx)rted to complete mitosis without showing any 
adverse effects.®^ Here again it was probably a matter of not continuing 
observations sufficiently long, for the present investigation indicates that 
metaphase and anaphase chromosomes, as such, are highly resistant to x- 
ray breakage but that their high susceptibility to injury is abundantly 
evident if sought after in the next mitosis. It is therefore concluded that 
x-ray “hits*' on nietapliase and anaphase chromosomes do not induce 
immediate breaks but do induce potential breaks which are not actually 
realized until the following division. This delay in the apj)earance of the 
aberrations is probably responsible for at least some of the controversial 
claims regarding the radiosensitivity of metaphase and anaphase chromo¬ 
somes. 

Summary ,—The relative effect of x-rays on different stages of meiosis 
and on microspore resting nuclei have been investigated in Trillium, 
Using the number of chromosome aberrations as a measure of sensitivity it 
was found that sensitivity is low in early meiotic prophase. Pachytene 
is roughly twice as sensitive, metaphase six and anaphase nine times as 
sensitive as early meiotic prophase. The sensitivity of post-rneiotic resting 
nuclei is approximately that of early meiotic prophase. Since stages of 
high sensitivity to x-rays also have a high content of desoxyribose nucleic 
acid and stages of low sensitivity a low content, it appears that radio- 
sensitivity can be correlated with nucleic acid metabolism. It is also 
suggested that non-random breaks in heterochromatic regions may be 
associated with a difference in the amount of desox3rribo9e nucleic acid in 
such regions as compared to the adjoining euchroraatic chromatin. The 
relationship of tumor radiosensitivity to nucleic acid content is also briefly 
discussed. 

Acknowledgment ,—The author acknowledges financial assistance from 
The National Research Council and wishes to express his gratitude to 
Professor Karl Sax for his interest in the problem and reading of the manu¬ 
script. 

* National Research Fellow 1942-1943. 

‘ Strangeways, T, S. P., and Hopwood, F. L., Proc. Roy. Soc. London, BlOO, 283-293 
(1926). 

* Langendorf, H,, and Langendorf, M,, Strahlentherapie, 40,97-110 (1931). 

* Marshak, A., Jour, Gen. Physiol, 19,179-198 (1935). 



154 


GENETICS: A. H. SPARROW 


I»*oc. N. A. S. 


* Marshak, A., these Procbbdinos, 25,61&-616 (1939). 

‘ Creighton, M„ Jour. Exp. Zool, 87, 347-369 (1941). 

* Sax, Karl, Genetics, 25, 41-68 (1940). 

’ Carlson, J. G., Jour. Morph., 71, 449-462 (1942). 

» Newcombe, H. B., Jour. Genet., 43,'146-171 (1942). 

* Sax, Karl, and Swanson, C. P., Amer. Jour. Bot., 28,52-59 (1941). 

« Mottram, J, C., Arch. Middlesex Hospt., 30, 98-119 (1913). 

“ Whiting, A. R., Jour. Exp. Zool., S3, 249-289 (1940). 

Marshak, A., these Proceedings, 23, 362-369 (1937). 

” Mar.shak, A., Proc. Soc. Exp. Biol, and Med., 38, 705-713 (1938). 

Holthusen, H., Pfluger’s Arch., 187, 1-24 (1921). 

>» Bozenian, M. L., Genetics. 28, 71 (1943). 

“ Sparrow, A. H,, Rec. Genet. Soc. of Amer., 12,54-56 (1943). 

Regaud, C., Bull. Assoc, franc. Cancer, 12, 482-487 (1923). 

” Vintemberger, P., Compt. Rend. Soc. Biol., 98, 632-536 (1928). 

“ Sparrow, A. H., Huskins, C. L., and Wilson, G. B., Can. Jour. Res., C19, 323-350 
(1941). 

“ Mitchell, J. S.. Brit. Jour. Radiology, 16,339-343 (1943). 

Caspersson, T., Skand. Arch. Physiol., Suppl. No. 8,73,1-161 (1936). 

Caspersson, T., and Thorell, B,, Chromosoma, 2,132-154 (1941). 

" Mirsky, A. B., in Recent Advances in Enzymotogy, Interscicncc Publishers, Inc., 
New York, Vol. 3, pp, 1-34, (1943). 

“ Painter, T. S., Bot. Gaz., 105, 68-68 (1943). 

“ Brachet, J., Arch. Biol, 44, 619-576 (1933). 

*• Caspersson, T., Chromosoma, 1, 147-156 (1939), 

” White, M. J. D., in Cytology and Cell Physiology, Oxford Univerdty Press, Oxford 
pp. 139-169, (1942). 

“ Mirsky, A. E., and Pollister, A. W., Biol. Symposia, 10,247-260 (1943). 

»• Dale, W, M., Biochem. Jour., 36, 80-86 (1942). 

" Swanson, C. P., Jour. Gen. Physiol, 26,486-494 (1943). 

•' Hollander, A., Greenstein, J. P., and Jenrette, W. V., Jour. Nat. Cancer Inst., 2,23- 
28 (1941). 

•* Ouyer, M. F., and Claus, P. E., Proc. Soc. Exp. Biol and Med., 42, 665-568 (1989). 
•• Brilcke, F. th. v., and Hueber, E. F. v., Klin. Wchnschr., IS, 1160-1161 (1939). 

** Halberstaedter, L., and Back, A., Nature, 152,275-276 (1943). 

" Biesele, J. J., Poyncr, H., and Painter, T. S., University of Texas Publication, no. 
4243, pp. 1-68 (1942). 

" Stowell, R. E.. Jour. Nat. Cancer Inst., 3,111-121 (1942). 

" Roller, P. C., Nature, ISl, 244-246 (1943). 

** Darlington, C. D., and Thomas, P. T., Proc. Roy. Soc. London, B130, 127-160 
(1941). 

» Schultz, J., and Caspersson, T., Arch.f. Exper. Zellforsck., 22,650-654 (1938). 

« White, M. J. D., Jour. Genet., 40,67-82 (1940). 

Darlington, C. D., Nature, 149, 66-69 (1942). 

*• White, M. J. D., Proc. Roy. Soc. London, B119, 61-84 (1935). 

« Profcofyeva-Belgovskaya, A. A., C.R {Dokiady) Acad. Set. V.R.S.S., 23, 270-272 
(1939). 

** Kaufmann, B. P., these Procbbdinos, 25,571-577 (1939). 

« Hinton. T.. Genetics, 27, 119-127 (1941). 

* Muller, H. J., Cold Spring Harbor Symp. on Quant. Biol, 9,151-167 (1042). 

" Sax, Karl, Genetics, 23,494-616 (1088). 

« Marshak, A., Proc. Soc. Exp. Biol and Med., 89,194-198 (1988). 



VoL* 30,1044 


PHYSICS: A. X, KING 


15{ 


Froier, 1C., Gelin, O., and Gustafsson, A„ BoL Notiser, 1941, 199-216. 

“ Koller, P. C., Proc, Roy. Soc. Edinburgh, B61,398-429 (1943). 

” Canti, R. G., and Donaldson, M., Proc. Roy. Soc. London, BlOO, 413-419 (1926). 


THE SPORE DISCHARGE MECHANISM OF COMMON FERNS 

By Allen L. King 

Department of Physics, Dartmouth College 
Communicated June 6, 1944 

Among ferns the Polypodiaceae are most common and are highly de¬ 
veloped. In this family the mature sporangium, rather uniformly, is a 
flattened obovoid capsule supported on a long pedicel (P, Fig. 1). The 
unicellular thin side walls enclose the region in which spores develop. 
Along approximately two-thirds of the edge of this lenticular form, a single 
row of nearly cuboid cells (A, Fig. 1) become differentiated. This incom¬ 
plete ring, the annulus, is prominent on the back and apex of the spo¬ 
rangium and is attached to the pedicel at the rear. From the annulus to 
the front of the pedicel a number of thin-walled cells complete the ring. 
Two of these cells meet in a straight line, the stoniium (5, Fig. 1), and when 
the sporangium dehisces, cleavage first takes place along this juncture. 

The ai|nulus consists of thirteen or more cells with thickened inner and 
radial walls and thin flexible outer and side walls. The inner walls form a 
continuous band with crenations due to a slight arching inward at each 
cell. This band is very elastic and acts as a spring to expel the spores with 
considerable speed at the time of dehiscence. 

When the sporangium becomes mature, evaporation of water from the 
annular cells induces sufficient stress to cause cleavage at the stomium. 
The line of cleavage follows cell boundaries toward the rear of the spo¬ 
rangium. Frequently weak lateral cells are split in two.^ Meanwhile, 
the annulus slowly straightens and continues to evert sometimes to the 
extent that the two ends of the recurved annulus almost meet. Nearly all 
the spores are carried on the free end in a cup formed by the lateral walls of 
the sporangium. Suddenly the annulus snaps back to its original position 
and in the process it may catapult spores to distances of 1 to 2 cm.^ 

Although the function of the annulus in spore discharge was known 
prior to 17(X), the details of the mechanism were not understood until the 
end of the last century. It was recognized that adhesion of the cell con¬ 
tents to the walls within annular cells is greater than cohesion. Careful 
observations revealed that the appearance of a bubble within the cell 
initiated the sudden snap of the annulus; and it was suspected that rup- 
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ture of the cell sap released the elastic energy of the bent annulus. In 1915 
Renner* and Urpsrung* independently measured the negative pressure 
required for bubble formation by two methods. They obtained values of 
200 to 300 atmospheres. 



Size of Sporangia ,—The annular cell 
consists of thick base and radial walls 
and thin flexible side and outer walls. 
During dehiscence the base becomes 
recurved, the radial walls remain rela¬ 
tively unchanged in shape although 
they become reoriented, and the weak 
side and outer walls are pulled in. 
For the following analysis the cross- 
section of an annular cell is assumed to 
have the form shown in figure 2. Since 
the outer wall of length m is observed 
to be almost flat, the initial pressure 
inside the cell probably differs from that 
outside by not more than a few atmos¬ 
pheres. The base of length a has a 
radius of curvature r' and the radial 
walls have a height b. Just before 
rupture the base becomes recurved 
until it has a radius r. Membrane 


FIGURE i which is relatively inextensible, 

Side view of a sporangium showing takes on a semicylindrical form pro- 

location of the annulus the stalk or vided end effects are neglected. Width 

pedicel P and the stomium S. The I of the cell is assumed to be unaltered 

hatched portions represent the thick- * orocess 

enedwallsof the annular cells. Although ^ ^ j-i* 

.spores usually may be seen through Suppose t e 1 erence in pressure 

the transparent side waUs of a mature across membrane QR is g, directed 

sporangium, they have been omitted in normal to the surface as shown in 

this drawing. figure 3. A tension T, which is con¬ 

stant over the entire membrane, will 
be set up along QR. Each element of area / ds of the membrane is in equi¬ 
librium so that 


qds (1) 

Since T and q ore constants, Equation (1) defines a circle of radius T/q. 
Thus the outer wall of the annular cell becomes a cylindrical surface of 
length I and radius T/q. Since the membrane is semicircular in cross- 
section at the instant of rupture, this radius equals w/r so that the tension 
T has the value qm/v and makes an angle a » a/2r with the radial wall. 
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From figure 2, r' is found to be given by 

m “ 2(r' -f 5) sin (a/2r') 


and r by 


w = 7 r(r — sin (a/2r). 


( 2 ) 

(3) 



FIGURH 2 

Cross-section of a single annular cell before dehiscence, A; at the moment of full ever¬ 
sion, B, w is a tliin flexible membrane through which water is believed to pass during 
dehiscence. 


The first terms in the expansions of the sine functions are sufficient for this 
analysis. On eliminating m from the resulting relations, 

1 ^ 0.304 _ 0.636 

r b f' * ^ ^ 

Values of r/b, r*jb and r*It are entered in table 1. The product rr* has a 
minimum value when y = 5.496 and r' = 3.496. 

TABLE 1 


Relation between Initial and Final Radii of Sporangium 


r*/h 

r/h 

r'/r 

rVfr 

r/h 

t*/f 

1.76 

00 

0.00 

5.0 

4.2 

1.2 

2,0 

22.2 

ViM 

6,0 

3.9 

1.6 

3.0 

6.6 

0.46 

7.0 

3.7 

1.9 

4.0 

4.9 

0.82 

8.0 

3.5 

2.3 


Since the outer wall becomes sernicylindrical before bubble formation, 
the annulus must straighten out or recurve. The minimum value of r* 
therefore, is 1.75 corresponding to r =» <», If f?' and 0 represent the initial 
and final angles subtended by all the annular cells, then 

ass 


(5) 
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The maximum value of B is 2w, since the annulus can recurve only until its 
two ends meet* On the other hand, 6^ usually is not less than r. For these 
limiting values of B and B' the ratio r'/r » 2* In table 1 this ratio is seen 
to occur when r'/b is slightly greater than seven. Thus the radius of a ripe 
sporangium is not less than 1.75, nor greater than 7 times the height of an 
annular cell. As shown in table 2, average values of r'/6 for seven species 
of ferns lie well within this range. 



the moment of full eversion showing element of 
length ds. The vector labeled s represents the 
force gl ds and the vectors labeled T represent 
the force T dl. 


TABLE 2 

Sizes of Spores, Sporangia and Annular Cells 


SfJSClJSB 

b 


a/i 

c/b 

rVfr* 

l/b 

€/bf 

Cyrtomium fakatum 

30 


0.63 

0.27 

3.5 

2.0 

1.3 

Dryopieris uliginosa 

31 

M 

0.74 

0.26 

2.6 

2.1 

1.1 

PkUbodium aureum 

44 


0.60 

0.18 

3.8 

1.8 

1.0 

Pt^is cretica 

38 

M 

0.69 

0.22 

3.8 

1.6 

1.4 

Fteris longifolia 

47 

M 

0.68 

0.25 

4.8 

1.4 

1.0 

Nephrolepis peciimta 

28 


0.68 

* 

0.29 

4.0 

1.6 

0.9 

Nephrokpis exaltata 

29 

M 

0.76 

0.25 

2.6 

2.0 

1.0 

Averages 

35 


0.67 

0.25 

3.6 

1.8 

1.1 


* Usually sporangia have elliptical cross-sections. Major and minor axes were 
measured and r' was computed for the middle of the annulus. 

t Frequently, spores are slightly ellipsoidal. Only the non-fertile spore.s of Nepkro- 
Upis exaltaia (Boston fern) showed considerable variation in size. 

Young's Modulus of the Annulus .—Consider a single annular cell OPQR 
of a fully everted sporangium, as shown in figure 4. Membrane QR is a 
cylinder of radius T/q, as shown above, where q is the negative pressure of 
the cell sap on the membrane (the presstupe outside is negligible), q acts 
uniformly over the entire inner surface of the cell. For the membrane QR^ 
however, it may be replaced by the tension T acting along the tangent to 
the membrane at the juncture with the radial walls. 
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The moment of the forces on cell surfaces OPQ about 0 consists of the 
moment of T, the moment of q over surfaces OP and PQ and the bending 
moment of the elastic forces in the base OP, The effect of the weight of 
cells attached to PQ is very small compared with the other stresses and 
may be neglected. To the approximations involved here the bending 
moment of the base equals EI{r + r*)lrr\ where E is Young’s modulus of 
the base material, I is the moment of area for a transverse section of the 
base and r and r' are the radii of curvature before and at the instant of full 
eversion. The annulus is assumed to be in equilibrium just before rupture 
occurs, so that 

EI{r + T^)lrr^ — ql[\b^ + r{f — &)(l — cos<^)} + 

Tl{r sin (a — 0) — (r — b) sin a], (6) 


If the transverse section of the cell base has height 
Ct the moment of area I about the central line is 
Ic^/12, With this value of I and for small angles, 
equation (6) reduces to 

E - 6qbhr'l€\r + r'). (7) 

With c ^ b/4, r = 5.5^-, r' = 3.5i>, and q « 
200 atmospheres. Young’s modulus for the annu¬ 
lus comes out approximately 1.6 X 10^^ dynes/- 
cm.* This value is about 25 per cent greater 
than that reixjrted by Press® for viscose rayon 
yam. Common green woods® have moduli rang¬ 
ing from 1.0 to 1.5 X 10'' dynes/cm.® Since the 
thickened wall of the annular cell is especially 
spring-like, its modulus of elasticity should be 
somewhat greater than that for common wood 
fibers. The ratio of Young’s modulus to the 
density of the annular walls is greater than the 
same ratio for many other solids. 



FIGURE 4 

CroSvS-section of a single 
annular cell at full ever¬ 
sion. For the analysis in 
this paper the cell Ls as¬ 
sumed to have the form 
OPQR. The dotted lines 
indicate the actual outline 
of the cell walls. 


Initial Speed and Range of Spores ,—Since the thickened base of the 
annulus is a continuous structure, it may be considered a circular arc 


fastened to the pedicel at one end. When the sporangium is fully everted 
sixty odd spores are held within a cup formed by the lateral walls which 
remain fixed to the free end of the annulus. The total potential energy of 


the everted annulus is 


W ^ inaEI{l/r + (8) 


where n represents the number of cells in the annulus and the other symbols 
have already been defined. 
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When the vapor bubble fonns» the negative pressure is assumed to be 
entirely released; so that the annulus springs back with a snap to its origi¬ 
nal position. It is further assumed that the cup with spores is fastened to 
the end cell of the annulus. Even if the cup is three or four cells from the 
end, the initial speed and range of the spores are increased by less than 100 
per cent. As the cup slips from behind it, the spore mass acquires momen¬ 
tum directed away from the sporangium. To a first approximation, the 
radius of the annular arc at the moment the spores leave is 

R = rn/(n — 1 ). (9) 

This relation arises if the angle subtended by the annular arc from pedicel 
to spore mass, initially (n — l)a/r and finally na/R, is supposed to remain 
unchanged during the discharge process. The decrease in pc^tential 
energy experienced by the annulus as the radius changes from r to R is 

V - {aEI/r^){l + r/r' - l/2n). (10) 

In order to obtain an upper limit for the average speed v of spore ejection, 
this change in potential energy is assumed to be transformed entirely into 
kinetic energy of the spore mass. The kinetic energy of the moving 
annulus and cup and all energy losses are neglected. The kinetic energy 
gained by 60 spores is 

U — 5irpeV, (11) 

where p is the density and e is the diameter of each spore. 

Equate U and F, eliminate iSJ, and solve for u. Because r*/2n{r + r') 
is much less than unity, the average speed comes out 

V = {aqlb^/10Tp€hy^\ (12) 

On substituting average values of a, b and e from table 2 , r ~ 5.56, p = 1 
g,/cc. and q « 200 atmospheres, the speed of ejection of the spores is 
calculated to be 10 meters/sec. 

By application of Stoke’s law, the distance a spore may travel is given by 

d ^ ve\p - p')/18’?i (13) 

where v is the initial speed, e is the diameter and p the density of the spore, 
and 17 is the viscosity and p' the density of air.^ n ** 0.00018 poise at 20 ®C., 
p = 1 g./cc., and p' may be assumed negligible. Using these data and the 
average value of e from table 2 (nearly 40 microns) in equation (13), the 
range of spores is computed to be approximately 5 cm. Althoujfh this 
result is more than twice the observed values, the discrepancy is not 
unexpected. Energy losses were neglected, the mass of the spore cup was 
not taken into account and the problem was otherwise much idealized. 

If the negative pressure q were less than 10 atmospheres or greater than 
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10,000 atmospheres, Young's modulus of the annular arc and the range of 
spores would have come out too sniaJi or too large. A sporangium can 
evert again and again by alternate imbibition of water and deshiscence after 
the spores have been expelled, even in the case of herbarium specimens 
more than fifteen years old.® This suggests that the annular cells of a 
spore-filled mature sporangium contain water and that this water is rup¬ 
tured at the time of bubble formation. The above computations, therefore, 
yield additional evidence for the belief that the tensile strength of water is around 
200 atmospheres. Haller^ obtained 200-300 atmospheres by means of a 
piezo-electric device in a stream of water where cavitation occurred. 
McavSurements by Dixonand by Vincentusing Berthelot’s method gave 
values as high as 150-200 atmospheres. Many exj^erimental and theo¬ 
retical values are in marked disagreement with these results; but an ex¬ 
tensive discussion and evaluation of them is beyond the scope of this paper. 

The author here expresses his appreciation for the use of the greenhouse 
and the helpful advice given by Professor Charles J. Lyon of the botany 
department at Dartmouth College. Also he is much indebted to Drs. L. J. 
Briggs and L. B. Tuckerman of the National Bureau of Standards for 
pointing out two errors in the original manuscript. 

‘ Atkinson, G. F., The Sttuiy of the Biology of Ferns by the Collodion Method, Macniillan 
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SCALE CURVES IN CONFORMAL MAPS^ 

By Edward Kasnbr and John De Cicco 

Departments of Mathematics, Columbia UNrvBRsrry, Illinois Imstitittb op 

Technology 

Communicated May 26, 1944 

1. Let a surface 2) be mapped in point-to-point fashion upon a plane ir 
with cartesian coordinates {x, y ), The scale function a =» ds/dS, which is 
the ratio of the corresponding elements of arc length in tt and in 2, depends, 
in general, not only upon the point but also upon the direction. It is 
independent of the direction if and only if the mapping is conformal. 

We wish to present some theorems concerning the scale function cr in 
any general conformal mapping of a surface S upon a plane ir, and to apply 
the results to the cartography of the sphere. The classic projections of 
Ptolemy, Mercator and Lambert appear in new light. A scah curve on S 
or IT is the locus of a point along which the scale function does not vary. 
Therefore in the conformal case, there are «> ^ scale curves, defined by the 
finite equation ^(a:, y) « const. Wc shall be chiefly concerned with these 
scale curves. In the non-conformal case, there is always a double infinity 
of scale curves. This will be studied in our next paper. 

2. Kasner has proved that the complete system of ® ^ isogonal trajec¬ 
tories of a given base family (M) of i curves upon a surface S is linear (in 
the analytic sense, as distinguished from the algebraic sense) if and only if 
(AO is an isothermal family,® 

This theorem is important in cartography for the following reasons. 
Suppose it is desired to traverse a surface 2 always cutting a given base 
family (AT) upon 2 at a constant angle (thus defining general loxodrames 
with respect to (Af) on 2) in such a way that when 2 is mapped upon a 
plane t, the path described is represented in ir by a straight line (for any 
angle). The above result states that this can be accomplished if and only 
if (AO is an isothermal family of curves. 

If, in addition, it be desired that the base family (Af) consist wholly of 
geodesics upon 2, then 2 must be applicable to a surface of revolution and 
the family (AO must correspond to meridians. If 2 contains more than one 
such isothermal system (AO of geodesics, then it must contain such 
systems (Af) and the surface 2 must be of constant gaussian curvature G.* 

3. Any family of »i curves can represent the scale curves of a con¬ 
formal map upon a plane t of any one of a certain class of surfaces 2. In 
the present paper, we shall say that a family of curves is of the type X if it 
represents the scale curves of a conformal map of a surface 2 upon a plane 
IT such that the gaussian curvature G is constant along each of the scale 
curves. A family of curves/(x, y) «= const., is of the type X if and only if/ 
satisfies a certain partial differential equation of the fourth order* In that 
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event, it is possible to find a function X =» X(f) such that X satisfies the 
partial diJEferential equation; X,, + Xyy =« ^(X). The logarithm of the 
scale function a also satisfies a differential equation of the same form. 

4. Any isothermal family is of the type X but not every family of the 
type X is isothermal. Thus the family of similar ellipses + 2y* = const, 
is of the type X but is not isothermal. We may use the tenn qmsi-iso- 
thermal for the general X type. 

If the GO ^ scale curves of a conformal map of a surface 2 upon a plane ir 
form an isothemial system such that the gaussian curvature G is constant 
along each of the scale curves, then 2 is either developable or applicable 
upon a non-developable surface of revolution. In the fonner case, the 
scale curves may be any isothermal family (and the conformal map is of 
perfectly general character), but in the latter case the scale curves must be 
either parallel straight lines or concentric circles (and tlie conformal map 
is of special character). 

5. A family of the type X (quasi-isothennal) is parallel if and only if it 
consists of parallel straight lines or concentric circles. The associated 
surface 2 must then be either developable or applicable upon a surface of 
revolution. 

If a developable surface 2 is mapped conformally upon a plane with 
parallel curve scales, then the map is the product of an unrolling of 2 upon t 
by one of the transformations Z = s”, Z = log 2 , Z ^ c*, followed by a 
similitude. This is entirely different from the isothermal case where the 
confonnal map is perfectly arbitrary. 

If a surface 2 of constant non-vanishing gaussian curvature is mapped 
conformally upon a plane r with isothermal or parallel scales, then the 
scales must be parallel straight lines or concentric circles. Thus, the only 
conformal maps of a sphere upon a plane with isothermal or parallel scales are 
the Mercator projection {with straight scales) and the Ptolemy stereographic 
and Lambert projections {with circular scales), 

6. A famous theorem of Beltrami states that if a surface 2 is mapped 
upon a plane t in some point-to-point fashion such that its w * geodesics are 
represented by straight lines in tt, then 2 is of constant gaussian curvature. 
We shall study now the situation where not all the geodesics correspond to 
straight lines, but the maximum number of lines arise. 

Kasner has proved that under any arbitrary point-to-point map of a 
surface 2 upon a plane r (or more generally, upon another surface 2^), 
there are at most 3 ^ geodesics which correspond to straight lines (or 

geodesics on 2^). This is called partial geodesic representation. 

In a conformal map, there are at most w ^ geodesics on 2 which corre¬ 
spond to straight lines on r (since the 2 ® ^ minimal lines on 2 already cor¬ 
respond to the 2 00 ^ minimal lines on ir). If a conformal map carries ex¬ 
actly «»^ geodesics of 2 into straight lines of ir, then the scale curves of the 
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conformal mapping must form a paralld curve family^ and the orthogonal 
family is the required system of geodesics.** 

If a surface 2 of constant gaussian curvature is conformally mapped 
upon a plane tt such that oo i geodesics of 2 are pictured by straight lines of 
T, then the scale curves are parallel lines or concentric circles. For the 
cases of a developable surface or a sphere, the maps are the ones given in 
Section 5. 

7. The only families of «> ‘ lines or circles which are quasi-iso thermal 
are the pencils of straight lines or circles. The associated surface S must be 
either developable or applicable to a surface of revolution. This is a 
large generalization of a theorem of Lagrange. 

If a developable surface 2 is mapped conformaUy upon a plane ir such 
that the scales are straight (or circular), the map is the product of an un¬ 
rolling of 2 upon TT by the transformation Z = 2 ” (or either Z — log z or 
Z “ e') followed by a similitude. 

The only conformal map of a sphere upon a plane with straight scales is the 
Mercator projection. The only conformal maps of a sphere upon a plane with 
circular scales are the Ptolemy stereographic and Lambert projections. 

8. The sphere cannot be map|>ed conformally on a plane so that the 
geodesics become straight. Geodesic circles can be mapped into circles, 
but not so that concentric families remain concentric (this is true even for 
non-conformality). 

The quasi-isothermal type of family of curves (for both surface and 
plane) includes the Laplace, Poisson and Helmholtz-Pockels equations 
arising in the theory of heat conduction.® 

^ Presented to the American Mathematical Society, February, 1944. Some of our 
cartographic results have been outlined (for both the conformal and non-conformal 
maps) in Science 98, 324^325 (1943), and in Science News Letter, March 26, 1944. 

® For a recent unified discussion of this theorem, sec the paper by De Cicco, “New 
Proofs of the Theorems of Beltrami and Kasner on Linear Families,” Bull. Am. Math. 
Soc., 49, 407-412 (1943). The original proof appeared in Math. Annclen, 1904. 

* Kasner, “Isothermal Systems of Geodesics,” Trans. Am. Math. Soc., 5, 56-60 (1904). 

^ Kasner, “The Problem of Partial Geodesic Representation.” Ibid., 7,200-206 (1906). 

* See Kasner, “Geometry of the Heat Equation,” Proc. Nat. Acad. Sci.t 19, 267 (1933). 
See. p. 261 for Fialkow^s fundamental geometric property of fourth order, characterizing 
the quasi-isothermal type. 
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THE SPAN OF THE TRANSLATIONS OF A FUNCTION 

IN A LEBESGUE SPACE* 

By L E. Segal 

Ballistic Research Laboratory, Aberdeen Proving Ground, Md. 

Communicated May 16, 1944 

The refined harmonic analysis of a real or complex-valued function on 
the real line^ is connected with the determination of the span,^ in a particu¬ 
lar space, of the translations of the function. That this span depends 
mainly on the zeros of the Fourier transform of the function was first 
indicated by Wiener.® He proved that, for the spaces L and L 2 , the span 
is the entire space if and only if the Fourier transform of the function is, 
in some sense, non-vanishing. At the same time he raised the question of 
how far the analogue to this is true in a general Lebesgue space/ The 
present note is concerned with this question for the type of non-vanishing 
that seemed appropriate for the Fourier transform of an element of such a 
space, i.e., non-vanishing except on a set of lebesgue measure zero. We 
show that non-vanishing of the Fourier transform is sufficient for spanning 
when p > 2, but insufficient when 1 < /> < 2. The precise result is stated 
in the following theorem.^ 

Letf be an element of Lp whose Lp-Fourier transform exists^ where 1 < p < 
c» ; and let (A) and (S) be conditions onf, as follows: 

(A) The real zeros of the Lp-Fourier transform of f cofistitute a set of 
Lebesgue measure zero; 

(B) The translations of f span Lp . 

If p ^ 2, (A) implies (P). If 1 < p < 2^ {A) does not imply (B)—there exist 
elements of Lp for which (A) but not (B) holds; however, {B) implies (A). 

For succinctness of statement, some matters of definition have been de¬ 
ferred; these will now be taken up. 

1. The Lebesgue space Lp is either that of real or that of complex¬ 
valued functions, on the real line, in its strong topology. 

2. A translation of an element, /(*), of Lp is a function of the form 
f{x + a), where a is a constant. 

3. In case p >2 the Lp-Fourier transform of an element, /, of Lp is said 

to exist if / is the ia-Fourier transform of an element of Lq, where® p^^ + 
g-i a- 1 ^ ^—This last relation implies 1 < g < 2; also, for 1 < /> < 2 

the Xp-Fourier transform always exists.) 

Instead of giving a full proof, which would require excessive space, a 
condensed version is presented.^ 

Lemma 1: An element of Lp,/(-)» satisfies (B) if and only if the following 
is true: if g(-) tL, and J" f{x + y)g{y)dy == Ofor aU real values of x, then 



166 


MA THMMA TICS: L E. SEGAL 


Peoc. N. a, S. 


By a result in the theory of Banach spaces,® the translations of/(*) span 
Lp if and only if no non-zero continuous linear functional vanishes on all 
translations. By Riesz* representation theorem,® every continuous linear 

m 

functional on X, has the fonnf X/(‘) = J* f(x)g(x)dx, where g(*) is a 

^ OD 

particular element of The proof is completed by combining these 
facts in straightforward fashion. 

At this point it is logical to divide the proof into two parts, according as 
p ^ 2 ox I < p < 2; the respective proofs, as well as the results, differ in 
general character. 

Case 1: p > 2* This case is distinctly the simpler. The proof is in¬ 
direct; suppose that/('), a function satisfying the hypothesis, fulfills (.4) 
but not (B). By Lemma 1 there exists a non-zero element of g(*)i 

such that J*f(x + y)g{y)dy — 0 for all real values of x. Since 1 < g ^ 2, 
— €0 

the L^-Fourier transform of g(*)» G(*)i exists; by hypothesis, the L,- 
Fourier transform of /(■)> exists. Hence the Parseval formula for 

QO 

Fourier transforms^® applies, in the following manner: J'fix + y)g{y)dy == 

— CO 

00 

J*er^^^F{y)U{y)dy, Noting that F{y)G(y) is an element of L, it follows 

from uniqueness theorems for Fourier transforms, and the fact that /(•) 
fulfills (4), that g(0 — 0, a contradiction. This completes the proof, in 
Case 1, 

Case 2: 1 < p< 2, The proof that (A) does not imply (B) is based on 
two lemmas. 

Lemma 2 : Let N be a closed set of real numbers. Then there eocists a June- 
tion^f that is both in L and in L%^ and whose L-Fourier transform vanishes at 
each point of iV, and at no other real point. 

In case N is the complement of a finite open interval, there exist func¬ 
tions satisfying the conclusion of the lemma, and, moreover, real and non¬ 
negative; this fact follows trivially from a formula proved by Wiener. “ 

ea 

For the general case, put N fliV*, where iV* is the complement of some 

kmX 

finite open interval. Let/^ be a function both in L and L% whose L-Fourier 
transform is real and non-negative and vanishes exactly on N^. Now set 

" where e* is chosen positive and so that the series is convergent 

X w 

both ini. and Ljie.g., take e, * k~^ [|/» ||“\ where ||k(-)ll “ J" lA(*y|(fcc + 
{J' \h{x)\*dxy^', for an arbitrary measurable function h{'). It is plain that 

— Ci 

ff fulfills the condition of the lenunsu 

Lbmmca 3: Let q satisfy q> 2. Then there exists a functien of bounded 
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variation, X(-), that: (1) is purely singular and continuous, {2) has spec¬ 
trum,N, of Lebesgue measure zero, (3) whose Fourier-Stieltjes transform, 
g{*), is an dement of Lg. 

This lemma follows from a theorem of Salem's/® which states: if e is a 
positive number, then there exists a function of bounded variation on the 
interval (0, 2w), K{-), that is purely sin^Iar, continuous, with spectrum of 

2ir 

measure zero, and such that g{n) where g{t) = J^e^^^dRix). 

0 

It will be shown that this fimction g(-) is an element of Lg for every g > 

^ arbitrarily small, the proof will then be complete. 

Defiuing n{~ n{t)) by » — V 2 < / < « + V 2 , and integrating by parts, 
g{t) = » i{t - TakingabsoM^ 

m ofr 

values, and applying Minkowski’s inequality, (S\i{t)Ydty^^ ^ + 


_ 00 


CD 


where h(n) = J'^’‘\J],’‘e*’'“dK(,u)\dx. There- 


fimz ^ a> 


fore, it is sufficient, now, to show that {g(»)} and {h(n)} are both in Ig, 

2 

where q is an arbitrary number greater than --^ (a general element of Ig 

1 Ae m 

is, here, a doubly infinite sequence 5(«) (« = 0, 1, ...) for which 

H M ... CO 

is convergent). 

That {g(w)} €is plain from Salem’s theorem. Toshow {h{n)\ tig, 
a formal analogue to Parseval’s theorem is employed, obtaining: 

*• — 00 

this equation will now be established rigorously. Clearly, it is sufficient to 
show the following: if 5( •) is a continuous function of bounded variation 
on (0, 2ir) such that { s(n )} c for some t < <», where .?(n) »= Jl^''e**^**dS{u), 

then jydSiu) = 2 s(m){Jl’‘e~'”'‘‘du). Letf(x, r) - ]f) 

00 00 

where 0 < r < 1. It is easy that: 

( 1 ) fix, r) - 1 z r irTdT +T^' 


is absolutely continuous, for r constant; (3) the Fourier-Stieltjes co- 

t I & 

efficients of S{x, r) are {r’*' 5 (n)); (4) ^ S{x, r) € L%{0, 2v), for r constant; 
(6) fWiu, f) - ^ E (6) 

^ m m 

^<i(w)|s(»«)|, where«i(0)»2Tand<i(f»)=»2w“*for»»#0; (7) E <^(»*)|*(*»)| 
<<»:(8) 2 ► E: ijt*«~*"‘“du)sim), m r-* I] 

mm — •# mm — «» 
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(9) JVfi^ “ ^)du is bounded for 0 < x < 2ir, 0 < r < 2ir, 0 < r < 1, 
and converges to 1 or 0 as r 1 according as x > v or x < v, re¬ 
spectively; (10) Jo^d^Siu, r) JYdS{u)j as r —► 1. Combining (5), 
(8) and (10) yields the stated equation. 

The proof that {h{n)\ t Iq can now be completed. Taking absolute 
values in the expression for and integrating shows that h{n) ^ 

a> 

E d{m)\g{m + n)\ {d{-) as defined in (0), preceding paragraph). It is 

m~- w 2 

plain that {g(w)} t /„ for every u > ———, and {d(«)} « U for every v > 1. 

JL 

Applying a theorem of Weil'sconcerning the spaces that contain the 
convolution of two functions in given spaces shows that {/t(«)} e Iq- 

Now the proof that {A) does not imply (B)^ in Case 2, will be concluded. 
Let g(*)t K{^) and Wbe as in Lemma 3. By Lemma 2 there exists a func¬ 
tion, /(*) that is an element of both L and and whose L-Fourier trans¬ 
form, F{ •), vanishes exactly on N. It is trivial that/( *) is an element of Lp 
and satisfies {A ); that /(•) fails to satisfy (B) will now be shown. By the 

Fubini theorem, J* J{x + y)g{y)dy = S^“^^^P{y)dJ^{y)- Since F( •) van- 

oc» w 

ishes on the spectrum of iC( •)» the latter integral is zero. From Lemma 1, 
it follows that (J9) is not valid. 

To prove that (jB) implies (^) in Case 2, suppose this false; lct/( •) he an 
element of Lp that satisfies (B), but not (.4). From the latter fact it follows 
that there exists a measurable set of finite positive measure, 5, on which the 
Xp-Fourier transform of /(•)» F’( •)»vanishes. Let G( •) he the characteristic 
function of 5. Plainly G( ) « X^; therefore G(‘) is the X^-Fourier trans¬ 
form of an element of X,, g( •). Using the Parseval formula as in the proof 

for Case 1, it follows that S + y)giy)dy = 0 for all real values of x. 

Therefore, by I.^mma !,/(•) does not satisfy (B), a contradiction.^® 

* The work reported in the present note, except for the present proof of Lemma 3, was 
done from May to July of 1940, largely at Yale University. 

^ A complete analogue to our results holds for functions on an arbitrary locally com¬ 
pact Abelian group. The proof of these general results is formally the same as in the 
case of the real line. A full statement and proof will be given in a paper to be offered to 
the Trans. Amer, Math. Soc. 

’ By the span of a set of element wc mean the least closed linear manifold containing 
the set. 

* Wiener, N., "Tauberian Theorems," Ann. Math., s. 2, 33, 1-100 (1932). 

* Ibid., p. 93. Wiener stated that he suspected an analogue was probably true for 
1 < ^ < 2 and possibly true more generally. 

^ This theorem and its proof can both readily be extended to the case of the transla¬ 
tions of a set of functions; the case of a single function seems fundamental, however, 
and we therefore postpone treating the case of a set of functions to the paper referred to 
in footnote 2. 
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• This relation defines q for the rest of the paper, also. 

^ A more detailed proof will be included in the paper referred to in footnote 2. 

• Banach, S., Thiorie des opSrations UnSaireSf Warsaw, 1932, p, 57; “Lemme.'' 

• Riesz, F,, "Untersuchungen fiber Systeme integrierbarer Funktionen," Math, Ann., 
69,449-497(1910); p. 475. 

“ See Titchmarsh, E, C., Theory of Fouruir Integrals, Oxford (1937), p. 106. 

“ Wiener, N., The Fourier Integral and Certain of Its Applications, Cambridge, England 
(1933), pp. 49-50. 

The spectrum of a function of bounded variation consists of all points such that the 
total variation of the function is positive over every neighborhood of the point. 

*• Salem, R., “On Singular Monotonic Functions of the Cantor Type/* Jour. Math, 
and Phys„ 21, 69-82 (1942). 

Weil, A., *'L’Integration dans les groupes topologiques et ses applications," Act. Sc. 
et Ind., No. 869, Paris, p. 56 (1940). 

“ We are pleased to thank J. D. Tamarkin and A. Zygmund for suggesting a modifica¬ 
tion in the statement of Lemma 2 which results in a shortening of this part of our proof. 

It seems noteworthy that this argument holds for /> »> 2 also, and together with the 
proof for Case 1, provides a new and somewhat simpler proof of Wiener’s theorem for 
the space L*. 


ON THE SOLUTION OF A GENERAL TRANSFORM 

By I. S. Reed 

Dbpartmbnt op Mathematics, California Institute op Technology 

Communicated May 15, 1944 

The purpose of this paper is to give a brief extension to the solution of a 
Watson transform with an uns)rmmetric kernel. The solutions with sym¬ 
metrical kernels are already well known from the work that has been done 
by Hardy, Watson, Titchmarsh, Goodspeed and others. 

Theorem. If, 

(i) a{u) and j8(w) are reciprocals of integral functions which take real values 
on the real axis, 

(it) r{u) is an integral function such that ifu^v + iw 

0<J5<ir, 0<l?<ir. 


r{») 


a(l + u) 


<Cie 




r(- « - 1) 
/ 3(1 + u) 


(Hi) k(s) ■■ a(s)/0{l — s), h{s) = /S(j)/«(1 — s) saH^ k{s)h(l 

and are tiie Mdlin transforms of K{x), H(x), respecHvdy. 

hO/t + U).. , ... , 

belong to L\—a>, <»), 


s) = 1 




V# — it 


V* 


it 
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Then / - converyes for 0 < x < and is represented by fix) 

jLj a{n + 1) 

« “»0 

of L‘^(0, 00 ) for all positive x, and J\^"^f{x)K{xy)dx = where g{y) is 

l)V(-« — 1)* 

00 ) and is the analytic rontinnation for all positive y of y --—~ . — - 

"V. 1 / 

w <*0 

which converges for 0 < y < e' ‘. Also JlCg{x)H{xy)d:: = f{y) for y > 0. 
Hence f{x) and j^(x) are the general transforms of the unsymmetrical kernels 
K{x) and H(x). 

Proof, Now by Cauchy's theorem, 




fix) = 


H 0 


(- 1 )" 


ri n)x” 
a(n + 1) 


(V2«) / - t: -““ 

SltlTTW a(l “ U) 


when 0 < a < I, By condition (iv) the integral reprcvsentation holds first 
for 0 < X < and by analytical continuation it converges uniformly in 
any interval 0 < JCn a: < Xd A\sof{x) = for all positive Thus 

by moving the line of integration across the origin, changing the integral 
only by a constant, and then taking a < — V 2 for the lower limit of integra¬ 
tion and a > — V 2 for the upper limit, we see that {/(j^)} ^dx < <» 
or is integrable in the Lebesgue sense L*(0, «>). 

It follows then by Theorem 129 of Titchinarsh’s Fourier Integral and its 
extension to unsymmetrical formulae mentioned in Section 8.9 that from 
condition (iv) and from f{x) being a function of L^(0, <»), that the formula 
^(y) “ Jlrf{'^)K{xy)dx defines almost everywhere a function g(y) belonging 
to CO) and that also the reciprocal formula f{y) = (xy)rfjc 

holds. 

In particular, 



f{x)K{xy)dx ^ (V 2 W) 


J) / , 

*/a —•‘iw SI 


Ttdu r{ — u) 


sin (?rtt) a(l -- u) 
r{-u) 


X 


tX3 


K{xu)x ^dx 


Ja-ioo Sin (xm) a(l — u) 


('A«) 

Ja*-% 


--—. ~(iu 

»« sin (xtt) 0{u) 


— “-(Vairf 


/’a-l- 

/ 


rdv r(-v - 1) , 


« sin (nr) ^{v + 1) 


y dv 


CD 




« *>0 


fiin + 1 ) 
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Thus the proof is complete. 

Example. When — Va ^ ^ < V2 it is well known that if K(x) — Fi/(x) 
then 

il{x) = x^UMxY 

and in this case if 

ais) - 2*'+ V4)sec(V2»' - V 2 A’ + V4)7r 

then 

m - 2^'T(‘A*. + + ^Mcsc(V2^' + ^/2P + V4)7r 

hence if W ” + V4 

ir> 

fix) = Z) i'-x/ v/ 2 )"r(w) cos (‘/jv - 'An + V 4 )’r/r(A^) 

)»** 0 

g{x) - Z (-a:/V2)'V(-n - 1) sin {'A*' + 'Ah + V4)H/r(iV). 

« « 0 

If, moreover, f{n) — sec(V2J' — V2W + 'A), then r( —w “ 1 ) ~ sec(V2J' + 
V2W + V 4 ) 7 r and so 

OD 

g{x) = Z(-W2)'' tan {Nt)/V{N) = 

fi *•0 

X( 5 r) tan ('A*' + V 4 ) 7 r + m(^) cot (V2^ + ^/a)'x 

where 

“ 2Z(V2A^^)”/r'(V2J' + w + Vi), 

mW = Z ('A3c’)"+'^VI'('/ 2»' + n + ‘A). 

«-() 

Also 

/W = Z {-Xjyl2y'/\\N) = XA) - mW. 

«-0 

Again, if 

r("-w “ 1 ) = CSC (A/^tt), then r(«) — esc (^A*' — ‘A^ + V4)2r 

and 

g{x) ~ X(jc) “ ju(x),/(x) « X(:r) cot (V2J' + V4)ir + nix) tan (VaJ' + V4)2r. 
Also it is known that* 

^iy) - mC'v) = yo"{XW “ n{x)}{xyy^'Mxy)dx 


SO we obtain the identity 
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X( 3 ,) -^(y) = /o”{X(*) - ^(x)} ixy)'''Jy{xy)dx 

=*= — Jo"" [X(x) cot (*/*»' + ‘A)^ + ii{x) tan (‘/ii' + *A)*'l 

ixyy'‘Hv{xy)dx 

— Jo” [X(*) cot Q/t» + VOir + m(*) tan (Yjk + 'A)*’] 

{xyy^’Yv(xy)dx 

also 

/o’ [X(*) cot (V.^ + + fiix) tan (V,^ + ‘A)^ (»y)’/'[/fK*y) + 

Yy(xy)]dx *= 0. 

> Hardy, G. H., '"Ramanujan and the Theory of Fourier Transforms/* Quart. Jour. 
Math. {Oxford series), 8, 345-254 (1937). 

* Titchmarsh, E. C., Theory of Fourier Integrals, p. 216 (1937), Oxford. 

* Hardy, G. H., Ramaniijan, p, 208. 
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A SPECIFIC ABNORMALITY ASSOCIATED WITH A VARIETY OF 

GENOTYPES 

By L. C. Dunn and S. Cluecksoiin-Schoenhkimer 
Dkparimkn’t of Zoology, Columhia University* 

Conimuuicated June 13, 1944 

We have found recently a hitherto undescribed hereditary syndrome of 
abnormalities in the house mouse, in which a similar set of developmental 
changes in the gut and urogenital system apjiiears as the expression of any 
one of about a dozen different genotypes, comprising seven different muta¬ 
tions with marked effects on the axial skeleton and tail. The results of a 
preliminary study suggest that the abnomiality arises whenever some 
process in early development is suUiciently deflected from its normal path 
and that the different mutations affect this process in different degrees. 
It can be inferred from the genetical study that the process involves an 
inductive relationship by which the normal development of the posterior 
gut and urogenital system is connected with the development of the axial 
system. 

An account of the morphology of the syndrome and of a detailed anal¬ 
ysis of its inheritance and expression in some of the genotypes is being 
published elsewhere. The present note records the occurrence of the ab¬ 
normality as a common type of responsi* to a number of mutant changes. 

The syndrome was first noted in one family of tailless mice in which 
certain offspring which were alive at birth lacked both anal and genital 
apertures and died shortly after birth. Further study of such abnormal 
animals from this and other stocks showed that the essential feature of this 
abnormality in all stocks is the simultaneous failure of development of the 
posterior parts of tlie gut and of the urinary duct, often resulting in an 
abnormal condition in which colon and urethra remain connected, forming 
a cloaca which, however, has no external opening. Nearly always the 
rectum is absent or vestigial and the anus fails to form. In some cases, 
kidneys, ureters, genital ducts and bladder are missing or abnormal but 
these are not constant parts of the basic syndrome and the frequency of 
these abuonnalities varies in different genotypes. The syndrome is 
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diagnosed at birth by the imperforate anus, absence or underdevelopment 
of the genital papilla and complete failure of urinary excretion. It is 
probably the latter feature which-brings about the early death of animals 
with this syndrome. This abnormality has been found regularly in the 
following genotypes at birth: 

1. Sd Sd. Sd is a dominant mutation producing a short tail and kidney 
defects in heterozygotes; homozygotes Sd Sd always show the full syn¬ 
drome of imperforate anus and true cloaca without excretory duct and in 
addition are tailless and generally have no kidneys (cf. Gluecksohn- 
Schoenheimer*). 

2. uti, JV** is tailless (cf. Dunn® for review of effects of T and re¬ 
lated tail mutations), w is a new recessive which in combination with TiP 
produces the imperforate anus and urogenital syndrome in all dr nearly all 
uu animals. 

T+ uu —short-tailed animals which show the syndrome in a large pro¬ 
portion but not in all homozygotes. 

+ + —animals with short contorted tails, weak, sterile and stunted; 
but showing the syndrome in a small proportion (about 10 per cent) of 
homozygotes. 

3. Ki r/++; Ki (Kink tail) is a mutation closely linked with T, and 
producing in combination with T a shortened kinky tail or complete 
taillessness (Dunn and Caspari^). The syndrome has appeared in about 
half of the animals of this genotype, often accompanying an abnormality 
of the spinal column, spina bifida aperta, in the sacral region. It appears 
also in animals of genotype KijT but its frequency in this genotype has 
not been established. 

4. r/+ this genotype is always tailless, frequently shows spina 
bifida aperta, and more than half of the newborn animals have the im¬ 
perforate syndrome and die shortly .after birth. 

5. Ki r/+ + ; tailless, often with syndrome and with ab¬ 
sence or abnormality of kidneys more severe than is found in . 

6. 5y/+* tailless; occasionally like 5. 

7. FulFu; Fu is a tail mutation closely resembling Ki. It acts as a 
semilethal, some Fu Fu being viable. Fu is closely linked with Ki and T 
(Dunn and Caspari®), In nearly all Fu Fu animals at birth (25 out of 
26 dissected) the kidneys are missing or reduced; while 9 out of 26 showed 
tlie imperforate syndrome. 

8. Fu/fi X Fu/f. The offspring of this cross are Fu/Fu or Fu/fi 
since ^ is lethal and prevents recombination in this area (Dunn and 
Caspari, in press). Many of the offspring show the same conditions as 
described in 7 above. 

9. Z'V+; Sd/+. This combination frequently shows the imperfo* 
rate syndrome and nearly alwa)^ has kidney defects more severe than 
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those associated with Sd alone. It appears that Fu and Sd show some 
cumulative effect in increasing the extent of urogenital abnormality. 

Pu+ KiT + 

10-11. In litters containing the genotypes - - and --—animals 


with the syndrome and suspected to be of the above genot 3 rpes have been 
found. Because such animals die shortly after birth it has been impossible 
to verify the diagnosis of genotype. 

In general, it can be seen that the same syndrome or parts of it tend to 
appear when u, Sd, Ki and Fu, are present in combination with each other 
or with r, or /*. It does not appear when only the latter mutations 
are present. The frequency witli which the syndrome appears in the 
different genotypes is variable and probably depends in part on factors, 
other than those named, in which the animals differ, since it has not yet 
been possible to prepiire isogenic stocks. For example, when the Ki T 
chromosome was derived from one male about half of the offspring which 
received it showed the syndrome, while of those receiving it from other 
parents, a much smaller proportion were abnonnal. In spite of this 
variability, it is evident that animals homozygous for Sd Sd always show 
the full syndrome, while those with uu Tf nearly always show it. One 
other homozygous combination, Fu Fu, is sometimes viable until after 
birth, and although it shows the imperforate condition in only about a 
third of the newborns, all of them show related effects on the kidneys. 
Homozygosity for one of the three factors Sd, u or Fu thus produces a 
high probability that urogenital development will be abnormal. The 
other mutations involved, Ki T, and are all lethal before birtli when 
homozygous and their effects on producing the syndrome can only be ob¬ 
served in heterozygous combination. It is noteworthy that of the many 
simple heterozygotes observed, Ki/+, r/+, /V+» fV+» Ful-\-, «/+ 
and *Sd/+ none has been found witli this abnormality. On the other 
hand, it is often found in animals heterozygous for two or more of these 
mutations, e.g„ Ki T; Ki T/F or U; Fu/F or U; Fu/T; Fw/+5d/+; 
Kij-^rSd!'^, etc., indicating that one dose of each of these is able to in¬ 
crease the effect of one dose of any other one, in a manner similar to the 
interaction of two doses of the same allele in the viable homozygotes such 
as Sd Sd. The frequency of abnonnal animals, however, appears to be 
lower among heterozygous combinations than among homozygotes. 

These facts may be explained on the following hypothesis. Each of the 
mutations concerned has a quantitative effect on some process concerned 
with development of the posterior spine tending to cause it to fall be¬ 
low its normal level. This produces abnormalities or absence of tail 
vertebrae in all combinations of these mutations, and abnormalities in 
the sacral region at least in most combinations. (Spina bifida aperta is 
regularly found in 5a 5a, often in Ki Tffi or Ki/T, Ki T/Fu, Fu/fi or t\ 
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Fu/Fu.) When the posterior axial region is sufficiently defective, it fails 
to provide the normal inductive stimuli which regulate the development 
of the posterior gut and minary ducts, and particularly the separation 
of the urogenital sinus from the rectum. This assumption is based not 
on embryological evidence but on the evident connection between ab* 
nonnalities of the posterior spine and urogenital system. 

The hypothesis implies that the mutations studied («, Sd, Ki, 7*, Fu, ^ 
or /') have some effect in common which underlies the process or processes 
leading to the abnormal connection between gut and urinary duct. They 
apparently differ in their effects on certain other processes since each 
mutant probably has peculiar effects on tail form by which it can be 
identified. Further study may, of course, reveal differences in the uro¬ 
genital effects of the different mutants, but the essential features of the 
syndrome, failure of posterior gut and urinary duct and absence'of anus, 
appear to be the usual type of response of the embryo to anatomical de¬ 
fects brought about by a number of independent mutations. 

* The experiments reported were carried out with the aid of a grant from the Josiah 
Macy, Jr,. Foundation of which grateful acknowledgment is made. 

^ Gluecksohn-Schoenheitner, S., GeneiicSt 28,341-348 (1943). 

* Dunn, L. C., GrowlK 5, 141-161 (1941). 

* Dunn, L, C., and Caspar!, E., these Proceedings, 28, 205-210 (1942). 

^ Reed, S. C.. Genetics, 22, 1-13 (1937). 


CAN SPECIFIC MUTATIONS BE INDUCED BY SEROLOGICAL 

METHODSr 

By a. H. Sturtevant 

The W. G. Kkrckhoff Laboratories op .the Biological Scibncbs, California 

Institute of Tbchnoloov, Pasadena, Calif. 

Communicated July 5, 1944 

It has been suggested by Haldane (1936) and by Irwin (1939) that many 
of the erythrocyte antigens of birds and mammals are rather direct gene 
products. The reason for this view is that (if we except a portion of the 
antigens present in species-hybrids of doves) there is a one-to-one cor¬ 
respondence between the presence of specific single genes and specific 
antigens (see summaries for man by Boyd, 1939, and Wiener, 1986, for 
rabbits by Castle and Keeler, 1933, for fowls by Todd, 1936, for doves and 
pigeons by Irwin, 1939). In these cases there is—with the exception noted 
—no evidence for gene interaction, either between allelomorphs or be¬ 
tween genes^at different loci. 
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The same conclusions may be applied to the genes and antigens re¬ 
sponsible for the specificity of transplantation compatibility in mammals. 
The results of Loeb and Wright (1927) with guinea pigs show that trans¬ 
plantation is successful only if all the specific genes of the donor are present 
in the host. This evidently means that the host forms antibodies to any 
antigen present in the donor tissue, unless the same antigen is present in 
the host also. The genetic results mean further that these antigens are 
numerous, and that here also there is no gene interaction. Similar con¬ 
clusions may be drawn from the experiments on tumor transplantation in 
mice. 

As pointed out by Haldane (loc. cit.), this conclusion suggests that 
there may be some common configuration in the molecular structure of an 
antigen and that of the gene responsible for it. If this common con¬ 
figuration concerns that part of the antigen that is responsible for its 

specificity—and such a relation is implied iti the suggestion.there are 

certain further possibilities to be investigated. 

As is well known (see discussion by Landsteiner, 1936), there are two 
distinct properties of an antigen—tliat of inducing the formation of a 
specific antibody, and that of reacting with the specific antibody. These 
two properties evidently depend on the same specific configuration; but 
for the first it is usually (probably always) necessary that the specific 
configuration be present in or chemically attached to a protein, while for 
the reaction with the antibody such an association is not necessary. 

These considerations lead to the supposition that, if a particular gene is 
responsible for the formation of a given antigen, then there is a possibility 
that the antibodies induced by this antigen may react with the gene. If 
this possibility exists there is a series of consequences that are of interest 
to the geneticist. 

One such consequence is that it becomes possible to interpret the old 
experiments of Guyer and Smith (1920, 1924) with rabbit lenses. As is 
well known, the lens protein has sj>ecific antigenic properties. Guyer 
and Smith reported that they imxtiunized fowls to rabbit' lenses, and in¬ 
jected the immune sera into rabbits. There resulted lens defects in the 
offspring, and these defects were inherited, both through females and 
through males. These experiments have been criticized, and Finlay (1924), 
Huxky and Caxr-Saunders (1924) and Ibsen and Bushnell (1934) have 
failed in attempts to confirm them. I am, however, informed by Professor 
R, R. Hyde that his experiments (still in progress) have given confirmatory 
e^ddence. On the basis here suggested, the mechanism of such a result is 
deer: The lens protein does not ordinarily get into the circulation, so the 
animal neither forms antibodies to it nor binds them when immune serum 
is. injected. These antibodies are, therefore, free in the circulation in the 
injected rabbits, and some of them combine with the specific genes (in the 
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germ cells) that are responsible for lens antigen—presumably inactivating 
them. If the results can be confirmed, and if this interpretation is correct, 
we have here a method for the induction of a specific mutation. 

Guyer and Smith interpreted their results as demonstrating the in¬ 
heritance of an acquired character. On the interpretation here sug¬ 
gested, it becomes a matter of terminology whether they are properly to 
be so described. It does appear, however, that other cases cited in sup¬ 
port of the Lamarckian view should be reexamined with the gene-antigen- 
antibody possibility in mind. A casual survey of the literature leads me 
to suppose that the most likely additional example is that reported years 
ago by Brown-Sequard. In this case the interpretation might be that 
guinea pigs are capable of producing antibodies to their own nervous 
tissue when it is injured. 

* This manuscript was written in 1940, and was submitted to Dr. Hyde, whose experi¬ 
ments are referred to as forming much of the basis for the conclusions. Dr. Hyde gave 
his permission for the reference to his work; but I felt that he would prefer to wait until 
he could carry out more experiments, and I therefore did not publish. Two factors now 
influence me to publish the note: Dr. Hyde’s death in 1943, without his having published 
his results; and the results of Dr, Emerson, described in the accompanying paper. The 
note stands as written in 1940, though a few minor changes might now be desirable. For 
more recent references, see the paper of Dr. Emerson. 

Boyd, W. C., Tabulae Biologicaet 17, 113-240 (1939). 

Castle, W, E., and Keeler, C. E., Froc. Nat. Acad. Set., 19, 92-98 (1933). 

Finlay, G. F., Brit. Jour. Exper. Biol., I, 201-213 (1924). 

Guyer, M. F., and vSmith, E. A., Jour. Exper. ZooL, 26, 65-82 (1920); Ibid., 38, 449- 
475 (1924). 

Haldane, J. B. S,, Reun. plen. soc. biol., pp. 1-14 (1935). 

Huxley, J. S., and Carr-Saunders, A. M., Brit, Jour. Exper. Biol., I, 216-248 (1924). 
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Springfield, Ill., 178 pp., 1936. 
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IIIE INDUCTION OF MUTA 710 NS BY ANTIBODIES* 

By vSterling Emerson 

The VV. G. Kkkckmoff LABOKAiokiiis of the Biolooicae Sciences, California 

iNSTlTHTIi OF TECHNOLOGY, PaSAHENA, CaLIK. 

Communicated July 5, 1944 

In most biolo|2;ical syntheses each step is controlled by a different gene. 
This conclnsinn was suggested by such combined genetic and biochemical 
studies as those on the anthocyanin pigments* from which it appeared that 
a particular gene regulates the oxidation (or inethylation, or the nature 
of the glucosides) at particular carbtm atoms of the anthocyanin mole¬ 
cules. Studies of the eye pigments <)f Drosophila^ and the hair pigments 
of guinea pigs^ each indicate that the different steps in a particular synthesis 
arc controlled by different genes. Almost overwhelming support for the 
conclusion is coming from studies of “biochemicar' mutations in Neuro- 
spora.** 

Studies of inherited antigenic differences in many species® agree in 
showing that the immunological specificity of an individual antigen is 
determined by a single gene, as if the development of antigenic specificity 
represents but a single step in the synthesis of the antigen. The synthesis 
of genes may represent an analogous instance. “The most fundamental 
—in fact, the unique and distinctive—characteristic of a gene is . . . the 
fact that, in its jirotoplasmic setting, it produces a copy of itself, next to 
itself, and that when its own pattern becomes changed, the copy it now 
builds is true to its new self.”® In the terminology of this report: the 
specificity of a gene is determined solely by a gene of identical specificity to 
that synthesized. 

The possibility that a gene impresses a copy of its own antigenic speci¬ 
ficity on the antigen it regulates can, under sufficiently favorable circum¬ 
stances, be tested experimentally. Antibodies to such cellular antigens 
should combine with the genes whose antigenic structure is the same as 
that of the immunizing antigen. There is no certainty that the gene- 
antibody reaction can be recognized by the usual serological techniques. 
There is the chance, however, that if antibodies combine with genes at 
the time they are “producing copies of themselves,” the presence of the 
antibody molecule would so alter the surface of the gene that the copy 
produced would have a changed structure. Such alteration in genic 
structure should, on the basis of this reasoning, result in some change in 
the physiological or developmental step regulated by the gene in question, 
and the antibody-induced change should be recognizable as a mutation, 
as pointed out by Sturtevant in the preceding paper.’ 

While the series of events just postulated presents numerous conditions 
to be met in an experimental attack, there are certain recorded cases which 
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appear to fit this interpretation. Of these the only one in which anti¬ 
bodies to a relatively pure antigen have induced changes of proved herit¬ 
able nature is that reported by Ouyer and Smith and discussed by Stur- 
tevant J The instances of apparent induction of mutations in bacteria by 
specific antisera, while suggesting the same interpretation, do not fulfil all 
conditions since the absence of these organisms 

makes the genetic proof of mutation impossible. Probably the most 
thoroughly worked out example of changes following treatment with 
antisera is the smooth to rough transformation in pneumococcus.^ The 
smooth, or virulent, form produces a polysaccharide envelope (chemically 
and immunologically specific to the type) which is absent in the rough form. 
Changes from smooth to rough rarely occur spontaneously, but are abun¬ 
dantly produced by growth in antiserum to the specific type. While, from 
the published accounts, it seems probable that the loss of the capacity to 
synthesize the polysaccharide is directly iii^uced^ 1^ antibodies to the 
polysaccharide, it is still impossible to rule out the alternative interpreta¬ 
tion that the antibodies act as a powerful selective ageut favoring those 
rough cells which occasionally arise spontaneously. 

The ascomycete, Neurospora crassa, was selected for the experiments to 
be reported because of its favorable genetic and cultural characteristics.^ 
The general plan of the experiments was to treat the fungus with antisera 
(developed in rabbits to mycelial extracts or culture filtrates), isolate 
strains descended from single nuclei (obtained by crossing to the opposite 
sex and selecting ascospores), and to test the isolates for deficiencies in 
growth on different carbohydrates.*^^ The results of the experiments are 
summarized in the accompanying table. 

To test the genetic homogeneity of the strains used (Beadle's lA and 
25a) conidia of one sex were dusted over cultures of the other .sex in which 
properithecia had already developed. Since the nuclei from one conidium 
do not ordinarily take part in fertilization in more than one perithecium,“ 
it is possible to sample genes from a large number of nuclei of the conidial 
parent by testing one isolate from each perithecium. The untreated 
controls listed in the table were handled in this way. Whenever conidia 
were treated with antisera the isolates were obtained in the same way, but 
in those instances in which the mycelial stage was treated the method was 
modified, and there is the possibility that more than one isolate was de¬ 
scended from a single treated nucleus. 

The data indicate a much greater variability in the treated material 
than in untreated controls. No statistical analysis is attempted because 
the tests for variants were not strictly comparable from one experiment to 
another. In any one experiment, however, the controls were tested at the 
same time and in the same way as the treated isolates» and the differences 
are consistent throughout. 
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Of the variants listed, eleven have so far been subjected to genetic test, 
and each of these has differed from the wild-type parents by a single gene. 
Evidence from genetic tests and from tests of heterocaryons*® indicates 
that four variants (Nos. 1077, 1083, 1092 and 1095) from one treatment 
represent different alleles of a gene by which the parent strains (lA and 
25a) differ from another pair of wild-type strains (Beadle's 4A and 12a). 
At least tliree other variants represent mutations at three other loci. 


MATLtKJAI. 


IMMUNIZING 

CKOS»EU 

TOTAU 

ISO¬ 

— 

-VAKIANTS- 

TRKATKD 

TREATMENT 

ANTtGKN 

TO 

LATES 

NO. 

tDBNTlPlCA TION 

M yceVuim 
(if 25ti 

.'^0% antiseniin, 27^ Mycelial extract 
hrs. at 2i>" 

Vntreated lA 

10 

1 

No. 860 


r(t>% aiitiseruni, 27 
hrs. at 2r.'' 

tlullurc filtrate 

I’ntreated lA 

21 

0 



oO% normal scrum, 
27 hrs. !it 2:> ’ 

None 

I'litrcutcd JA 

12 

0 

(Control) 

Conidia 
of IA 

100% antiserum, IJ 
hrs. at 

Culture filtrate 

Hntrealed 25a 

62 

4 

Nos. 1077, 1083, 1092 
1095 


Nolle 

None 

entreated 25tt 

03 

0 

(Control) 

Mycelium 
oi lA 

100% antiserum, *18 
hrs. at 25 ' 

Culture filtrate 

25a, same 

treatment 

as lA 

128 

1 

No. 1874 


Same, but two 2- 
day transfers 

Culture filtrate 

2oa, same 

treatment 

as lA 

71 

2 

Nos. 1905, 2006 


Same, but four 2- 
day transfers 

Culture filtrate 

25u, .same 
treatment 

as lA 

210 

>> 

Nos. 2195, 2679 

Conidia 

Same, but five 2* 
day transfers 

Culture filtrate 

llntreated 2fm 

94 

I 

No. 2012 

of lA 

None 

None 

I’ntrcBted 25a 

170 

0 

(Control) 

Conidia 
of 2r>a 

100% antiserum 
overnight at 2"^ 

Starch adsorbed 
enzymes 

Vntreated lA 

13 


Nos. 5131,5168 


100% antiserum 
overnight at 2'^ 

Starch adsorbed 
enaymea 

Vntreated lA 

30 

4 

Nos. 6176,5177, 5269. 
5294 


100% antiserum 
overnight at 2*^ 

* 

Amm. sulphate 
preci plated 
culture fill. 

Untreated lA 

31 

H 

Nos. 5139 5191.6201 


100% antiserum 
overnight at 2'" 

Amm. sulphate 
precipitated 
culture Alt. 

Untreated lA 

20 

5 

Nos. 5007.5008. 5031. 
6204. .6211 


None 

None 

Untreated lA 

Total treated 
Controls 

31 

095 

276 

0 

25 

0 

(Control) 


With the exception of two morphological mutations^ all variants so far 
obtained differ from the wild type by deficient growth ** when cultured at 
standard temperatures and on carbohydrate substrates normally utilized 
by the wild type. None has yet been obtained which fails to use a par¬ 
ticular carbon source under all conditions. 

The data just presented indicate that antibodies (or possibly some 
other serum constituent whose r61e is unsuspected) influence the fre- 
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quency of recoverable mutations. The indications are that the mutations 
are induced rather than selected by the treatment, since prolonged treat¬ 
ment of mycelium (during which considerable growth occurs) seems to be 
less effective than a relatively vShort treatment of conidia (where few 
nuclear divisions can have occurred). This difference was especially 
noticeable when conidia were treated at low temperatures which tend to 
favor more complete antigen-antibody reactions (e.g., in the precipitian 
and complement-fixation tests). The apparent deficiency of variants 
following prolonged growth in antiserum can be interpreted either as a 
result of selection against the mutated nuclei, or on the assumption that 
nuclei alreatly affected are more likely to be further affected by anti¬ 
bodies, resulting in inviability. 

While the immunizing solutions were known to contain many car- 
bohydrascs, the antibodies produced have not been identified in terms 
of specific antigens.On the present interpretation, the four members of 
an allelic series may have ariseti in response to one sort of antibody, the. 
three independent gcncvS to three other .sorts. 

The material seems well suited to the problem under discussion, but 
there are certain refinements to be adopted. Fertile wild-type stocks 
which lack the growth deficiencies of lA and 25a, and which give as little 
variation as possible when intercrossed are being developed. Further, 
in order to observe a direct relationship between specific genes and anti¬ 
bodies it will be necessary to make use of antigens which can be isolated 
in relatively pure form. It may be essential to select antigens which 
are not in themselves indispensable to the organism, otherwise viable 
mutations are not to be expected. 

* Work supported iti part by a grant from the Rockefeller Foutidation. The author 
wishes to express his iudebtedness to Professor G. W. Beadle for the stocks of Neurospora 
used and for making available unpublished methods developed by him and his collabo¬ 
rators. 1 am also indebted to my colleagues in this Institution and at Stanford tlniver- 
sity for many helpful discussions. 

* References in Scott-Moncrieff, R., Joux. GenetieSfiZ, 117-170 (1930), and Lawrence, 
W. J. C., and Price, J. R., BioL Rro., 15, 35-58 (1940). 

* References in Beadle, G. W., and Tatum, P-. L., Anter, JVaf., 75, 107-110 (1941), 
and Ephrussi, B., Qiiari. Rev. Biol, 17, 327-338 (1942). 

* ]^ef<^ences in Wright, S., BioL Symposia, 4, 337-365 (1942). 

* Beadle, G. W., and Tatum, E, L., Proc. Nat. Acad. Sci,, 27, 499-500 (1941); Tatum, 
E. L., and Beadle, O. W., Growth, Fourth Growth Symposium, 6, 27 -35 (1942), etc. 

* For example, the heritable erythrocyte antigens of man (Landsteiiier and others), 
of fowls (Todd). of rabbits (Castle and Keeler), see references in Wiener, S., Blood Groups 
and Blood Tranjusion, 2nd cd., Charles C Thomas, Springfield, III., 1939; references to 
the Hh-faclor in man in Wiener, A. S., and Landstciner, K., Proc. Soc. Exp. Biol. Med., 
S3, 167-170 (1943); erythrocyte antigens of doves, Irwin, M. R ., Genetics, 24, 707-721 
(19.39); of cattle, Fergttson, L. C., Stormont, C., and Irwin, M. R., Jour. Immunol., 44, 
147-164 (1942); the serum protein antigens of doves, Irwin, M. R., and Cumley, R. W., 
Genetics, 27, 228-237 (1942), 
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* Quoted from Muller, II. J., Cold Spring Harbor Symposia on Quantitative Biology, 
Q, 290 308 (1941). 

^ Slurlevant, A. H., the preceding paper in these pRociiEDiNOS, 

** Rcimann, H. A.. Jour. Exp. Med., 41, 587''000 (1926), has references to earlier 
literature; Felton, L. D,, Ibid., 56, 13 26 (1932); Paul, J. R.. Jour. Bact., 28, 40~6G 
(1931). See also discussions in Hcidelberger, M., Amer. Nat., 77, 193 -J98 (1943), and 
Avery, O. T., McLeod, C. M., and McCarty, M., Exp. Med., 79, 137-168 (1943). 
A different interpretation of the transformations in pneumococcus is given by Sonne- 
born, T. M., Proc. Nat. Acad. Sci., 29, 338-343 (1943). 

” References in Lindegren, C, C., Iowa State Col. Joiir. Sci., 16, 271-299 (1942), and 
Beadle and Tatntn (1941), loe. eit., footnote 4. 

Tests were usually made on sucrose, cellobiose, maltose, starch and a-amylodextrin, 
on which the wild type grew "normally.'* The tnethod is essentially similar to that de¬ 
scribed by Beadle and Tatuni (1941), loc. cit., footnote 4. 

It has been shown by Backus, M. P., Bull. ‘Torrey Boi. Cluh, 66, 03-70 (1939), that 
conidia of Nrittospora sitophila do not gertnitmle on agar already supporting mycelial 
growth, but tfichogynes from the properithecia attach themselves to such conidia and 
withdraw the cellular contents. 

The method of testing for allelisin with lieterocaryons is described by Beadle, G, W., 
and Coonrudt, V. L., Genetics, 29, 291-308 (1944). 

Growth characteristics were determined by the "tube method" described by Ryan, 
F. J., Beadle, G. W., and Tatum, K. L„ Amer. Jour. Bot., 30, 7R1-799 (1943). 

“ Precipitin litres were too low to permit the utilization of an absorption technique. 


A RECONSIimRATION OF THE MECHANISM OF POSITION 

EFFECT 

Ry Boris Rphrussi and Eileen Sutton 

DliPAHTMKNT OK BU)U)C.V, JOHNS HoPKINS UNIVERSITY 
Communicated June 1, 1944 

The phenomenon of position effect has come in recent years to occupy a 
central position among problems facing the geneticist, in spite of the re¬ 
striction of well-established cases to one species. This is, no doubt, due 
partly to the fact that position effect now clearly appears to be much more 
frequent in Drosophila than originally suspected; but even mpre to its 
possible bearing on the problem of the degree of discreteness of the heredi¬ 
tary material. The real significance of position eifect in this connection 
will depend, of course, on the nature of the mechanism which will be found 
to be responsible for its occurrence; and that is why the clarification of this 
mechanism appears so urgent. 

Speculations concerning the mechanism of position effect have, on the 
whole, been surprisingly timid. With the exception of the two papers by 
Muller,' and Offermann,® especially devoted to the theoretical discussion of 
this problem and of Schultz^s papers*’ * on variegation, the literature on 
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l)osition effect, particularly in more recent years, contains very little on the 
subject, and is seemingly more concerned with providing an exhaustive list 
of possible explanations than with elaborating one of the interpretations to 
a point where it becomes caf)ablc of experimental verification. As will 
clearly ai)pear below, the reasons for this reticence are many. Yet it 
st^ems useful at this stage to reconsider the various possibilities of explana¬ 
tion of j)osition effect and to compare their relative probabilities after 
putting them in a somewhat more precise, although speculative, form. 

We may first put aside some early interi:)retations according to which the 
frequent modification of the action of genes located in the neighborhood of 
chromosomal breaks is due to mutation of one or more loci or to destruction 
of genes induced at the time of breakage (Bridges/’ Muller and Altenburg,® 
Muller'). Such interpretations, which really are negations of position 
effect as such, have since been radically divSprovetl in a series of cases by the 
demonstrated reversibility of position effect. The possibility remains 
that some t>f the changes often designated as position effects (e.g., Curly^ 
Dic}met€f etc,) may really be covered by the above interjiretation, and were 
this demonstrable they would thus be excluded from the category of 
position effects. 

All other and more recently formulated hypotheses as to the mechanism 
of position effect can be said to belong to one of two essentially different 
types of interpretation to which we may refer as the kinetic and the struc¬ 
tural hypotheses.^ 

Interpretations of the first (kinetic) type can be derived from vSturtc- 
vant’s remark in his very first paper on position effect that the *‘influence of 
the relative position of genes on their effectiveness in development may be 
interpreted in terms of diffusion and localized regions of activity in the 
cells/'® The papers of Offerniann’* and Muller^ referred to above contain 
rather detailed discussions of position effect “in terms of diffusion,“ the 
argument running somewhat as follows. Genes undoubtedly produce their 
effects on the phenotype by forming specific substances. These substances 
must gradually diffuse into the protoplasm, and their distribution must 
follow a gradient of concentration with a maximum concentration in the 
immediate neighborhood of their centers of production. Between the 
moment of their production under the control of the genes concerned and 
their final action responsible for the phenotypic effect, these substances 
probably undergo numerous changes, due to interaction with the surround¬ 
ing protoplasm and with substances involved in other gene controlled 
reaction chains. If some of the interactions involve the immediate 
products of the activity of two different genes, their outcome may depend 
on the distance separating the two genes from which the two interacting 
products originate. 
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A slightly different variant of the same scheme is mentioned by Wad- 
dington:’** position effect is pictured here as the result of competition of 
two genes for the same substrate. It is the distribution of the substrate, 
not that of the resulting products, which becomes decisive in this case and 
which follows a gradient in a direction opposite to that descrilx^d above. 
Again the occurrence of ]>ositiou effect is assumed to depend on the distance 
between the “spheres of inlluence" of the genes concerned. 'I'his particular 
variant of the interpretation is quoted here only because, in this form, it 
brings us very close to a picture of gene action at present used l)y Stern, et 
al,y in an interf)retatioii, to be discussed below, of the effects of combinations 
of rubitiis interruptus alleles and of position effects at this locus. 

Contrary to this first gtaieral type of interpretation, the characteristic of 
which obviously is that it tends to explain tiosition effect on the basis of 
interactions between gene producis, or competition between genes for a 
common substrate, the “structural hypotheses’’^'^* postulate reversible 
modifications of the genes themselves or of their structural interrelations. 
One of the simplest interpretations of this type consists in assuming that 
chemical bonds unite neighboring genes into integrated, huger units, and 
that within such a unit, as within any large molecule, changes produced in 
one of its parts will affect the properties of the whole. On this view position 
effects are comparable to the steric effects familiar to the organic chemist. 

It must be noticed, first of all, that without further understanding of 
mutations and chromosomal breaks, no sharp line can be drawn between 
changes of the sort discussed and mutations. As stated above, one can 
still question whether all changes wdiich have arisen concomitantly with 
chromosomal breaks and are now classified as position effects really belong 
to a single class of changes and one may not exclude the possibility sug¬ 
gested by Dobzhansky** that “some changes in gene position may induce 
reversible, and other changes irreversible position effects.*’ 

It must be pointed out now that the difficulties of the structural hy¬ 
pothesis in this form have been from the very first so fully realized by its 
author* that he definitely gave preference to what we have called the 
kinetic hypothesis, as shown by the title of his paf^r “The |X)sition effect 
as evidence of the localization of the immediate products of gene activity.” 
The following quotation gives Muller’s own presentation of the case and, in 
the last sentence, a possible way out of the difficulty: “A little considera¬ 
tion, however, shows such an interpretation of the ‘position effect’ of genes 
to be very implausible, since direct chemical influences of the type in ques¬ 
tion could hardly extend over distances so vast, from the chemical stand¬ 
point, as are those here in question. Certainly the connections between 
the genes, even if chemical, are of a different nature (allowing of crossing 
over) from those within the genes, and must allow of the relative chemical 
independence of the latter: the individual genes, moreover, are very long, 
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from the chemical standpoint, or else lie far apart from one another.",.. 
"That, under these circutnstances, the direct chemical effect of the sub¬ 
stitution of one gene for another should extend, not only to the adjacent 
gene, so as to affect the latter^s function, but even through the latter to one 
or more genes beyond, is hardly conceivable, unless we postulate some 
hitherto unfamiliar principle of chemistry, such as might be involved in 
those forces which are responsible for the synaptic attraction between like 
genes. The latter are so unusual and act over such relatively great dis¬ 
tances that the possibility is not excluded that the same forces which, when 
acting 1 k:‘ tween genes of identical conformation, cause a harmonious attrac¬ 
tion, might, when acting between unlike genes, set up differential stresses 
on their different parts and so cause distortions in their conformation and 
consequent changes in their chemical proj)erties." ^ In the latest of Muller’s 
writings^* on this subject there is rather stronger emphasis on the latter 
possibility as well as on the striking coincidence of both j)osition effects and 
somatic pairing in Diptera. 

vSince the above quoted lines were written the distances over which 
position effects may extend have lx?en found to l>e much greater than those 
implied in Muller’s statement. In fact, they are so great in some cases 
(Demerec, ’ that, in addition to further emphasizing the impossibility of 
an explanation of position effect on the basis of steric effects sensu stricto^ 
they moreover lead one to question the validity of the kinetic interpreta¬ 
tion. The question is: What distance is covered by the assumed gradi¬ 
ents of concentration around the genes and how do these distances compare 
with the distances over which position effects are known to extend? If we 
reason as above in terms of a consumed substrate, our problem, as suggested 
by Delbriick in a personal discussion,’^ becomes somewhat similar to that 
of the adsorption of phage on the surface of bacteria. The latter problem 
has been discussed by Delbriick”^ from whose paper we quote: "Let us 
calculate the average density distribution around a resting adsorbing 
sphere of radius a (bacterium) suspended in a medium that contains 
initially a unifonn density of particles which may stick to the sphere when 
they encounter it. The average density near the sphere will decrease be¬ 
cause the particles are constantly withdrawn by adsorption and soon a 
stationary density gradient will be set up. The density c as a function of r, 
the distance from the center of the sphere, is then 


cCO = c.(l — aVO 

where r » is the average density at a great distance from the sphere, and a’ 
is a constant which depends on the probability of adsorption once a particle 
comes close enough to the surface of the sphere for direct interaction. If 
every approach to the surface leads to adsorption the density near the 
surface must drop to zero and we must therefore have a’ »= o, If not every 
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approach is successful, the density near the surface will be positive and 
a' < a. This stationary density distribution is quite independent of the 
diffusion constant. It causes, however, a constant flow F towards the 


surface which is i>roportional to the density ffradient and to the diffusion 
constant D." 

The concentration of the substrate will thus increase centrifugally from 
the active center according to a hyjx'rbolic curve. In other words, the 
“sphere of influence’’ will have no sharp boundaries. However, after a 
rather rapid initial change of concentration, we will come into a zone where 
further changes are extremely slow. If we set the limit of the sphere at an 
arbitrary concentration value of 0.9 (which is a reasonable assumption in 
view of the fact that there must be in the cell a margin of safety of sub¬ 
strate concentration), the calculation shows that this limit is reached at a 
distance of about ten times the radius f)f the active particle (which may be 
only a part of the gene, in case the gene, like most enzymes, has a prosthetic 
group) if every encounter of a substrate molecule with the gene is effective. 
If it is not, this value will be further reduced. Ten times the radius of the 


active particle is thus, on the above assumptions, our upper limit. 

A rather similar result is obtained if the same rea.soning is applied 
to the product P of gene activity (in.stead of S). For a spherical gene (or 
active, group of the gene), acting at a uniform rate in a lu)mogeneous medium 
containing no other sources of P, the equilibrium concentration 




fa 


a 

r 


where is the concentration of P at the surface and the other tenns the 
same as above, but in terms of P instead of S. The boundarv of the 
“sphere of influence^ (defined as comprising the concentrations of Pbetween 
1.0 and 0.1) is at a distance of the same order of magnitude as above, the 
gradient being in the opposite direction {c decreasing centrifugally). 

Let us turn now to position effect. According to Deuierec’’^ position 
effect can extend over as far as fifty bands of the salivary gland chroino” 
some. We will assume that a chromoneina in the interphase nucleus of a 
somatic cell, although considerably shorter than the salivary gland chromo¬ 
some, has the same proportions as the latter. We will visualize the genes 
as spherical bodies corresi)onding in position to the dark bands and the 
intergenic material to the light spaces. The gene then corresponds at the 
most to Vlot) of the total length of the fifty band segment, and position 
effect can then cover 200 times its radius. By analogy with enzymes it is 
almost certain that the active part of the gene corresponds to only a small 
part of the gene molecule and, as it is further possible that one chromosome 
band contains more than one gene, it follows that the distance covered by 
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positU)n effect in this case is at least 200 times the radius of the gene and 
probably more* 

A different computation in actual Angstrom units may be made without 
assuming a strict similarity between the stilivary gland and interphase 
chromosomes. It is reasonable to assume for the active part of the gene a 
radius of an order not exceeding 5 A. The length of the X chromosome at 
metaphase is about 2 n. The euchromatic part is approximately L4 ix. 
As the X chromosome has about 1000 bands, 50 bands represents Vao of 
this length, or 0.07 /x — 700 A. The latter value is again an underestimate, 
because the interphase chromosomes are certainly less coiled, and numerous 
observations indicate that the genes are active during the interphase. It 
thus appears tliat unless we make some further hypothesis which would be 
unjustified in the present status of our knowledge (assuming, for instance, 
non-stationary states or interactions of a more complicated nature with 
substrates or products of other genes, or ascribing particular physiological 
importance, in the case of interaction of gene products, to the concentra¬ 
tion changes outside the boundary of the “sphere of influence”), tlie 
“spheres of influence” do not extend far enough to offer an explanation for 
position effect. 

While this reasoning is based on crude assumptions, and cannot therefore 
disprove the kinetic hypothesis, it is quoted here because it shows that the 
latter in its simplest form meets with the same difficulty in regard to dis¬ 
tance as does the simplest form of the structural hypothesis. It should be 
pointed out in addition that position effects are now known to extend over 
such great diiitances tluil it is difficult to see, on the basis of the kinetic hypothe¬ 
sis, why interactions similar to those which occur between two given genes in 
position effect should not occur betiveen the same genes in their normal locution, 
when the chromosome regions in which they are locuted happen by chance to 
lie close together in the nucleus. Together with the difficulties which the 
kinetic interpretation encounters when its application is attempted to 
concrete cases (see below), these arguments reduce considerably its ex¬ 
planatory value. Moreover the italicized statement indicates that the 
explanation of the mechanism of position effect must be sought in terms of a 
factor which will spread along or across the chromosomes rtther than through 
the karyolymph. This characteristic suggests that the factor primarily re¬ 
sponsible for position effect corresponds to a change in the physical state of the 
chromosome itself rather than to a change in the distribution of a substance 
emanating from 

Before we center our attention on any one of the possible aspects of the 
physical condition of the chromosomes, it may be well to recall the close 
relationship between the enzymatic and mechanical properties of the mus¬ 
cle protein, myosin, revealed by the recent work of Engelhardt, 

Needham, et Bailey®* and others, Th^ state of extension of 
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myosin fibers apfx^ars to b<' dirt‘ctly linked to the substrate-enzyme combina¬ 
tion, the enzyme (adenosinepyrophosphatase) activity being intimately 
associated with the fibrous protein itself and the substrate (adenosinetri- 
phosphate) serving as source of the energy required in the process of re¬ 
laxation. The contraction and extension of the myosin fiber are regarded 
as results of folding and unfolding of the polypeptid chain, the first of the 
two processes (folding) j>erhaps being caused directly by the enzyme-sub¬ 
strate as 5 C)ciation (“the molecular length of the adenylpyrophosphate being 
shorter than the length between the groups on the myosin chain to which it 
becomes attached “'^). 

The association in myosin of fibrous structure with enzyme activity can¬ 
not fail to evoke the analogy with the chromosome, with its obviously 
enzymatic (genic) function and cyclic mechanical changes. wSeveral 
authors have visualized the chromosome as consisting of a polypeptide 
backbone, which remains the same throughout its length, and of different 
linked materials (groups of radicals) responsible for the longitudinal 
differentiation of the chromosome into somewhat different regions, the 
genes (compare Demerec®^- 

It is by no means unlikely that in such a stmeture the state of extension 
will lead, through changes in spacing, to changes in function. That spatial 
relationship should play a decisive role in the enzyme substrate combina¬ 
tion, the first step of enzyme action, is a safe assumption. That the state 
of extension (degree of denaturation?) may or may not, according to the 
case (nature of substance and method of stretching), have profound effects 
on the specificity and biological activity of a protein seems to be clearly 
indicated by the heterogeneity of the results obtained by different authors 
working with various proteins.®^ The important point in the present 
connection is that in some cases the state of extension does affect the bio¬ 
logical function, and it may be said that “so long as a biological test for 
activity is used, a substance which is active after being spread may be 
active because the change brought about in spreading is reversed during the 
activity test" (Anson ^). 

Retuming now to position effect, it will be noted that the intimate asso¬ 
ciation of chromosomes in somatic pairing, the coincidence of which with 
the presence of position effect in Diptera has already drawn the attention of 
Muller^® and Schultz,*^ may reasonably be assumed to lead to a more pre¬ 
cise alignment of the subtnicroscopic structures than that which prevails in 
unpaired segments. That synaptic as^ciation may actually lead to a 
stretching out of the whole structure of the chromosome is conceivable and 
moreover suggested by certain cytological features of the salivary gland 
chromosomes. (It may be objected indeed that the inference from the 
pictures of salivary gland chromosomes to the interphase somatic chromo¬ 
somes is hazardous. At present, liowever, this seems to be the only 
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j)ossibJe procedure.) P'inally, it is easy to see that the presence of chromo- 
sf)nial rearrangements may lead, through changes in the pairing condition, 
to modifications of the state of stress in the immediate vicinity of breakage 
points. 

Wc would like to emphasize that on this scheme in which the change in 
gene function in position effect is regarded as a result of changed conditions 
in the chromosome segment concerned, the normal association of the un¬ 
affected parts of the chromosome is emphasized as much as, or more than 
the eventual absence of it in the affected part. Although this may appear 
as only a minor change of emphasis, it appears important to us (1) because 
it centers the attention on the established fact of pairing (whatever its 
mechanism) instead of on the “forces which, in the case of homologous 
genes, bring about their synaptic association” and which when “acting 
between unlike genes, should tend to deform them” (Muller^®); (2) be¬ 
cause, if viewed from this angle, the suggested mechanism is not confined in 
its action to the genes in the chromosome carrying the break. It applies as 
well to its homologue. The itnportance of this point will appear when we 
come to the discussion bf a few cases of position effect in the light of the 
above scheme. 

It is clear to us that, in its present form, the vSeheme offered for the ex¬ 
planation of position effect is too simple to account for all cases which are 
classified today as position effects. We are aware that it will require at 
least further refinements, if not remodeling, and we shall refer later in this 
paper to the difficulties that it encounters at once. First, however, we want 
to try its application to a few cases which appear particularly relevant. 

As pointed out by Stem, to whom we owe the only detailed account of the 
dosage relationship at a locus which is profoundly affected also by changes 
in position, these two properties have to be considered together if one 
wants to test any explanation for the latter. The data of Stem*® and 
Stem and Schaeffer*®**® on the dosage relationships of different wild-type 
and mutant alleles at the ci {cubitus interrupius) locus in the normal chromo¬ 
some 4 have been interpreted by them in tenns of overlapping “spheres of 
influence” of the homologous genes across the chromosomes. The effects 
obtained could be explained by assuming that different alleles possessed 
different capacities (1) for combining with a common (limited) substrate, 
and (2) for converting it into a substance actively contributing to the nor¬ 
mal phenotype; so that, for instance, a gene with a high capacity for com¬ 
bining with the substrate and a low efficiency in converting it would inter¬ 
fere with the activity of a more efficient one by depriving it of substrate. 
Such a hypothesis, as we have seen, can be extended to position effects at the 
ci locus where interference may be assumed between non-homologous genes 
along the same chromosome, as well as between homologues across the 
chromosomes. Decrease of dominance of ct + in a translocated chromosome 



Vor.. SO, 1944 


GEmriCS: EPHRUSSI AND SUTTON 


191 


[in the combination would thus be due to interference along 

the chromosome, reducing the efficiency of the allele. But in experi- 
nients on position effects of the recessive ci allele, Stern and Heidenthal*** 
have found, first, that the effect of a + allele in the normal chromosome 
over a translocated d allele {K(ct)/+) deviates more from normality than 
that of a -h allele alone (in haplo-4); and second, that the combination 
R{ci)/R{ci ^) has a more normal phenotyjie than the combination R{ci)/-\-, 
While the first of these facts by itself might be explained on the basis of 
competition across the chromosomes, this interpretation is inconsistent 
with the second finding, namely, that although the phenotyf)es of both 
R(ci'^)/d and/(I(n)/+ arc less normal than that of +/a, the combination 
of the two translocations [R(ci'^)/R(ci)] partly restores the normal activity 
instead of decreasing it still more. 

Stern and IleidenthaP^ thus reach the conclusion that “many, but not 
all, facts reported can be interpreted in terms of concepts regarding genic 
action which have recently been projxised." The same conclusion regard¬ 
ing kinetic interpretations has been derived above from quite a different 
line of reasoning, 'this situation obviously requires the introduction of a 
new parameter, independent of the properties of the genes which were 
introduced to account for the dosage relations. 

The mechanical hypothesis presented here requires no special parameter 
for the last discussed case as will be seen by its application in the following 
paragraphs. In Stern’s case of heterozygotes for a fourth chromosome re¬ 
arrangement and a normal fourth [among which R{ci'^)/ci and R{ci)/ + are 
included] the normal pairing of the fourth chromosomes is modified, and the 
relationships of the chromosomes are such that there may be modification 
of stress on either the translocated or the nonnal chromosome, or both, in 
the region of the break. 

As regards ^ the actual pairing conditions between the two 

translocations are not known, and this makes it impossible either to predict 
the phenotype on the basis of the same assumption of modification of stress 
or to say whether the observed phenotype agrees with this assumption. 
Indeed, these conditions may be very different from those obtaining in 
heterozygotes for one translocation, and might be more analogous to tliose 
of a translocation homozygote or hemizygote. 

The situation shown by data of Dubinin and Sidorov®^* *® on transloca¬ 
tions of is much clearer. Any of these translocations which gave rise to 
position effects when heterozygous (R{ci‘^)/ci) were found to give a com¬ 
pletely nc rmal phenotype when homozygous or hemizygous. These results 
suggest that structural heterozygosity might he a necessary condition for the 
position effect to become effective^ and that in the complete absence or complete 
normality of pairing in the region of the affected locus the position effect is only 
potentiaL 
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Dubinin and Sidorov also found that flies heterozygous for two different 
translocations (each separately producing a position effect when hetero¬ 
zygous with a normal ci chromosome) were wild type in appearance. It 
is possible that the chromosome conllgurations in these heterozygotes cor¬ 
respond in general features to that in the R{ci'^)/R{ci) combination. 

The change of dominance of Punch reported by Oliver®^ is another case in 
point. Punch is associated with a translocation and is dominant when 
heterozygous with normal. This effect can be explained as a reduction of 
the normal activity of the Fu^ alleles in both chromosomes, owing to the 
change in homology along the chromosome, and the revSulting change of 
tension imposed by synaptic attraction towards a different partner on each 
side of the locus. Pu becomes recessive, however, when heterozygous 
with another translocation (T(2:4)A 34) in which one break is close to the 
Pu locus. The effect of the second translocation is to increase the normal 
activity of the Pu allele in the opposite chromosome, and we should there¬ 
fore expect to find that the combination of the two translocations facilitates 
more normal pairing in the Pu region. 

As Stern and Heidenthal®^ have indicated, an anomaly of the brown- 
variegated position effects can be eliminated by postulating a factor capable 
of affecting both chromosomes of a pair. The brown-variegated types are 
exceptional in that the effect is dominant, and it was previously necessary 
to assume that the translocated bw^ locus is solely responsible for the 
dominant effect, having acquired a rather exceptional antimorphic activity 
(Muller*^). On the structural interpretation, however, the allele in the 
nonnal chromosome of a heterozygote may also be affected, so that the 
combined activity of the two alleles may be reduced in some cells below 
the level required for a wild type phenotype. We would infer, moreover, 
from the premise that the activity of two bw^ alleles is so markedly re¬ 
duced, that dominant iwsition effects would be obtained even more readily 
rom rearrangements with breaks in the neighborhood of a recessive bw 
allele; for in the T{bw)/+ heterozygote we should expect the activity of the 
+ allele to be affected as much as in T{bw '^)/+, while the bw allele in the 
former heterozygote already has a reduced activity as compared with the 
translocated bw'^ in the latter. Although bw stocks have probably been 
irradiated rather infrequently, one such position effect is known (bw*^, 
Glass'^'O- "The heterozygote shows variegation as a dominant 

effect as would be expected. Unfortunately no homozygotes for bw^ 
were obtained before the stock was lOvSt by reversion. Finally, it is of some 
interest that Schultz** found the Plum (dominant brown-variegated) effect 
to be suppressed in hybrids of D. simul(ins X D, melanogaster. Since it had 
previously been found by Kerkis*^ that synapsis of the salivary gland 
chromosomes ivS considerably reduced in these hybrids, the question may be 
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raised whether there is not some causal connection between the two 
phenomena. 

In considering the case of brown variegation it is of interest to notice 
that, as compared with other position effects, variegated tyijes are charac¬ 
terized by the fact that the change in function of a gene near to a break is 
expressed to a variable degree in different cells or groups of cells within the 
same organ. It appears possible to us that this variability will find its 
explanation on the basis of the same general interpretation here advanced, 
i.e., as due to variations in stress depending on the particular configurations 
of the chromosome complement in individual cells. We here find ourselves 
in close agreement with Muller,^ when he says: “the degree and the 
character of gene functioning should also be influenced to some extent by 
the manner of grouping of the different chromosomes and chromosome 
regions with regard to each other, i.e., by the (partly accidental) mode of 
juxtaposition of different portions of the chrotnonema in the cell. Hence, 
in different somatic cells of the same individual, there might be some differ¬ 
ences in gene functioning, depending upon the way the chromosomes hap¬ 
pened to be situated. It is possible that some cases of somatic variegation 
may be caused in this way. In that case agents, genetic or otherwise, 
which affected chromosome arrangements, would thereby affect gene ex¬ 
pression. A possible case in point might be the influence of the Y chromo¬ 
some of Drosophila upon somatic variegation.” 

As the position effects discussed so far are all associated with breaks near 
the chromocenter, it is of interest to consider one of a somewhat different 
type. The Bar eye is due to a duplication in tandem of a euchromatic 
region. At first sight Bar (and the comparable position effects Conftuens 
Staff Hairy’Wing) may appear not to fit the hypothesis, because the pheno¬ 
type is changed not only in heterozygotes, but also in homo- and hemi- 
zygotes. It is known, however, that in the Bar salivary gland chromosome 
there seems to be a tendency towards synapsis between homologous bands 
in the two duplicated sections so that even in homo- or hemizygous Bar 
both the outline of the chromosome and the details of banding are visibly 
distorted. It is clearly possible that a modification of stress may be occa¬ 
sioned in one part of the chromosome by synapsis between homologous 
genes along the chromosome as well as by the interchromosomal forces. 
Thus the difficulty presented by Bar may be only apparent. 

A real difficulty must now be considered, however, in connection with 
the position effects of the and loci. Rearrangements giving posi¬ 
tion effects of the locus when heterozygous, still produce the white- 
mottled phenotype in the homozygous or hemizygous condition (when 
these are viable), where there is either complete pairing or no pairing at all. 
The same is true of the brown-variegated homozygotes. Indeed, the latter 
deviate more from normality than their corresponding heterozygotes ** 



194 


GENETICS: EPHRUSSI AND SUTTON 


Proc. X. A. S. 


These facts appear to be reconcilable with the above scheme on the assump- 
tion that the manifestation of the position effect even in homozygous flies 
depends on the attachment of the affected loci to heterochromatic regions. 

That the pairing conditions of heterochromatic regions differ frotti those 
of euchromatin is obvious from their "aggregation in the chromocenter. In 
order to make clearer the possible relation between this so-called *’non- 
homologous ' pairing and position effect, a brief discussion of some other 
pro}>erties of helerochromattn is necessary. 

Several lines of evidence lead one to suspect that the physical state of the 
chromocentral regions differs from that of euchromatin. This evidence 
may be summarized as follows; (1) The frequency of crossing-over per 
unit cytological length is lower in the neighborhood of the centromeres 
than elsewhere. This is apparently a function of proximity to the centro¬ 
mere, and not (or not altogether) an intrinsic property of heterochromatin 
(Mather*®). It is interesting to note, however, that high temperature in¬ 
creases crossing-over in heterochroniatin, irrespective of its position with 
regard to the centromere, to a level more nearly corres]X)nding to that 
found in the euchromatin,*® High tem|ierature also modifies while-mottled 
and other position effects associated with heterochromatin towards wild- 
type, and this suggests that the same change in physical state that results 
in increased crossing-over is also responsible for the increased activity of the 
loci manifesting position effects. (2) The increase in length of hetero¬ 
chromatic regions in the salivary gland chromosomes as compared with 
mitotic prophase chromosomes is relatively less than the corresponding 
increase of euchromatic regions. This might be interpreted as meaning 
that the proteins of heterochromatic regions are already relatively extended, 
whereas those of euchromatin are much folded and therefore capable of 
greater stretching. (3) According to Caspersson^®’^^ heterochroniatin and 
euchromatin give different absorption curves in the ultra-violet region of 
the spectrum. This difference was held to mean that the protein con¬ 
stituents of heterochromatin were histones, while those of euchromatin 
were partly of the more complex, and more highly folded, globulin type. 
The validity of this particular interpretation is open to question (Mirsky 
and Pollister^®), but if the differences in absorption are real there must be 
some underlying structural or chemical difference. 

Returning now to the “non-homologous” pairing which heterochromatic 
regions exhibit, it may be pointed out that if the forces responsible for this 
pairing are operative between any two heterochromatic regions, they 
must act not only between regions in non-homologous chromosomes, but 
also between heterochromatic bands in the same chromosome. In this 
case, pairing conditions must be very similar to those associated with the 
Bar position effect. It is true that the Bar locus lies within a region of 
abnormal pairing, while genes concerned in heterochromatic position 
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effects lie outside of such a region, and cannot be directly affected by the 
confficting synaptic forces. But if one assumes a difference (for instance, 
relative inextensibility) in heterochroinatic structure on the grounds dis¬ 
cussed above, one might expect changes in stress due to non-homologous 
pairing to be distributed along the chromosome and to affect the folded 
regions more than the relatively unfolded. 

It must Ix" emphasized that this explanation is only tentative, and until 
experimental proof of such a situation is available, this will remain the most 
serious difficulty confronting the general interpretation. Kven if this 
difficulty is set aside, we are aware that the interpretation pro])osed is 
entirely hypothetical. The justification for presenting it is that it is open 
to verification in a number of ways, some of which may now be considered. 

It has already Ixen mentioned, in referring to some examples of position 
effect, that without a f)recise knowledge of their cytology', the results can 
only lx interpreted provisionally . One of the tests to which the hypothesis 
here presented is subject is a detailed study of the synaptic configurations 
characteristic of these chromosomal rearrangements. According to the 
hypothesis, if we compare aberrations which give rise to position effects 
with those where no phenotypic change is apparent (for example, the two 
combinations of Punch described by Oliver'**), we should exfxct to find that 
these differ in some resjxct such as the degree of synapsis or the variability 
of the synaj^tic configuration from cell to cell. 

It should also be possible to demonstrate position effects across the 
chromosomes in a number of cases where, as in R{ci), aberrations are pro¬ 
duced with breaks in the neighborhood of recessive alleles. Especially if 
such an allele were an amorph, a reduction in the activity of the gene in the 
opposite (normal) chromosome might be expected to result in a deviation 
from the normal ])henotype. The Im locus was mentioned as a case in 
point. Preliminary experiments involving the w locus have yielded results 
which are not incompatible with the interpretation proposed. 

A third type of suj)i)ort for the hypothesis might be derived from study¬ 
ing correlatively the effects of different factors on pairing and on the degree 
of expression of position effects. For instance, non-disjunction may be 
considered a result of abnormal meiotic pairing; and marked modifications 
of position effects following non-disjunction have been observed by the 
junior author. A common causal agent may be responsible for both 
phenomena, although this has not yet been demonstrated and another inter¬ 
pretation is jxjssible. The above-mentioned absence of pairing in Dro¬ 
sophila hybrids also seems to offer a field for experimentation.*'* 

Summary ,—The hypotheses on the mechanism of |X)sition effect are 
critically reviewed. An interpretation is offered which regards position 
effect as a result of chromosome pairing that causes a modification of stress 
near the affected loci. Several known cases of position effects are dis- 
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cussed in the light of this interpretation and methods of testing it are 
suggested. 
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MATERIALS FOR THE STUDY OF THE POSITION EFFECT OF 

NORMAL AND MUTANT GENES 

By Curt Stern and Gertrude Heidentiial* 

University of Rochester f 
Communicated June 19, 1944 

The majority of recent studies on the position effect of genes in Dro- 
sophiln have been concerned with normal alleles of various loci. Different 
kinds of effects seem to have resulted from change in position. In many 
cases the phenotypic expression of a normal gene has not been altered by a 
change of position. Some cases, however, have been observ'-ed in which 
the normal allele assumed a dominant mutant action (e.g., the dominant 
eye color, Plum). Other observations have indicated that the dominance 
of a normal allele may be diminished (e.g., cubitus interruptus), or that a 
normal allele may become more or less inactivated (e.g., white and Notch 
series). Few generalizations could be made from these results. It was 
thought, therefore, that some insight might be gained from a study which 
would attempt to correlate data derived from investigations of change in 
position of both a normal gene and its mutant alleles. The following 
represents a first report on such studies.^ 

MateriaL —The locus chosen was that of cubitus intermptus (d) in the 
fourth chromosome of D. melanogaster. In 1934 Dubinin and Siderov* 
showed that many translocations involving the fourth chromosome cause 
on unusual change in the effect of the normal allele originally present. 
While this allele in its new position, both in hemi- or homozygous constitu¬ 
tion, still produces a normal phenotype, it causes in heterozygous combina- 
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tion with the recessive mutant allele, ri, the appearance of the mutant vein 
character rr, an interruption of the cubital vein. 

In orrler to obtain an unselected sample of translocations involving the 
fourth chromosome and the mutant allele a, males homozygous for ci 
were x-rayed at 4000 r,® and crossed to females containing dominant marker 
genes in their second and third chromosomes. More than 20,000 Fi males 
were individually back-crossed to ci ey^/ci ey^ females in order to test for 
the presence of translocations/ Fifty-five translocations involving the 
fourth chromosome and one or more of the chromosomes F, 11 or III were 
found, and stocks of all of them established. Heterozygotes were ob¬ 
tained between all translocations and the allele ci in its normal position. 
About half of the translocations proved to give a more extreme phenotype 
in combination with ci than the typical mutant homozygote ci/ci. Five 
translocations of this group form the ba.sis of the experiments to be re¬ 
ported. These five translocations were selected among those which, dur¬ 
ing an early stage of these studies, w^cre found to exhibit the position effect 
described in the following section. 

We shall use the symbol R{ci) for any rearrangement (R) which leads to a 
position effect of the mutant allele ci. Correspondingly i?( + ) will be 
used to denote a rearrangement giving a position effect of a normal allele +. 
R{ci) and /?( + ) may be referred to as “position alleles” since they behave 
as alleles of genes like ci and + in the typical position. 

Heterozygotes of Position Alleles R{ci) and a Normal Allele.'^ .It was 

discovered that at room temperature some of the heterozygous 
individuals showed slight degrees of the ci phenotype, in contrast to 
heterozygotes which at this temperature range are all normal/ In ordt^r 
to obtain reliable data, heterozygotes were raised at a lower temperature, 
1S“19®, which is known to intensify the expression of the ci phenotype. 
Table 1 shows that all five position alleles i?(a), in combination with +^, 
gave a larger number of individuals with the mutant phenotype than did 
flies. Furthermore, while no individual of the latter consitution 
deviated more from normality than Class 0, which still shows uninterrupted 
though thinned veins, many flies of the constitution R{ci)/ belonged 
to the more extreme Classes 1, 2 and 3. 

The five translocations differ in the intensity with which they cause the 
mutant phenotype. For the present, two main groups of R{ci) alleles 
will be distinguished: (1) R{ci) -8 and -48 in which the phenotypic dis¬ 
tribution of the heterozygotes R{ci)/+^ deviates rather slightly from that 
of Class W still representing 80 per cent or more of all individuals; 

and (2) R{ci) -23, -29 and -*32 in which the deviations from normality 
are larger with only fiO per cent or less of the individuals belonging to 
class N. 

Data from a preliminary cytological analysts of these translocations. 
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undertaken by Dr. H. D. Stalker, are included in table 1. Of the two 
translocations with weak expression one occurred near the chromocenter 
of chromosome 3 and one near the middle of while all three trans- 
locations with strong expressioti were located within close range of each 
other, about onc-third the distance from the distal end of SR. All breaks 
in chromosome 4 presumably lie proximal to 101/^', i.e., between the 
centromere and the locus of < i, as described for the R{+) position alleles 
by Khvostova and Gavrilova 

Ileferozygates of Position Alleles R{ci) and ci. —As stated above, the five 
R(ci) translocations were chosen from those which in the combination 
R{ci)/d produce a more extreme ci phenotype than the nori-translocated 
ci/ci homozygote. Specific data permitting a comparison between 
R{ci)/ci and ci ci sibs will be reported elsewhere, but in summary it may 
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* fM eyeless-dominant: chromosome IV. 

t A' uninterrupted distal section of 4th vein; 0 » uninterrupted but thinned 
section; 1, 2 » different progressive degrees of interruption; 3 « absence of whole 
section. 

J The R(rf) alleles are numbered in chronological order of their discovery. 


be stated that the maximum of the frequency distributions of venation 
classes in R(ci)/ci are shifted to the next, more extreme class or even far¬ 
ther. Table 2 (right column) shows that the five position alleles differ 
in the degree to which they cause the expression of the d phenotype in the 
combination R(d)/d. It is possible to distinguish two groups of R(d) al¬ 
leles, one leading to a distribution of phenot 3 rpes around a mean located 
between Classes 1 and 2, and another with the more extreme mean be¬ 
tween Classes 2 and 3. Comparing the degree of effect of the R(ci) alleles 
in JR(d)/+ (table 1) with R(ci)/ci (table 3), it is seen that a strong effect 
in the former constitution is paralleled by a strong effect in the latter and 
vice versa. 

Ihterozygotes between Two Position Alleles ii(+) and R(ci).—\ trans¬ 
location between the first and fourth chromosome, produced 

by x-radiation of a fly with normal alleles of d, was obtained through the 
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courtesy of Dr, M. Detnerec.** Females heterozygous for this transloca¬ 
tion show a Notch {N) phenotype. They were crossed to ci males. Among 
the ofFspring those which were heterozygous for the translocatioti and ci 
exhibited a typical **Dubinin effect’': Their phenotype showed ci venation 
with a maximum at Class 2 (table 3). Thus, the iV-translocation may be 
labeled as possessing a position allele R{ + )- 

Females of the constitution R(+)/ci were mated to males which carried 
one of the five tested R(ci) alleles and, as a marker for their non-trans- 
located fourth chromosome, the dominant ey^. The non-cy^ female off¬ 
spring of these crosses were either R{ci)/ci (table 2, right column) or R(+)/ 
R(ci) (table 2, left column). In all five cases the R{+)/R(d) flies were 
more normal than their R{ci)/ci sibs (right column) or than R{ +)/ci flies 
(table 3). Indeed, three different types of R('{-)/R(ci) flies were nearly 

TABLE 2 
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TABLE 3 

9 9 OF > iV*«*-*« R{+)/y Hw m* rf/.49 * X ci ey^/ci 26‘'C. 

- - ’Jf( +) /(ii «y- s r- - -ffw/d tyK -' 

, A' 0 1,2 3 N 0-3 

4 40 180 27 * 275 

* y, Hw, B'B\ w* and arc sexdinked factors which segregate together as a unit 
due to the presence of rf/-49, an inversion, and of 

completely normal. Moreover, the curious relation is apparent that 
those R{ci) alleles which cause an extreme ci phenotype in either combina¬ 
tion R{ci)/+ or R{ci)/ci produce the least extreme expression in R{ci)/ 
Jf?( -j"). 

It will be necessary to test different R{+) alleles with the R(ci) alleles 
recorded in table 2, and with others, in order to find out how general are 
these unexpected results. We have crossed three of the R{ci) alleles used 
in combination with the with another This 

latter translocation does not show abnormal ^‘Notch" wing characters as 
does Ar2fi4 20 Nevertheless, the /?(+),w*®*“^*, gave equivalent results 
in combinations with R{ci), indicating that the approach to normal, non-ci 
venation in R( + )/R{ci) is independent of the specific phenotype caused 
by Notch.“ 

Disetisnon. —When Dubinin and Siderov* found that i?(+)/haplo-lV 
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and /?( + )//?(+) produce normal phenotypes while R{+)/ci flies have 
interrupted veins, it seemed that such relations between alleles were 
unique for the position effect. It has since been shown (vStern 1943) 
that the action of ci alleles may be described in terms of combining ability, 
c, with a cellular substrate, S, and efficiency, e, in transforming S into a 
product, P, effective in leading toward a normal phenotype. With the 
help of these concepts the Dubinin effect can be understood if it is assumed 
that there is a sufficient amount of substrate and that the P( + ) allele 
has sufficient combining power and efficiency in homo- or hemizygous con¬ 
stitution to cause normality; that in the heterozygote R{+)/ci there is 
competition for S between the P( + ) and ci alleles, and that the efficiency 
of ci is less than that of P(+), and hence the amount of P formed is below 
normal. Similarly the phenotypic effect of R{ci) in the combination 
P(a)/+ can be understood as the outcome of competition between Rid) 


TABLE 4 

Possible Changes op Genic Attributbs 
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and + in which the former deprives + of S and transforms 5 into P at a low 
efficiency. If the effects of the changed position of the + and ci allele 
are described in terms of dominance and recessiveness, the change from + 
to R{+) as seen in R{+)/ci versus +/ci would be called a decrease of 
dominance of the + allele while the change from ci to R{ci), as seen in 
R(ci)/+ versus ci/+ would be an increase of dominance of the ci allele. 
The interpretation of position effects in terms of competition resolves the 
apparent paradox. 

In the preceding paragraph the interaction of the various alleles has 
been considered separately for certain allelic combinations. This led to 
the recognition of competition between alleles, and of the relative efficien¬ 
cies of + as compared with ci, of i?(+) as compared with ci, and of + as 
compared with R{ci). It is now appropriate to ask in which way the 
position allele R{+) differs from the original allele +, and R{ci) from ci. 
If the amount of available substrate S is the same for the gene in its 
alt^ed as in its original position, then all changes in effect due to new 
positions of alleles will be the result of changes in the combining power, 
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r, or of the efliciency, e, or of both. We shall begin our analysis with this 
assumption of cotistancy of 5. Variability of S due to changed position 
of alleles will be considered later. Since it is possible a priori that either 
r or e may remain unchanged, or be increased or decreased there are eight 
combinations possible in which at least one of the two properties is altered 
(table 1). Considering that there exists competition in the heterozygote 
+ /ci between + and ci the decreased effect of R[-\~)/ci could be 
brought about by any one of the following changes of the /?{ + ) allele as 
compared with +: (1), (i^), (5), (0) and (7). On the other hand, the 

decreased effect of R{ci)/ + could be produced by any one of the following 
changes of the R(ci) allele as compared with ci: (1), (4), (5) and (7). 
Since it is reasonable to assume that the type of change caused by tlie 
altered position is the same, in general, for R{ + ) and R{ci) three possi- 
bilities which account for changes in only one of either /?( 4') or'R{ci), 
but not in both, can be eliminated, namely (.S), (4) and ((>). This leaves 
(1), (5) and (7). These three types of changes all agree in that they in¬ 
volve a lower efficiency of the position allele as compared with the original 
allele. They differ in the type of c attribute w’^hich may be unchanged, 
lower or higher than in the original allele. No information is available at 
present which permits a decision as to which of the.se three possibilities is 
actually realized. Any one of them is not only compatible with the effect 
of R{ + )/ ci and R{ci)/+ but also with the lowered effect of R(ci)/ci as 
comj)ared with ci/ci. Competition, with low" efficiency of a position allele, 
accounts not only for the “dominant” mutant effect of R(ci) but may 
provide a general explanation for the occurrence of dominant effects in 
loci which otherwise have produced recessive mutants only (e.g., Plum). 

It will elucidate the problem further to discuss briefly in what ways a* 
tiew position may cause a change in the effect of a gene.*^ If genic action 
consists of a ])rimary interaction with a substrate, 5, leading to a product, 
P, one may conceive of this interaction as being composed of tw"o separate 
steps. The first would consist of a reaction leading to a gene-substrate 
association, the second to restoration of the gene with release of P. The 
term combining power would apply specifically to the first reaction and be 
equivalent to an association constant. The term efficiency might be 
eijuivalent to the velocity constant w’hich characterizes the second reaction, 
provided the gene products P of the different alleles are alike or at least 


equivalent in their effect. If the gene products are different and have 
different values in leading toward a given phenotype, then the efficiency, 
c, of an allele is a function of both the velocity constant and of the effective¬ 
ness of its specific P, The deduction made under the unproved assump¬ 
tion of constancy of 5- that the observed position effects at the ci locus 
involve a lowered efficiency, localizes these effects on the second step of the 
gene-substrate interaction. Whether changes in the first step of this re- 
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action are also involved remains undecided. This analysis of the position 
effect, however, leaves o]>en the question as to the primary change respon¬ 
sible for the changed reaction. The primary change may be an alteration 
of actual genic structure, or some kind of alteration due to unusual synaptic 
forces (Muller, It may even not involve any alteration of the 

gene itself but may be due either to a changed local environment under 
Avhich the reactions must jjroceed or due to a changed amount of ap¬ 
propriately localized and accessible substrate. If in the new position less 
substrate were available than originally, a lowered total effect would result 
in the heterozygote of a position allele and the allele in the normal chromo¬ 
some. Hy making, in this case, the unjustified assumption of an un¬ 
changed amount of 5 the lowered effect would be mistakenly interpreted 
as due to changes in the c and e attributes. An example may clarify this 
point. Be it assumed that the /?( +) and R(ci) positions involve a reduc¬ 
tion of available 5. Since, in R( + )/ci, ) and ci share in S the actual 

amount of S available not only to /?( + ) but also to ci might be diminished. 
Similarly, in , the amount of 5 available not only to R(ci) but also 

to + might be diminished. If, without knowledge of the decrease in 
the amount of^the latter, as well as the c and e properties of the normally 
located alleles ci and + were regarded as unchanged, then the change in 
total P produced by /?( + )/« and R(ci)/Ar would appear as caused by a 
lowered e of R( + ) and R{ci) (with or without change of their c). In the 
absence of information as to the amount of available 5 in heterozygotes for 
position alleles as compared with typical heterozygotes, we may summarize 
our analysis by stating that competition between the alleles is involved in 
the case of position effects of the ci locus as it is in typical heterozygotes 
but that the primary cause or causes of the difference in effect of position 
heterozygotes as compared with typical heterozygotes remains ati open 
problem. Such a primary factor may either be a diminished amount of 
available substrate, a decreased efficiency of the position alleles, or possibly 
a combination of both. 


While the proposed interpretation in terms of competition of the posi¬ 
tion alleles seems to unify most facts concerning gene action of typical 
and position alleles, it is unsuccessful without additional hypotheses in 
accounting for the effect of the combination R(+)/R(ci), Since both 
R(+)/ci and R(ci)/+ cause an effect less normal than +/ci, it was 
expected that R{+)/R{ci) would be still less normal. Instead, this con¬ 
stitution causes a shift, in some cases nearly complete, toward normality. 
Possibly this fact is related to the type of somatic pairing occurring in 
heterozygotes for two translocations as compared to heterozygotes for only 
one 'translocation. No satisfactory interpretation, however, can be pro¬ 
posed at present.^* It maybe added that an apparently similar case has 
recently been described in an abstract by Oliver (1943),** though his inter- 
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pretation differs from the one jpven for ci. He found that the “dominant" 
eye color Punch which arose in connection with a translocation becomes 
“recessive" when combined with another translocation in the homologous 
chromosome which carries a normal allele. 

Incidentally, the data reported furnish a unique example of the reality of 
“premutation,“ or “directed mutation” as postulated frequently in the 
early genetic discussions of evolutionary phenomena* The three “alleles" 
+ , ci and R{ci) according to their effect may be described as dominant 
normal, recessive mutant and dominant mutant. A dominant mutant 
allele at the ci locus has only twice been found to be due to a single-step 
mutation from a normal allele. Our data show' that such dominant mu¬ 
tant “alleles" can be easily produced by a step involving change of the effect 
of the recessive mutant ci which itself is removed by one mutational step 
from +, 

Summary. In D. melanogaster five translocations betw'een the third and 

fourth chromosome, carrying the mutant allele cf, were studied. In 

combination with an unbroken fourth chromosome containing a normal 

allele they produce, in varying degrees, ci phenotypes in contrast to the 

typical heterozygote d-/d which appears nearly normal. Combined with 

ci in an unbroken fourth chromosome they lead, in varying degrees, to more 

extreme ci phenotypes than ci/ci. The three translocations which cause 

the greatest deviation from normality in combination with 4* also do so 

in combination with ci. A translocation between chromovsomes 1 and 4 

derived from a stock containing a normal allele of ci produces a striking 

ci phenotype if combined with ci in an unbroken chromosome (“Dubinin 

effect"). If this translocation instead is combined with ci, as carried in 

any one of the five translocations, a shift of phenotypes toward normality 

occurs. Those translocations which cause the least normal phenotypes in 

combination with + and ci are most effective in causing a shift toward 

1 

normality when combined with the +-carrying translocation. 

Many, but not all, facts reported can be interpreted in terms of con¬ 
cepts regarding genic action which have recently been proposed.Other 
facts seem to involve additional phenomena. The position effects in 
heterozygotes appear as competition between the alleles in the normal 
and changed position. 

* Now Department of Zoology. Wellesley College. 

t Supported in part by a grant from the Rockefeller Foundation. 

^ An abstract hud been submitted to the Genetics Society for the 1942 meeting; 
see Stern, C., Genetics, 28, 92 93 (1943). 

* Dubinin, N. and Sidcrov, B. N., Am. Nat., 68,377-381 (1^34). 

* We wish to acknowledge the kindness of Dr. S. W. Warren, Professor of Radiology. 
The University of Rochest^ School of Medicine and Dentistry, who carried out the 
radiations. 
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* a recessive allele of eyeless, served as a marker gene for uoH'radiated fourth 
chromosomes. It is without influence on the expression of ci. Except in the tables, 
reference to will be omitted. 

* The normal allele was the allele of the ci locus, see Stern, C., and SchaeflFer, 
E. W., Pr(K, Nat. Acad. Sci., 29, 301 307 (1943). 

“ After completion of the manuscript of the present communication a paper by 
Siderov, B. H., Compt, rend. acad. set. U.R.S.S., 31 , 390 392 (1941), has come to attention 
in which similar effects of R{ci) alleles in combination with 4- are described. 

’ Khvostova, W. W., and Gavrilova, A. A., Biol. Zhurnal., 4, 905-916 (1935). 

^ "Salivary chromosomes (Sutton) show break in X at 3 C, with deficiency of 3C 5-7; 
and break in 4 at 101F,*’ Bridges and Brehme, '"Phe Mutants of Drosophila melann- 
gasler/* Carneffie Inst. Wash. Publ., 552 (1944). 

" In the paper of Siderov referred to in footnote 8 a further remarkable fact is re¬ 
ported. Two translocations between the third chromosome and a fourth chromosome 
which carries a -f allele but which do not give a Dubinin effect in combination with ci, 
shift the phenotype toward normality if combined with R{ci). 

J^Stexn, C.. (leneiics, 2S, 441-475 (1943). 

Grateful acknowledgment is made to Dr. D, R. Goddard for clarification of some 
of the concepts involved in this discvission. 

** Muller, H. J., Snmm. Commutr. XV int. physiol. Conf>r, (L,t*ningr,-Mosc.), pp. 286“ 
289 (1935); and Proc. 15th int. physiol. Congr. (Leningr.-Mosc.), pp. 587-589 (1938). 

If it were true that the new positions imply k reduction of at the ci locus and if 
heterozygotes between normally located and position alleles frequently undergo somatic 
pairing while compounds between R{-\-) and R{ci) rarely pair, then competition might 
take place between the paired alleles of heterozygotes, while no competition might occur 
between the separated alleles /f(-h) and i?(cO. The lack of competition might then 
permit a shift toward normality. The assumptions made are liable to experimental test. 

Oliver, C. P.. AnaL Rec., 87, 33 (1943). 


COMPARISON OF A DEGENERATE FORM OFEINSTEIN^S WITH 

BIRKIIOFFS THEORY OF GRA VITATION 

By Hermann Weyl 

INSTITITTB FOR ADVANCED STUDY, pRINCBTON, NeW JERSEY 

Communicated July 20, 1944 

Whereas electric charge is not universally proportional to the inertial 
mass of bodies their gravity is. This fundamental fact, supported both by 
daily experience and the most refined experiments, led Einstein to the 
conception that inertia and gravitation are one (principle of equivalence) 
and thus to his theory of general relativity. The main reason for my and 
many others' belief in that theory is the radical explanation it affords for 
the fact just mentioned. Any theory which breaks up the unity of inertia 
and gi'avitation, as Birkhoff's recent theory of gravitation in a flat world* 
does» throws us back into the position before Einstein where we had to 
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accept the identity of mass and weight without understanding it. Is there 
any reason for such a withdrawal ? 

One way of breaking the bond between inertia and gravitation is sug¬ 
gested by the study of weak gravitational fields in Einstein’s theory: 
One lets the differ but infinitesimally from constant values 5,*, g/jt = 
{^ik = inertia, = gravitation), throws away all higher powers 
of the constant factor t except the first, writes hm for and adopts the 
equations thus obtained as strictly valid. In a review® of Hirkhoff’s paper 
I had tried to illustrate his scheme by analogy with this "degenerate Ein¬ 
stein theory." In a recent noteJ* A. Barajas claims to disprove the 
validity of this comparison. But he misinterprets my intention, and his 
calculations are not entirely correct. 1 hope to clarify the situation by the 

following fuller statement of the case, in which I compare the complete 

* 

and the "degenerate" Einstein theories (E, D) with the theory of Birk- 
hoff (R). 

In terms of a suitable parameter a the equations of the world trajectorv^ 
of a particle have the common form 


d% 




(u* = dXi/da), 


( 1 ) 


which is invariant with respect to the substitution a feo-. The com- 

t 

ponents of the gravitational field are in the respective theories defined by 



The constant factor y, .specific for the individual particle, is the ratio 
gravity/mass. Once the cut performed by which D arises from E, a combi¬ 
nation 5/* + with this or that constant /u has as much and as little 
significance in D as in B. In B and D there is no more reason for y to be 
independent of the particle than one can expect the ratio rf charge/mass 
to be the same for all particles moving in an electromagnetic field according 
to the equations 
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We use the familiar notations 


in E, 


ds^ = Si^Xidxj, ~ dxo^ — {dxr + dx 2 ^ + dx-i^) in B and D. (3) 
From ( 2 E) and ( 2 B) there follows the relation 



const. 


14E, B) 


Hirkhoff’s choice of the was, in fact, suggested by the postulated relation 
(4B). No such relation (4) holds in D. [One could remedy this by a 
suitable transformation of the ])aramete.r a before letting c —+ 0 ; the recipe 
for the construction of D is not entirely unambiguous! But following 
Mr. Barajas I shall stick to our present interpretation of D.) 

What I had in mind when I said that B and D are "essentially of the 
same nature” (not "much the same,” as Mr. Barajas quotes me) were the 
following points: ( 1 ) Both oj)crate in a Hat world and are linear with re¬ 
spect to ha, ( 2 ) Both have a tensor as gravitational potential, and 
the ponderomotoric force exerted by the gravitational field depends 
quadratically on uK One should not forget that before Einstein a gravi¬ 
tational potential with 10 components was an unheard-of thing; this 
complication was forced upon him by the principles of general relativity 
rather than by any observed facts about the dependence of the force of 
gravitation on velocity. Notice also the formal similarity of the expres¬ 
sions (2B) and {2D). (3) In both theories inertia and gravitation are 

separate entities; hence no account can be given for the identity of weight 
and mass, while the equation 7 — I is a necessity in E—^but pointing to 
these analogies I did not for a moment suggest that B and D are idaitical 
in their numerical consequences! 

In a theory of discrete particles the static centrally symmetric solutions 
of the homogeneous field equations are decisive. With such calibration 
of the distance r «= (xi^ + x^^ + from the center as renders Ein¬ 

stein’s metric 3-space a conformal map of Euclidean space this solution 
in E is given by 

ds^ = { ■ .j m/2r)^{dxi^ + dx^^ + dxz^). (5E) 

\1 + m/2r/ 

It contains only one constant w. In the limit for small mjr one obtains 
Aoo «= —2mfr, « 0, ~ i^2fn/r)h^ [a, = 1, 2, 3], (5') 

The homogeneous field equations assumed by Birkhoff are 

dV 

□ Att « 0 where ( 0 ) 
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Their most general static centrally symmetric solution involves 3 arbitrary 
constants a, 1: 

hm = --241/r, - 0 ; 

= {2b/r)b^ -f + 3r-“x^^). (5B) 

From the present standpoint this is a serious disadvantage of B. (o') is 
contained in (5B) as the special case a — i!>, / = 0. To have a common 
basis fur the computation of the consequences of (2B) and (2D) I assume 
the hik to be given by (5B) with / — 0 , and set 7 — 1 for all particles. 

Then one finds for the period of revolution T of a planet around the sun 
and for the advance oj of its perihelion in the three competing theories 
the approximate formulae 

2 "^ rs^ 47rVoV-^» w ^ — e“); 

ulf/j “ fttf ^ 

Jk == 3w, i/, « 2a + 4b, j/, =« 2a + 36. 

ro(l — e) and ro(l + e) are the limits between which the distance of the 
planet from the center (sun) varies. In carrying out the calculation for 
D, Mr. Barajas changes at a certain step b into —6 and erroneously makes 
use of the relation (4B) which does not hold in D. In our notations, and 
with the dot used as an abbreviation of d/d<r, the correct equations in T> 
read 

* * 2(jif * 

Xq ^ -r*or 

r* 

* 

from which, after proper normalization of the constant factor k in c and 
of the invariant plane, follow the integrals; 

x$ » 0 , — x^i » 

x'l* + is* - TT^-i 

2 a + 6 

For the deflection 25 of a light ray whose asymptote has the distance ro 
from the center one hnds 

5 ~ f/ro; iu *“ 2m, 2(a + 6), **» a + 6, 
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if one assumes that the light ray follows a trajectory which satisfies the 
condition {ds/dtry^ ~ 0 in E and B and the same condition at infinity in 
D, It is true that the vSpecial choice a ^ b ^ m/2 reduces the three 
values of M, j, i in B to those in E, because the linear relation M + j “ 
2i satisfied in E holds also in B, whereas M + j ~ Hi in D. 

However, the hypothesis on which our computation of b is based is of 
a very dubious nature in B and D. In truth the propagation of light is 
determined by Maxwell's electromagnetic field equations, from which the 
concept of light ray emerges by letting the frequency of the light waves 
tend to infinity. In Einstein’s general relativity theory the g,* affect 
Maxwell’s equations in such a way that the light rays thus defined coincide 
automatically with the nul geodesics; and the deflection $ = 2nt/ro results. 
But in B with its flat world there is no necessity for modifying Maxwell's 
equations, and hence the light rays are straight lines (/j» = 0) and do not 
coincide with the nul trajectories—-unless the discrepancy is removed by 
some artificial modification of the electromagnetic equations which has 
to be constnicted ad hoc. 


Finally we discuss the relative shift AX X of wave lengths X which is 
observed by a spectroscopist who compares the light emitted from two 
atoms of the same nature. In Einstein’s theory there is no doubt about 
the principles on which the computation of AX/X rests: the constitution 
of the atom determines the frequencies of its oscillations measured in terms 
of its proper time propagatioii takes place in spherical waves according 
to the electromagnetic equations. For the static field (5E), two resting 
atoms at fixed distances r and a resting observer one thus obtains AX/X 
m*A(l/r). Desperate steps must be taken to escape the conclusion 
AX “ 0 in B. If I do not misunderstand him, Mr. Barajas interprets 
dxo/dc as the energy of a photon traveling along its nul trajectory from 
one to the other atom and, by grafting Planck’s quantum law on his classical 
scheme, assumes that the frequency of the photon varies iti proportion to 
this its energy! In this way (to which the quantum theoi^*^ of light lends 
little support) he manages to obtain a red shift AX/X ^ 2a* A(1 ^r). 

It is well known that in E the formula (4E) is nothing but a special case 
of the law that the scalar product of two vectors if*, le* at a common world 
point P does not change if both utidergo parallel displacement to an 
infinitely near point: 


dv^ ac -^Tp^v^dXgt dw^ * 


imply d(v*Wi) « 0. Perpendicular vectors remain perpendicular. Among 
other applications of the latter fact I mention Fokker’s computation of the 
geodesic precession of the Earth's axis,^ for which, assuming the orbit to 
be circular, he finds the value 37rm/ro. How would this phenomenon be 
treated in B? Birkhoff’s rule (2B) naturally fails to produce a law of 
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constancy of the same generality; and yet the special case where v and w 
are both parallel to the dis]:)lacement is made the decisive postulate. 

When one passes from discrete particles to continuous distribution of 
charge, energy and momentum and thus from the homogeneous to noii- 
homogeneous field equations, the divergences between the theories E and 
B become more pronounced than their analogies, for the simple fact that 
Birkhoff's theory is ba>sed on the duality of field and matter in a form 
which physics has abandoned during the last 40 yeturs. In his scheme 
mechanical equations appear independently besides field equations, and 
matter is represented by a charge vector and an energy-momentum 
tensor 7"^^ of the type 

— P'/d, T‘^ — yiiiHP (7) 


which involve a velocity field /d (hydrodynamical models of atoms!). 
In a steady development physics has come to the conclusion that the 
mechanical equations, the differential conserxmtion laws for charge, energy 
and momentum, follow from the field equations, and in formulating its 
exact field laws it has learned to dispense with quantities like (7) which 
are tied to the idea of a “fluid,” a continuously distributed moving sub¬ 
stance. It is true that quantum physics by its statistical inteq>retation 
of the. field equations gives rise to a certain complementary duality of 
“wave” and “particle’’; but this is an altogether different affair. 

A consistent linear field theory of gravitation is well suited to illuminate 
the problem of energy and momentum; it might also help, though this is 
much more problematic, in pointing the way to the correct unification of 
gravitation and electromagnetism. I propose, therefore, to continue this, 
discussion at another place. 


' Birkhoff, G. D, these Prockedivgs, 20, 2S1 (1943). 

* Mathematical Reviews^ 4, 285 (1943). 

* These Proceiedinos, 30, 64 (1944). 

* Vet si. K. Akad. Wetensch. Amsterdam, 20, p. 611; Schouten, J. A,, ibid,, p, 1160; 
Weyk H,, Raum Zeit Materie, 5th ed., 1923, p, 320. 
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1. The square of the linear element dS of a surface 2 is 

dS^ = £(x, y)dx^ + 2 F( 5 C, y)dxdy + G{x, y)dy\ (1) 

where FT* = EG — F* > 0. Of course (x, y) are general curvilinear co¬ 
ordinates of any point on £, Also we may consider (jc, y) to represent the 
cartesian codrdinates of any point in a plane rr so that the square of the 
linear element ds on r is == dx'^ + Thus there results a mapping 

of a surface 2 upon a plane t such that points of S and it will correspond if 
and only if they have the same coordinates. We shall term any particular 
mapping of a surface S upon a plane r a cartogram. 

We consider the ratio <r of the differentials of the arc lengths on ir and 
X, respectively. This scale function a is defined by the formula 

where the accent denotes differentiation with respect to x, 

A scale curve is the locus along which the scale does not vary. There 
are, in general, <» * scale curves. We shall be chiefly concerned with systems 
of scale curves, the discussion of which begins in Section 3. 

The scale function (t depends upon the Hneabelemcnt (:r, y, y') only. It 
is independent of y' if and only if the mapping of upon tt is conformal. 
It will be a mere constant if 2 is a developable surface and the mapping 
is an unrolling of S upon ir followed by a similitude on ir. Since we have 
already studied the simple-infinity of scale curves in conformal maps,^ 
we shall assume in the present paper that the mapping is not conformal. 
Then the conditions F » 0 and £ » G cannot hold simultaneously. 

Our new general theory will be applied to classic map projections or 
cartograras (area-preserving, azimuthal, etc.) in later papers. 

2. If on the plane tt, the scale function tr is laid off along the corre¬ 
sponding direction y* at a fixed point (x, y), the end-point will describe.a 
locus, which is an ellipse. Let Y) represent the cartesian coordinates 
of a point on the ellipse relative to the fixed point (jc, y), which is, of course, 
the center of the ellipse. The equation of this terminal ellipse is 

EX^ + 2FXY + GY^ ^ 1. (3) 

The directions of the major and minor axes of this terminal ellipse arc 
given by 


ds\^ 1 + y' * 
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py a -f (jg - G)y* F « 0. (4) 

This defines^ according to a theorem of Tissot, the unique orthogonal net 
of curves on tt which by the mapping corresponds to an orthogonal net on 
S. A curve is a characteristic curve of the mapping of Z upon ir if and 
only if it is a curve of this net. 

The semi-major and semi-minor diameters of the terminal ellipse satisfy 
the equation 

" (E + + 1 « 0. (5) 

For a fixed (t, the preceding equation defines a curve such that at all 
points of this curve the corresponding terminal ellipses are congruent. 
This set of 2 co ^ curves is termed the singular family of curves. 

(It is noted that this singular family can consist of »^ curves if and only 
if, either, the mapping is conformal; or else the functions E + G and 
jy* « EG “ P are functionally related. For example, under any area 
preserving map the singular family is E + G — const.) 

3. Upon setting the scale a of the equation (2) equal to a constat, 
there result curves along which the scale is constant. If the mapping is not 
conformalt there are «> * scale curves. On the other hand if the mapping is 
conformal, there are scale curves. Obviously, all curves are scale 
curves if £ is a developable stuface and the mapping is an unrolling of X 
upon V foUowed by a similitude on r. 

Henceforth only the general case where the mapping is not conformal 
shall be considered. It is observed that for a fixed <r, there pass two scale 
curves through any point of the plane. However, at any point of the 
curve (5), the two scale curves will be tangent. This supplies us with the 
reason for calling the family (5) singular. 

Upon eliminating the constant <r from the equation (2) by differentiation, 
wc discover that ike differential equation of our «> * scale curves is 

./ (i + + y'jE, + 2Ff) + H2F, + G.) + y* >G,] 

^ ■ 2[-/? + y\E - G) ^ ' 

It is seen that not every system of a> * curves can represent the scales of 
a general mapping of a surface X upon a plane «*, because (6) is of q)ecial 
algebraic form in the first derivative. 

* We observe from (6) that there are three inflectional directions and two 
cuspidal directions for the scale curves. The cuspidal directions are ahuays 
orthogonal, 

4. Let Y) represent the cartesian codrdinates relative to the point 
(x, y) of the center of curvature constructed at the point (», y) of a scale 
curve. For a fixed point (x, y), the corresponding centers of curvature 
(the central locus) of the »^ scale curves through the fixed point describe 
the cubic curve 
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GyX^ - (2F, + G,)X*r + (£, + 2F,)Xr» « + 2[-FX^ + 

(E - G)XY+ FF*] * 0. (7) 

The locus of the centers of curvature {the central locus) is a general cubic 
curve which has a node at the fixed point {x, y), the directions of the tangent 
lines at the node coinciding with the characteristic directions. 

This property is possessed not only by any family of scale curves 
but also by a more general class of families of curves. If a system of 
curves possesses the preceding property, then it must be defined by a 
differential equation of the form 

tt ^ (1 + ^)(q; -f + yy^ ^ + by ' *) 

^ - 2 (-„-{-*y+ ,y *) 

This family will represent scale curves if and only if the six functions 
(a, /3, y, d, «, ri) of {x, y) satisfy the two partial differential equations of 
second order 

My - AT., 

oty -f“ Na *= "f* 4" 4" 4* M{8 4* 4" ^N)^ (9) 

where M and N are defined by 

(«* + Arj^)M « «(a — 7) +• 2 ri{P — 5) — 4,,^^ -f 2 eijy — ce, 2t;ey, 

(i* 4" 4i?*)i\r « -2i7(a — y) 4" — 3) — 2€rjr — 4firjy 4- — Hy, (10) 

There are essentially <» ^ surfaces which possess the same family of ® 
scale curves. If the surface 2J with the linear element (1) is mapped upon 
the plane x such that the differential equation (6) represents the scale 
curves* then the linear element dS^ of any surface S' with the same scale 
curves must be given by 


d5' * « adS^ + bds^ (11) 

where a ^ 0 and b are constants. 

It must be emphasized that the results of this section are valid only for 
the general case where the cubic curve (7) is not degenerate. 

The class of scale curves is converted into itself only by the conformal 
group. This is true also for the class of curves defined by differential 
equations of the type (8). 

5. If the parametric curves of Z are not orthogonal, that is, F 0* 
the cubic curve (7) may degenerate into three straight lines, two of which 
are the tangent lines of the characteristic curves at the fixed point, and the 
o^er is the general line 


+ E^Y 0. 


( 12 ) 
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In this event, the scale curves form a velocity system^ The necessary 
and sufficient conditions that the <» ^ scale curves ( 6 ) form a velocity family 
are 


Gy{E » G) - F{E, + G. + 2Fy), 

-E,{E - G) - F(E„ + Gy + 2F^). (13) 

The differential equation of the ^ ® scale curves is then 

y'' - (1/F)(1 + y + yCy). (14) 

If the scale curves form a natural family, then the characteristic curves are 
an isothermal net. The curves {E — G)'^ + 4P ~ const, form an isothermal 
family if the scale family is isogonal. The scale family is a conformal 
rectilinear wex if and only if the function log [JS — G ““ 2iF] is an analytic 
function of z = x + fy only. Therefore if the scale family is a conformal 
rectilinear wex, the curves /s G = const, and F «= const, form an iso¬ 
thermal net. 

A system of scale curves can be of the cubic (Lie-Liouville) type^ if and 
only if it is a velocity system, 

(i. If the parametric curves are orthogonal, so that F » 0, the cubic 
curve (7) call be degenerate if and only if Gy — 0 or Ex « 0. In this event, 
the cubic curve consists of the tangent line to one of the characteristic 
curves and a conic section tangent to the other characteristic curve at the 
given point. This may also happen in the case where the parametric 
curves are not orthogonal. 

If Gy — 0, together with the condition F « 0, the w * scale curves 

form the velocity system 

:v" = 

In this case, the cubical central locus consists of the tangent lines of the 
characteristic curves at the fixed point, and the line 

-GxX + EyY + 2(E - G) » 0. (16) 

7. Finally we determine the class of surfaces 2 for which there exists 
a map of 2 upon the plane t such that the scale curves coincide with the 
totality of a® straight lines. This class of stnfaces 2 is given by 

dS^ ai){ydx — xrfy)® + 2{a\dx + b\dy){ydx ~ oedy) + atdx* 

+ 2cdocdy -h b^y\ (17) 

For this class of surfaces, we find 

IF “ (aorta — rti*)x® + 2{aQC2 ** aibi)xy (rto^s bi^)y^ d- 2{aiCt rts&i)x 

+ 2(ai6j — hxCi)y 4* — <^*). (18) 
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The gaussian curvature G is given by 

TI^G ^ “i“ — 05^2) "h — * 2 (iibiC 2 H” 

Thus the guassian curvature G is found to be a rational function of (a:, y). 

In the general case (17), it is found that the straight scales corre¬ 
sponding to a given scale are tangent to a conic section. By varying a 
we find that the conic sections form a confocal family. It is a central 
conical or parabolic family according as ao 5^ 0 or ciq = 0. 

If the gaussian curvature G is identically constant, then G must be 
identically zero. In this case =*= (ii « = 0. This means that if the 

surface 2 is of constant curvature such that the scale curves are straight 
lines, then ^ must be deveh)pable, and the mapping of 2: upon t is a devel¬ 
opment of ii upon 7r followed by an afhnc transformation. To a given 
scale (T, corresponds a j^arallel pencil of straight lines. 

Thus there exists no nan-conformal map of a sphere upon a plane such that 
the scale curves coincule %vith the totality of 00 ^ straight lines. From this, we 
deduce that the only map (conformal or not) of a sphere upon plane such 
that the scale curves are straight lines is the Mercator projection (in which 
case we have a single-infinitude of parallel straight lines as scale curves). 

* Presented to the American Mathematical Society, February, 1944. 

1 See the paper, "Scale Curves in Conformal Maps,** Proc. Nat. Acad. Sci., (1 944). 
Also see "Scale Curves in Cartography,** Science, 98, 324-325 (1943), and Science .Wews 
Letter, March 25 (1044). 

* A general velocity system is defined by the differential equation » (1 -f- y'*) 
hP ~ y%) where ^ and ^ are functions of (x, y). See Kasner, "Differential Geometric 
Aspects of Dynamics," Amer. Math. Soc, Colloquium Publicaticms, 3 (1912, 1934); 
Trans. Amer. Math. Soc., 9, 10 (1908-1999). See also Kasner and De Cicco, "The 
Geometry of Velocity vSystems," Bull, Amer. Math. Soc., 49, 236-245 (1943), and 
Kasner, ''Geometric Properties of Isothermal Families," Institute de Matematica, Rosa¬ 
rio, Argentina, 6 (1943), volume in honor of Rey Pastor. 

* A differential equation of the cubic type is of the form y'* « -h dy' + 

where ia, d, y, 6) are functions of (x, y) only. This has been studied extensively by 
Lie, R. Liouville, Tresse, Kasner and Wilczymski, With respect to the group of arbi¬ 
trary point transfonnations, this type is called a differential equation of the first rank. 
See Kasner, "The Geometry of Differential Elements of the Second Order with Re¬ 
spect to the Group of All Point Transformations," Amer. Jour. Math., 28,203 213(1907). 
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Probably no human characteristics have been subjected, from a genetic 
standpoint, to more continuous and wide-spread observation, than have 
blood differences, the inheritance of which is accepted as being typically 
Mendelian. Yet association in inheritance of a human blood group or 
serological character with a morphological character has not been demon¬ 
strated, except in one doubtful case.^ 

With animals other than man the situation up to the present time has 
been similar. We are fortunate, therefore, in being able to report a first 
clearly demonstrated case of genetic linkage in the rabbit between a sero¬ 
logical character, the so-called A character (presence of the A antigen 
An vs. the a agglutinin, and the morphological character 

brachydactyly {br). 

We are also able to make a progress report on a study as yet incomplete 
in which genetic linkage is shown not to exist between the serological //e 
antigen and nine different and independent morphological characters. It 
remains to investigate the linkage relation of Hti to two other morphological 
characters, satin (sa) and ataxia {ax). 

The He antigen is one of several antigenic differences known in the rabbit. 
The serological properties of the Hi and Hz antigens have been described 
by several authors and the inheritance of Ih and Hz has been studied and 
described in a series of publications by Castle and Keeler** * who found 
Hi and //«to be alleles and genetically independent of five known genes, 
viz., absence of the agouti pattern (a), dilution of coat color (d), non-exten¬ 
sion of black pigment (e), the dominant white spotting (English) gene 
(JSn) and the short-haired (rex) gene (ri). Ih and Hz were also found 
by Knopfmacher* to be indei>endent of the following six genes: a, an, ax, 
c, e and sa. See Knopfmacher’s paper for details and page 220 of this paper 
for significance of gene symbols. 

The identity of the He antigen as serologically distinct from and geneti¬ 
cally independent of Hi and jffi was demonstrated by Knopfmacher®. In 
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extension of his work linkage tests have now been made which show the 
independence of //«from the mutant genes a, br^ c, rf, c, En, h and v. 
See table i. Study has not yet been made of the relation of lU to genes 
sa and ax, so it is still possible that a linkage may exist between //e and 
one of thCvSc genes. 

TABLE 1 


INKAGE 

Tests t)E the 

H« Antigen 

WITH 

Other Known 

Genes of 

THE Rabbit 

UtiNW 

NUMBER OF 
FKOGKNY 

NON- 

CROSS OVHR 

CKOBS- 

OVKR 

»KVIA- 

TION 

P.K. 

DKV./P.K. 

a 

37 

19 

18 

0.5 

2.05 

0.243 

c 

42 

20 

22 

1.0 

2.19 

().4.'i« 

e 

72 

36 

36 

0.0 

* * 

* * ^ 

d 

45 

26 

19 

3.5 

2.2C 



95 

40 

55 

7.5 

3.29 

2.279 

Bn 

49 

26 

23 

1.5 

2.3() 

• 0.035 

V 

104 

47 

57 

5.0 

3.44 

1. .39.5 

hr 

118 

66 

52 

7.0 

3.6fi 

1.912 


92 

44 

48 

2.0 

3.2:3 

0.019 


The usual method of linkage analysis, backcross of the double heterozy¬ 
gote to the double recessive, has been employed in these tests using the 
coupling heterozygous combination (AB/ab) in all cases except in the test 
involving English spotting. In this case English being a mu¬ 

tation, the repulsion combination is more easily employed. Antiserums 
for the identification of blood types have been produced by the general 
method described by Knoi)fmacher/ with the exception that the injections 
made on successive days were progressively increased by 0.5 ml. until the 
last injection of 4 ml. was made. The animal was then rested five days 
and on the sixth day given a final dose of 4 ml., and bled five to sevenxiays 
later. The antiseruihs used had a titer of at least 640. The Hi antiserum 
had a titer of 1280. In typing animals the procedure described by 
Knopfiuacher was routinely used and tests were made usually at birth 
for Hu Ih and Ih at the same time. 

&)me irregularities such as were* encountered previously by Castle and 
Keeler^ and Battey* have also been observed in this study. Animals 
previously typed as negatives (lacking Ht and IH antigens) during the 
summer months, when retyped during the ccioler months of the year were 
found to possess these antigens. Some evidence, that such fluctuations 
are actually itifluenced by variations in temperature, has been obtained by 
Griffith* in a study of twelve animals possessing IH and i/« antigens at 
normal room temperatures. When subjected over a period of two weeks, to 
temperatures ranging from 89-108'^F,, a definite drop in the strength of 
the antigen was observed. In some cases it disappeared entirely, but, in 
all cases, rose to the original tit^ with the return of the animal to normal 
room temperatures. To avoi^ uncertainty the results of the linkage tests 
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of with other known genes shown in table 1 include only observations 
made during the period from September 15 to June 16, when room tempera¬ 
tures are regularly lower than those which resulted in diminished titers. 

Tests for the first two genes (a and c) listed in table 1 were completed 
but not published by Knopfmacher. The others have been made by us, 
but all alike show no statistically significant departure from the equality of 
crossover and non-crossover classes expected in independent assortment. 

In studying the A character (an), both agglutination and double com¬ 
plement fixation tests were made for each animal. Since of agglutinins 
are not present until rabbits arc about three months old, neither test was 
made prior to that age. In cases of uncertainty or disagreement between 

TABLK 2 

Linkage Tests of toe A Character ( an ) with Satin ( sa )^ Vienna White (f) and 
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tlie results of agglutination and inhibition tests, retests were made, the 
animal usually being bled a few weeks later. 

Adequate tests for association between the A character and the mutant 
genes a, c, d and En were made by Sleeper^* with negative results. Tests 
subsequently made by us for association between the A character (an) 
and the mutant genes 5a, v and br are summarized in table 2. In the tests 
with 5a and v, no evidence was found of linkage. But in relation to the hr 
gene, evidence of linkage was found both in the coupling and in the repul¬ 
sion matings. Of the 82 progeny obtained in the coupling matings, 33 
(or 40.2 ^ 3.7 per cent) were crossovers, In the repulsion matings 9 of the 
32 progeny were crossovers, or 28.1 a# 6.0 per cent. Combining the two 
experiments gives us a population of 114 backcross individuals, in which 42 
are crossovers, or 36,8 3.2 per cent, a deviation from equality (expected if 

assortment is free) more than four times the probable error and so highly 
significant. This estimate is based entirely on segregation occurring among 
the gametes of Fi females, in which the crossover percentage is regularly 
higher than in males, as has been demonstrated for rabbits, rats and mice, 
and is probably true for mammals in general. 

It was Aown by Castle and Sawin^ that brachydactyl (br) is linked 
with furless (f) with a crossover percentage of about 28.3. Since this is 
considerably less than the estimated 36.8 per cent of crossovers between 
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hr and the A character (aw), it seems probable that the order of the three 
genes is br-f-an rather than f-br-an. The former gives a total map dis¬ 
tance of less than 40, whereas the latter would make it in excess of 05, an 
improbably high figure. 

Summary, It has long been known that serological differences, such 
as the blood groups of man and other mammals, are inherited in typical 
Mendelian fashion and so are undoubtedly gene controlled. The first 
clear evidence of linkage between a serological gene and a gene for a mor¬ 
phological character, brachydactyl, is presented herewith. A third gene, 
furless, lies in the same linkage system with these two in what has b<!!cn 
called the fifth chromosome of the rabbit. 

Bringing up to date our knowledge of linkage in the rabbit, the six 
demonstrated linkage systems may be diagrammed thus: 
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* A portion of a research program supported in part by a grant from the Rockefeller 
h'oundation. 

* Battcy, S. O. M., Thesis, Brown University (1940), 

* Castle, W. K., and Keeler, C. E., Eroc. Nat Acad. ScL, 19, 92 (1933). 

Castle, W. and Keeler, C. K., Ibid., 19, 98 (1933). 

' Castle, W. E., and Sawin, 1*. H., Ibid,, 27, (1941). 
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CONCJiRNING LINKAGE OF WALTZING IN RATS 

By Maurice Whittinghilt 

llliPARTMtCNT UR ZoOloGV, UNlVKRSn V OF KoRTM CAROLINA 

Communicated July 24, 1944 

vSome tiiislulces iu recent pajiers’ on linkage in rats should be pointed out 
not only for the sake of accuracy in rat genetics but because the errors are of 
types made all U)0 frequently in other fields. The mistakes stem from 
experiments that ap])rt)ach the ])robleni repeatedly from one angle, which 
may result iu an incompletely sujiported conclusion. They also include 
correct verbal logic inaccurately related to the exiierimental events and 
misapplication of the formula for computing the probable error to data 
which had been adjusted Ix'cause of experimental necessity. 

The idea that the recessive factors waltzing and albinism are linked seems 
to be a premature conclusion from experiments revealing only one side of 
the picture. In all the crosses reported in both papers the two genes were 
introduced into the through the same j)arent and were found together 
oftener than not in the F 2 ami iu testeross offst)ring. A variety of experi¬ 
ments of this coupling type, involving over 1000 rats, gave consistent re¬ 
sults; yet there were no experiments to show whether the two factors, if 
introduced into the F] from opposite parents or in repulsion phase, would 
tend to remain separated in the gametes of these heterozygotes. Without 
such information from repulsion matings it is not evident how one can 
distinguish linkage of the two genes in inheritance fn>m embryological 
enhancement of the waltzing in the albino phenotype. The latter is more 
than a remote hypothesis, because waltzers overlap with wild and are 
recognizable much less frequently than expected on the single factor 
hypothesis. 

A second mistake, while made apart from the first, contributes further 
to the cotifusioii Ix'twcen events in inheritance and in devclo|>meiit. It is 
known that the recessive ])ink-eye<1 yellow gene is located in the same 
chronxisome pair as the albim* allels. Consequently, King and Castle 
say (p. 57), *‘lf waltzing is linked with aibinism, it should sliow linkage 
also with yellow." They performed a threeqxnnt experiment in which, 
it should be carefully noted, waltzing and albinism were introduced into 
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the Fi from one parent while yellow was inherited from the other. Assum¬ 
ing linkage, one would expect from such a heterozygote an excess of those 
gametes containing either one or the other of the original combinations: 
waltzing, albinism, non-yellow of else non-waltzing, colored, yellow. In 
other words the waltzer and albino genes would most of the time remain 
coupled with each other and repulsed from yellow during meiosis. In 
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linkage inheritance certain genes tend to be held together in one chromo- 
some while their allels are apt to be coupled in another group which is re¬ 
pulsed from the first. Forgetting that yellow would show repulsion 
from albinism and waltzer according to their hypothesis, the authors state 
(p. 58), "As expected, the percentage of waltzers in the yellow group is 
higher than that in the non-yellow, suggesting linkage of waltzing with 
yellow as well as with albinism." 

Let us arrange the data from Castle and King's three-fK>int testcross in a 
table to show (1) the occurrence of single, double and non-crossovers on the 
linkage hypothesis, and (2) the proportion of waltzers in each of the three 
coat-color classes. I am grateful to Dr. Castle for a suggestion which 
helped to simplify this table. Inspection of table 1 does not reveal the 
usual result of crossing-over, namely, a small number of double crossovers 
as compared with each of the single crossover classes. Since the color 
classes may be under suspicion of differentiaBy enhancing waltzing, let us 
consider them separately. Among the gray rate thde seem to be too many 
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double exchanges. Among the albinos too few non-crossovers appear. 
Among the yellows the percentage of crossovers between the p and w loci 
is low in comparison with the total data. In all cases the low classes are 
waltzer classes, which comprise only 22.8% plus or minus the standard 
error of 1.7(i%, whereas one would expect 50%) waltxers if waltzing is 
differentiated from the normal by a single pair of genes. Consequently 
Castle has proposed a reasonable correction for this lack of waltzers.® 
He has added 1.2 times the waltzers obtained to each waltzer class at the 
expense of the corres|>dnding non-waltzers. This gives the adjusted num¬ 
bers shown in parentheses in table 1, where waltzers now equal non-waltzers 
in numbers. Other adjustments do not seem to be in order, since the 282 
coloreds (grays phis yellows) are about equal to the 241 albinos; and the 
ratio of grays to yellows is an expression of the amount of crossing-over 
between those two loci, 22 units apart as shown here and previously. 


TAB1.K 2 


Recombination between the Yeu.ow and Waltzer Loci (i.e., Assumed Crossovers 


IN Reoion 2) 


% 8.K., % 


Region 2 crossovers among grays (raw data) 
Region 2 crossovers among grays (adjusted) 
Region 2 crossovers among yellows (adjusted) 
Region 2 crossovers among yellows (raw data) 


81.7 4.90 

59.7 * 4.90 
41,0 ^ 2,03 
18.9 * 2.03 


Combined adjusted data 45.5 * 2.90 

Probability of sucli a chance deviation from a 50% recombina¬ 
tion, 0.13 


The effect of adjusting the data in the manner described is, among the 
coloreds* entirely upon the value obtained for region 2 (see table 2), In 
this table it will be noticed that the standard errors attached to the adjusted 
percentages of crossovers are the same as those computed for the actual 
samples. One could obtain a larger sampling error by treating the adjusted 
percentage as a raw sample, but I have not done so. The difference in the 
raw data is obviously great. The difference between the crossover values 
given by the gray classes and by the yellow classes, after the data have 
been adjusted in respect to waltzing, is still a very significant difference 
indicating that something more than linkage is operating. If the values 
of 59.7 and 41.6% crossovers had come from raw samples rather than from 
the adjusted figures nevertheless the difference between them could have 
occurred by chance alone only 1% of the time and should therefore be 
adjudged a real difference and one not to be merged by averaging. Con¬ 
sidered another way, the 41*6% of yellows has a 0.016 probability of being 
a chance deviation from a 50:50 distribution; and the 59.7% of cross¬ 
overs among grays could readily be a chance departure from independent 
assortment, P being 0.13, but in the opposite direction. Considered to- 
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gether the probabilities are thus better for independence than for linkage. 
Even if these differing measures of recombination are averaged, the result 
is on the borderline of a significant departure from independent assort¬ 


ment. 

Using the raw data an important comparison is possible among those 
rats of this testcross which actually show waltzing. This comparison 


should be very meaningful because no adjustment, however reasonable, has 
been made for the expression of waltzing. All colored wattzers result from 


recombination, either in region 1 or in the p)rovisionaI region 2. About 18% 


of each color are waltzers. The colored waltzers are distributed as follows: 


11 gray waltzers, which would arise only from crossing-over in region I; 
and 42 yellow waltzers, which result from an exchange in region 2. It 
follows from this that region 2 must l^e several times longer than the 22- 
unit distance contained in region 1. That would mean an exchange fre¬ 
quency great enough to represent free assortment between pink-eyed yellow 
and waltzing. 

Since the correction for the poor exporession of waltzing does not estab¬ 
lish linkage to the satisfaction of this author, let us now see if any con¬ 
structive conclusions using the contrary hypjothesis of independent assort¬ 
ment may yet be drawn as to the penetrance of waltzing in different color 
classes. Among gray rats, which result from crossing-over between the 
c and p loci, waltzing is expressed in of the rats instead of the 

50%, expected without linkage. This gives a penetrance of 3().G% mean¬ 
ing that only of the genetically waltzer rats showed that character 

phenotypically. Among yellow rats the p)ropx)rtion of waltzers is the 
same, 18.9 2.(53%,. Assuming independent assortment of w ^nd y, 

we would expect 50% waltzers, so the p>enetrance here is 37.8%. If linkage 
should be involved, the expected percentage would be below 50, and the 
resulting i)enetrance, for various assumed strengths of linkage, is shown 
in the right hand side of table 3. ' 

In the remaining class, the albinos, the occurrence of waltzing is 27.5 =*= 
3.4%, higher than and j>erhaps significantly different from the frequency 
of waltzers among the grays and the yellows. The differences are twice 
the standard error of the respiective differences, so that the odds are about 1 
against 20 for them to be merely chance deviations. In the albinos the 
pienetrance of waltzer turns out to be 55%, if we assume no linkage. On 
the other hand, if we say that the penetrance is the same as in the colored 
classes, close linkage with only 10 or 20% of crossing-over would be indi¬ 
cated, No such close linkage has been found. Table 3 shows these and 
intermediate correspondences between crossing-over and enhancement of 
expression. The percentage of waltzers expsected takes into account the 
merging of the double crossovers phenotypically into the non-crossover 
class as shown in table 1. It is assumed that dduble crossing-over takes 
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place without interference, so that the frequency of double < 

equals the product of all exchanges for each of the two regions figured 

separately. 

It may be true that both augmentation and linkage are responsible for 
this situation. In that case some other value of crossing-over, between the 
35% tentatively arrived at by Castle and King (1941) and the free assort¬ 
ment suggested by myself, may turn out to be correct. A direct measure 
of penetrance could be obtained through data from inbred albino waltzer 
stock or from yellow wultzer stock indcjxjndent of linkage amplications. 
Separate measures of ])enetrance might through table 3 confirm some 
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particular value for crossing-over. Perhaps the difficulty in establishing 
the desired yellow waltzer stock is a low penetrance of waltzing in yellow 
rats. Within tlie limits of sampling errors the penetrances, of waltzer in 
albinos and in yellows should lead to the same conclusion as to the fre¬ 
quency of recombination in the long and doubtful region. A more direct 
and unequivocal test would be an experiment starting with yellow waltzer 
mated to albino and testcrossing the Fi, but technical difficulties often slow 
one’s realization of the conclusive demonstration. 

A third type of mistake is a misapplication of a formula for computing 
the sampling error to data which do not comprise an actual sample. In 
the testcross transcribed in table 1 it was not possible to distinguish the 
albinos from the albino yellows, hence one of the two complementary cross¬ 
over classes for region 1 could not be recognized. Sixty of the other class 
were found in a total of 523 offspring of all kinds. It was reasonable to 
double this 60 before dividing by the total in order to get the most likely 
per cent of recombination, visible and concealed. In figuring the reliability 
of this sample, the total of 523 seems to have been used giving a probable 
error of L2%. It would be more appropriate to use only the actually ob¬ 
served number of crossovers, 60 grays, and to divide that by the number of 
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non-albinos, or 282 coloreds. By thus removing the unclassifiable albinos 
a greater probable error is revealed, lii%. Even without this leeway 
the new crossover value for region 1, 21.3%, agrees better with the 
previous result of 21.9 =*= 0,4% obtained by Castle and Wachter. 

* King, Helen Dean, and Castle, W. E., these Proceedings, 23, Sd-tK) (1937); Castle 
and King, Ibid., 27. 394-398 (1941). 

« Castle and King, Ibid., 27, 396 (1941). 


LINKAGE OF WALTZING IN TllR RA T 

By W. E. Castle 

t 

Division of Genetics, University of California 
Comniunicaled July 24, 1944 

I am greatly indebted to Dr. Whittinghill for pointing out in his table 1 
of the foregoing paper a serious mistake which I made in calculating cross¬ 
over percentages in the data for the three-point cross involving waltzing, 
albinism and pink-eyed yellow (Castle and King, 1941). The mistake con¬ 
sisted in not making allowance for double crossing-over^ i.e., crossing-over 
occurring simultaneously in regions C P and P W oi the albino chromo¬ 
some. 

While the occurrence of linkage as originally assumed by Castle and 
King would still be shown, the map distances would be materially altered. 

Let us then re«camine the entire evidence in which linkage (coupling) 
between albinism and waltzing was postulated in 1937 and reasserted in 
1941 with the additional conclusion that linkage in the repulsion phase was 
found between pink-eyed yellow and waltzing. 

In the earlier (1937) paper cited, an attempt was made to summarize and 
interpret the results of three different crosses mad^ between albino waltzers 
and colored non-waltzers known as hairless, kinky and blue, respectively. 

All Fx individuals were colored non-waltzers showing the recessive nature 
of both albinism and waltzing. In each of the Fj populations four pheno¬ 
types were obtained, viz., colored non-waltzers (C W), albino non-waltzers 
(c W)f colored wlatzers (C w), and albino waltzers (c w). In each of the 
Ft populations fewer waltzers were obtained than were to be expected if 
waltzing is a simple recessive. This, however, is in accord with numerous 
earlier observations of King and is to be explained by the low effectiveness 
(penetrance) of the waltzing gene, so that many individuals which are 
homozygous for waltzing nevertheless do not wdtz. The percentage of 
individuals which actually waltz is far below the expietcted 25% but higher 
among Fi albinos (12%) than among colored individuals (5%), which 
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suggests the occurrence of linkage (coupling) between the recessive genes 
c and w, which entered the cross together. 

To test this suggestion backcrosscs were made between double recessive 
individuals (albino waltzers) and Fx colored non-waltzers. From such 
matings 1:1 ratios were to be expected of colored and albino individuals, 
as well as of waltzers and non-waltzers, if both albinism and waltzing were 
single gene characters with normal complete penetrance. Substantial 
equality was realized between albino and colored classes, viz., 1318 al¬ 
binos: 1S€5 colored. But again the incidence of waltzing was higher 
among the albinos (29%) than among the colored (22.7%), whereas 50% 
was to be expected in each case if penetrance were complete and linkage 
absent. Dr, Whittinghill has suggested that waltzing may be easier of 
realization in an albino than in a colored phenotype and that this rather 
than linkage may be the explanation of the difference in percentage of 
waltzers among albinos and among colored individuals. The suggestion is 
negatived by the result of a backcross in which a black waltzer (heterozy¬ 
gous for albinism) was mated with Fx black individuals (cross 5 C, p. 58). 
Here the percentage of waltzers in the backcross population (20.9) was 
about the same as in other backcross populations, but a majority of the 
waltzers (43) were black while only 9 were albinos. This shows that waltz¬ 
ing is realizable in the usual percentage of cases in a colored as well as in ait 
albino phenotype, and that the phenomenon under discussion is genuinely 
genetic, not merely developmental. 

Dr. Whittinghill’s fmther contention that a repulsion cross in addition 
to a coupling cross would be required for the complete demonstration of 
genetic linkage may be dismissed in the light of the repeatedly demon^ 
strated fact that both in plants and in animals linkage in substantially 
like amounts will be shown by coupling and repulsion crosses involving in 
both cases the same pair of genes. The desirability of such supporting 
evidence may be freely admitted, but practical considerations at the time 
made it difficult to obtain. 

We come now to a second line of evidence that linkage exists between 
albinism and waltzing, evidence which also is called in question by Dr. 
Whittinghill. Extensive experiments made many years ago showed that 
albinism (r) and pink-eyed yellow ip) are linked with about 22 per cent 
of crossing-over between them. Consequently, if waltzing is linked with 
albinism, it should show linkage also with yellow. The experiments de¬ 
scribed in ouf 1937 paper did not to our knowledge involve the yellow gene, 
until this fact was revealed by the appearance of the yellow phenotype in 
Fa both in waltzing and in non-waltzing individuals. Then it became evi- 
defit ttmt the yellow gene had been introduced in our cross 3 as a recessive 
in the blue (colored, non-waltring) parent. Among 63 Fa yellows, 6 were 
walteer^. The number was too small to have statistical significance, but 
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in percentage frequency (9,5) was intermediate between that observed 
in other colored phenotypes (5.8) and that observed among the albinos 
(14,7). Dr, Whittinghill has quite correctly pointed out that “forgetting ” 
the repulsion relationship in which the yellow gene had been introduced 
we hazarded an unsupported guess that waltzing might be linked with 
yellow as well as with albinism. Of course there was no statistically 
significant evidence for or against the suggestion and we did not assert 
that there was. But we did say (p. 58) that “Further experiments to test 
for linkage between waltzing and yellow (already in progress] are as yet 
incomplete and inconclusive.”' To obtain an adequate amount of data 
from such experiments required several years additional work. 'Fhe results 
are contained in our 1941 paper. 

A cross was made between pink-eyed yellow non-waltzers and albino 
waltzers. The animals were gray non-waltzers and their genetic consti- 

Cp W 

tution was reported thus, — - . We were perfectly aware that this time 

p had been introduced in the repulsion relationship to waltzing for we had 
deliberately planned it that way. 

After triple recessives {cc pp ww) had been laboriously synthesized, which 
in every gamete would transmit the three recessive tdlels, c p w. Dr. King 
backcrossed such triple recessives to F\ mates obtaining a population of 525 
animals distributed as follows: 
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That albinism is linked (coupled) with waltzing is indicated by the high 
percentage of albino waltzers (27.4). That the color gene (C) and the 
yellow gene {p) are repelled by waltzing is indicated by the much lower 
percentage of waltzers in the gray and the yellow classes (18.5 and 18.9, 
respectively). 

Consider first the detailed evidence concerning the color gene (C) in 
relation to waltzing (w). All colored individuals would have derived C 
from their F\ parent, which would produce gametes either C W (colored 
non-waltzers, gray or yellow) or C w (colored waltzers, gray or yellow). 
The progeny were 49 gray -f 180 yellow « 229 non-waltzers, and 11 gray -f 
42 yellow » 5:1 waltzers, an indicated crossover percentage (repulsion be¬ 
tween C and V)) of 18.8 ^ 1.5. From the albino group we may obtain 
additional evidence as to the linkage relations bet'^een C (or rather its re¬ 
cessive allde, c) and w. Gametes produced by the Fj parent which would 
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give rise to albino offspring would be either c W (crossovers, non-waltzers) 
or (' w (non-cn>ssovers, waltzer). The numbers recorded are 17o cross* 
overs to fU) no a-crossovers, an indicated but highly, improbable crosstjver 
percentage of 72.f). Such are the results based on the raw data the p locus 
being ignored, as it was in our 1937 experiments, in which the p gene was 
not involved except in the single experiment designate<l cross 3, as shown 
by the lu population of table 3, page 5S* 

Obviously it is necessary in dealing with a character having such low 
penetrujice as waltzing manifests, to make a correction for the deficiency 
of phenotypic waltzers, as we did in our 1937 paper. This can be done by 
increasing the waltzer classes to their theoretical equality with half the 
entire po])ulation, and decreasing by like amounts the corresponding non- 
waltzer classes. In the present case, this may be accomplished by multi¬ 
plying the recorded numbers of waltzers by the factor 2.2. The frequen¬ 
cies in each group then become as follows: 


Cray 

Yellow 

Albino 

NtiN ■ 

WAI.TZKKS 

X’i.H 
129,0 
95, H 

WALT3tKKS 

2-1.2 

92,-4 
145.2 

rtiTAi. 

00 

222 

241 

% WAI.TZKKS 

40..1 1 
41.0 f 

00,2 

% CK(>}480VUK 

41.3 1.0 {C/w repulsion) 

30,8 2.1 (r le coupling) 

'Folal 

2('. 1,2 

201.8 

023 

,50.0 



Waltzers now, it will be observed, still appear as minority groups among 
the gray and the yellow classes, owing to repulsion l:)etwecn C and w: 
but among the albinos waltzers become a majority group, owing to coupling 
between c and uk The crossover percentage for repulsion in the combined 
gray and yellow classes (the entire colored population) is 41.3 1.9, for > 


coupling in the albino class it is 39.S ^ 2.1. For the entire population 
(colored and albino, repulsion and coupling experiments combined) it is 


40.0 1.4. 


The value obtained for C w in our 1937 paper in which locus p was not 
involved was 44,7 ^ 0.7 based on a population of 2139 backcross indi¬ 
viduals. When a correction was made by increasing the number of 
waltzers to half the total population, the figure became 45.8 ^ 0.7. It 
seems probable therefore that the true value lies between 40 and 45. 

But if the p locus is taken into consideration, as it should be in a three- 
point cross, it is obvious, as Dr. Whittinghill points out that double cross¬ 
ing-over must be reckoned with, i.e., crossing-over simultaneously in re¬ 
gion 1 (C p) and in region 2 {p W) which would result in the production of 
triple dominant gametes {C P W) potentially gray non-waltzers. These 
number 49 in the raw data and 35.8 in the corrected data. 


Using first the raw data, the indicated crossovers in region 1 are 11 gray 
waltzers + 49 gray non-waltzers » 60 individuals or 21.3% of the colored 
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population. The indicated crossovers in region 2 are 42 yellow waltzers 4" 
49 gray non-waltzers ” 91 individuals, or 32.2 =*= 1^8% of the colored 
population. 

On this basis the linkage map for the CpW portion of the albino chromo- 


C21.3P32.2I^ 

some would be-r—. 

0 • 53.5 


The finding 21.3 for the C P region is in 


good agreement with the value 21.9 ^ 0.4 found by Castle and Wachtcr 
(1924). 

Let us now see how these values are affected by using the corrected data. 
The total'amount of crossing-over indicated in region 1 (region C p) re- 
mains unchanged at 60 (24.2 gray waltzers +* 35.8 gray non-waltzers) or 
again 21.3% of the colored population, which is in complete agreement 
with extensive earlier investigations. In region 2 {p W) the indicated 
crossovers are 92.4 yellow waltzers 4* 35.8 gray non-waltzers » 128.2 or 
45.4 * 1.97% of the colored population. Dev./P.E. « 2,3. A deviation 
from 50% of like magnitude might be expected by chance 12 times in 100, 
the odds against it being 7.28 to 1. 


The linkage map would now become 


C 21,3 P 45.4 W 

0 my 


The C W interval 


calculated without regard to p and based on the colored population only was 
41.3 *= 1.9. When p is taken into consideration and double crossing-over 
allowed for, the interval becomes 53.5 based on the raw data, 66.7 based on 
the corrected data. Repulsion between p and w is 32.2 1.8% based on 

the raw data, 45.4 ^ 1.97% based on the corrected data. Calculated either 
way statistically significant coupling is shown between waltzing and ab 
binism, and statistically significant repulsion between waltzing and the 
pink-eyed yellow gene is shown to be highly probable. 

In the light of these findings the linkage map of the albino chromosome 
must be revised to show it considerably more extended than in our 1941 
paper. It would appear about like this: 


L C R P W . 
0 3.3 3.8 25^2 70.6 


Dr. Whittinghiirs suggestion that it is desirable to base the probable 
error on the half-population under the circumstances described by him is 
entirely correct, as is also his insistance that double crossing-over and inter¬ 
ference are not synonymous terms (p. 396). An error which he charit¬ 
ably calls *'typographicar’ was due to an unfortunate aberration when I 
wrote non-curly instead of non^anemic in the second part of tfie 1941 
paper (p. 398, line 9). 1 am obliged to him for pointing out the^ errors. 

The slight differences between Dr. Whittinghiirs figurei and my own in 
certain instances are due to the fact that he uses standard errors and I 
probable errors. 
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X-RA Y INHJBiriON OF MITOSIS IN RELA TION TO 

CHROMOSOME NUMBERS 

By a. Marshak and MuRiEt Bradley 
Radiation Laboratory and Dbpartkent of Botany, University of California 

Communicated July 12, 1944 

Numerous references to mitotic inhibition resulting from ionizing radia¬ 
tions appear in the literature, but the problem of the mechanism of this 
inhibition is still unsolved. Strange ways and Oakley,^ Strangeways and 
Hopwood- and several subsequent investigators have shown that cells 
already in mitosis at the time of irradiation continue to divide, but that 
cells which normally would have entered mitosis during that period are 
inhibited at onset of prophase. Evidence that the inhibition is caused by the 
action of x*rays uixin the nucleus was supplied by Henshaw and Francis 
(1936)* and by Henshaw (1938).* They found that x-rayed Arbacia sperm 
used to fertilize untreated eggs will delay cleavage, and Henshaw has shown 
^that whereas irradiation of enucleated egg fragments has no effect on time of 
division irradiation of nucleated fragments caused delay in division. 
Crowther* suggested that the centrosome might be the structure involved 
in the inhibition, since the centrosome and the sensitive volume (cal¬ 
culated from the data of Strangeways and Oakley‘) were of the same order of 
magnitude. Frdier, Oelin and Gustafsson" aincluded that extra-chromoso¬ 
mal processes within the nucleus influence the onset of prophase and, when 
disorganized by x-rays, they prevent mitosis. This inference was based on 
the ability of cells to divide even when very high x-ray doses have broken up 
the chromosomes to the extent that they have lost all distinct continuity and 
shape. However, other interpretations will fit their observations. Previous 
investigation by one of us showed that there is no correlation between 
chromosome length and mitotic inhibition.'^ In this paper we wish to re¬ 
port evidence that inhibition of mitosis is dependent upon the number of 
chromosomes in the" cell. 

Root tips of three species of Triticum (T, monococcum, T. dicoccum and T. 
vulgare) and two species of Bromus {B, carinatus and B. arizonicus) were 
selected as the biological material. Both genera are members of the 
Gramtneae and both have basic diploid chromosome numbers of 14. The 
numbers of chromosomes in these five species form a series of 14, 28, 42, 
56 and 84. The soiuxe of x-rays was an oil^cooled tube with a tungsten target 
in a General Electric Company Maximar apparatus, operated at 220 Kvp. 
and 15 ma* The beam was filtered through 1 mm. Al, and a lead dia¬ 
phragm 1 cm. thick and with a 10 X 10 cm. aperture was used at the base 
of the cone which was 17.5 cm. in length. The target distance was 85 cm. 
Irradiation was given at the rate of 43 r i^er minute as measured with a 
Victoreen ionization chamber. 
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Seeds were germinated on moist filter paper in covered glass dishes kept 
at a constant temperature of 2')^C. When the roots were 2 to 'A cm. long, 
scedlinjfs of eacl) sfjccies were irradiated in five different lots with increasexl 
dosage for successive lots. After irradiation the seedlings were retitrtied 
to the incubator for 3 hours. Cells at the onset of prophase when ir¬ 
radiated are in ana[)hase 3 hours later.^ At the end of that interval root 
tips were fixed in a solution of 1 part '>0% ethyl alcohol : 1 part 50% acetic 



00$E IN NOCNTOCNS 


FIGURK I 

Tx>garithtMs of per I'ciU mitoses as a funelioii of dose in rociilgen units. 


acid. The fixiition perifxl was 18 to 20 hours, after which the root tips were 
left in 70% alcohol for approximately 24 hours. They were then washed 
in distilled wat<»r for 10 minutes, treated with 4% iron alum for 1 hour, 
washed in distilled water I hour, aiid macerated in coiKX^iitrated hy¬ 


drochloric atad for P /g mimites. After washing them again in distilled 
water for 20 minutes or hjuger, aceto carmiae smears were made. Suffi¬ 


cient length of each nx)t tip to insure the inclumoii of the entire region of 
cell divisuni was smeared. Two small drops (n iceto-earmine were placed 
close together on the slide, in one of which two root tips were gently 
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mushed with a dissecting needle to separate the cells. Cells adhering 
to the needle were then washed off in the other drop of stain and a cover 
glass placed over l>oth drops and their contents. To prevent the esca|)e f)f 
any cells from under the cover glass, care was taken to use just enough 
aceto-carmine to extend to the edge of the cover glass when the smear was 
adequately flattened. Control root tips for each experiment received 
treatment identical with that given irradiated root tips, with the exception 
of exposure to x-rays. 

All metaphases atid anaphases were counted in S to IS root tips of each 
control or irradiated lot. Prophases and telophases were not included in 
the counts because of difliculty in distinguishing accurately between late 
restirig .stage and early prophase and between late telophase and early 
resting stage. The maximum variation between mitotic counts for any 
two slides of one lot are as follows: 7\ mmocorcum 11%, T. dicoccum 34^^, 
7'. ml^are 40%, B. airinatus 20 % and B, arizonicus 83%,. The mean 
deviations for the same species were K, 13, 20, In and 10%, respectively. 
Percentages of the average number of mitoses per control root tip were 
found for each irradiated lot. In figure 1 the logarithms of these per¬ 
centages are plotted against dosage. The curves arc all of the form Y = 
where Y «= per cent mitoses, e — the base of natural logarithms, x 
dose in roentgens and = a constant. They were fitted by the method of 
least squares with each jxiint weighted by the number of mitosis observed. 
In table i the slopes of the curves are given, together with the root mean 
square deviations and the measures of goodness of fit according to the 
equation 

xiy^yy 




1 - 


JUy^) (:iyr\ 

\n - r, ) 


where y ^ observed log preeentage mitoses, V « the calculated log per¬ 
centage mit()ses and n » the number of points on the curve (Yule and 
Kendall)/ Values of the slopes (k) and root mean square deviations (5) 
are given in terms of the base e of natural logarithms. 

TABLU 1 


OKNftt» ANII SPEtClUii 

CMKOMU.SUMB 
NUMBRtt (2;^) 

X 10 


K 

Triticuiu inunococcuni 

t4 

17.098 

1.29 


'rriiit'uui <liC(KXuni 

2S 

9.721 

n 


'I'riticutu vutffar^ 

■42 

9.997 

0 


Bronuis cariualus 


5 197 

0.49 

o.««« 

Hromus ari/oiiii‘us 

HI 

a. ir»9 

0 52 

II.WMI 


in order to verify {)reviuus evidence that inhibition of mitosis is not a 
function of chromosome length, chromosomes of each species were meas- 
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ured. Two types of measurements were made; in one, all chromosomes of 
a single metaphase cell from each species were measured from camera 
lucida projections, with the usual precautions taken to avoid optical dis¬ 
tortion. Where a chromosome was not entirely horizontal, its length was 
determined geometrically from the highest and lowest focal points of those 
portions which deviated from the horizontal. Since this procedure is very 
laborious, additional measurements were made with the ocular microm¬ 
eter. All chromosomes in 10 cells of T. mmococcum, in 8 cells of F. di- 
coccuntt in 5 of 7". vulgaret in 4 of B* curinatus and in 2 cells of B. arizonicus 
were measured by the latter method. Camera lucida and ocular microm¬ 
eter measurements are listed separately in table 2. Lengths are given 
in ienns of total chromosome length, i.e., the sum of the lengths of all 
chromosomes in a metaphase configuration. 


TABLK 2 


Total Chromosomk Lengths (in Microns) 


HPHCtKS 

T. monococcum 
7\ dicoccum 
T. vulgare 
B. carinatm 
B. arizonkus 


LB NOTH (1 CBLL) 
(CAKBRA lucida) 

124 

219 

243 

332 

411 


mban lsnoth (ucv* 

LAR MlOROMl&TBIt) 

118 (10 cells) 
203 ( 8 cells) 
248 ( 6 cells) 
287 ( 4 cells) 
374 ( 2 cells) 


ranob of LKHCTHS 
(ocular micromktbr) 

114 to 127 
194 to 222 
238 to 280 
274 to 330 
358 to 387 


In connection with these data on chromosome length, certain results of 
the investigations of Frbier, Gelin and Gustafsson* are of interest. They 
have reported the number of cells showing abnormalities following irradia¬ 
tion of dry seeds of the same Triticum species used in this work. They point 
out that there arc fewer abnormalities in F. vulgare than expected from 
calculations based on the rate of production of abnormalities in F. mono¬ 
coccum. However, their calculations are based on the assumption that the 
mean length of the chromosomes is the same in the two species. Our meas¬ 
urements show that the total chromosome length in F. vulgare is not three 
times that of F. monococcum as assumed by those authors, but is only twice 
as great. Their observation is in agreement with evidence from a variety of 
other species that chromosome sensitivity is directiy proportional to the total 
length of the chromonemata or roughly proportional to total chromosome 
length. Furthermore, from the combined evidence concerning chromosome 
abnormalities and chromosome lengths one can conclude that the chrortio*- 
somes of F. vulgare are shorter than those of T, monococcum because thdr 
chromonemata are shorter in absolute length and are not merely more 
tightly coiled than those of F. monococcum* 

In table 3 are given the ratios of the chromosome numbers cf the dif¬ 
ferent species, the inverse ratios of the slopes bf t^r '‘sUryivar* curves 
and tlie ratios of the total lengths of the chromosohies ^ thdr coihplemeiitd, 
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There is a Unear proportionaUty between the ratios of the chromosome 
numbers and ratios of slopes, the greatest deviation being 18%, This 
relationship may be demonstrated in another way: when the slopes are 
multiplied by the multiples of 14 represented in their respective chromo¬ 
some numbers, i.e„ 1, 2, 3, 4, and 6, the resulting figures are 17,7, 19.4, 
21.0, 20.8 and 19,0, or very nearly a constant. No such relationship 
exists between ratios of chromosome lengths and ratios of slopes. 


TABLE 3 

KATKlft OF CHKOMUSOUB LBNQTflUl 

KATIOfi OF CHROMOBOHlt NtJMNItFtI XNVBKHB ttATlOH OF k (CAMBKA LVCXOA) (OCULAK MICKOUKt'BIt) 


5()/42 = 1.33 

1.35 

1.37 

1.16 

42/28 =■ 1.60 

1.30 

1.11 

1.22 

84/56 - 1.60 

1.63 

1.24 

1..30 

28/14 - 2.(HI 

1.82 

1.77 

1.72 

56/28 - 2.00 

3.87 

1.52 

1.41 

84/42 - 2.(H) 

2.21 

1.69 

1.51 

42/14 - 3.00 

2-. 54 

1.96 

2.10 

84/28 - 3.00 

3.07 

1.87 

1.84 

66/14 - 4,W) 

3.42 

2.68 

2.43 

84/14 - 6AK> 

6.60 

3,33 

3.18 


From these data it^becomes evident that for the species studied mitotic 
survival is directly proportional to multiples of the genome, i.e., with 
every duplication of chromosome number the survival rate is doubled, or 
conversely, the mitotic inhibition is reduced by one-half. Since inhibition 
varies inversely as the chromosome number, but is not similarly related to 
chromosome length, structures within the chromosomes, either single or if 
multiple then not at all uniformly distributed along the chromosomes, must 
be involved in the mechanism of mitosis. Mitotic failure is then caused by 
inactivation of a minimum number of these structures. The only visible 
chromosomal structures known which fulfil these requirements are the 
centromeres (spindle-fibre attachment regions). These results might also 
be bbtained if a small number of genes were involved, but not by a con- 
std^able number of genes distributed throughout the length of the chromo- 

'^Qf these two alternatives, the first is supported by a qualitative result 
obtained consistently with irradiated cells. Lagging chromosomes, groups 
of duomosotiies or fragments of dmmiosomes form their own little nuclei 
when the major portion of the complement enters the telophase. These 
midronudei retain their structural integrity until the major nudeus enters 
the pxophase. At that time the micronudeus will go through the char¬ 
acteristic prophase-anaphase changes if its chromosomal components 
contain centromeres. If they do not, the micronudeus becomes pycnotic 
and than disintegrates.^ The presence of the centromere thus appears to 
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be essential for the initiation of those changes associated with the onset of 
prophase. 

If calculations of sensitive volumes are made from the above data, the 
result obtained is peculiar in that the sensitive volume decreases as the vol* 
ume of chromosomes is increased. This contrasts strangely with the ob¬ 
servations on the production of chromosome abnormalities with x-rays 
and neutrons, where the sensitivity is directly proportional to the length 
of the chromonemata and the diameter of the sensitive portion of the 
chromonema is constant.^' It differs also from the result obtained with 
virus and bacteriophage where the calculated sensitive volumes were found 
to be proportional to the size of the organism as determined by their ability 
to pass through filters of different pore size.“' Superficially the results 
obtained on inhibition of mitosis would appear to contradict the concept 
of sensitive volumes, but more careful consideration shows this not to be 
the case at all. If the initiation of the mitotic process requires the partici¬ 
pation of a certain minimum number of. structural units, e.g., 7 out of 14 
centromeres or genes in the diploid, the same number 7 may be required 
in the polyploids and not one-half the total number. Aualogou{||iituations 
are common in the phenotypic expression of allelic genes wh^ the pres¬ 
ence of a single dominant factor suffices to bring about the same phenotypic 
expression as two or more such alleles. The radiation will reduce the num¬ 
ber of active mitotic centers in proportion to the number present. Thus 
if one-half are inactivated by any given dose, this will leave 7 active 
in the diploid, 14 in the tetraploid, etc. The dose must therefore be in¬ 
creased in the tetraploid in order to reduce the number of active centers to 
the point where mitosis is inhibited. It will be clear therefore that this case 
cannot be analyzed in terms of sensitive volumes, where the basic assump¬ 
tion for the necessaiy calculations is that each functional unit contribute to 
the process under consideration. 

It is of interest to note that the diameter of the sensitive volume 2,2 X 
10“ cm. for T. monococcunij which has the basic chromosome number, is 
close to that calculated by Crowthei^ for chick fibroblasts, i.e., somewhat 
less than 4 X 10 "® cm. 

Further investigation 6f this problem is in progress. 

Summary. —1. Inhibition of mitosis by x-rays is inversely proportional 
to the number of chromosomes in the ^cies studied. 

2. Inhibition of mitosis is neither directly nor inversely proportional to 
chromosome length. 

3. The evidence indicates that inhibition of mitosis by x-rays occurs 
through action upon the centromeres. 

4. The significance of these findings in connection with sensittve volume 
calculations is discussed. 

The writers wish to express their thanks to Dr. P, N. Briggs for seed 
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of the Triticum species and to Dr. G. L. Stebbins for seed of the Bromus 
species. 
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mPERIMliNTS ON SEXUAL ISOLATION JN DROSOPHILA L 
CrEOGRAPHIC STRAINS OF DROSOPHILA WILLISTONI 

By Th, Dobzhaksky and Ernst Mavr 
CoLUMBtA University and American Museum of Natural History, New York 

Corarauriicaled July H, 1944 

Jr 

If mature atid sexually active females and males of two or more animal 
species inhabit the same portion of space they do not mate at random. For 
various reasons females of each species mate with and are inseminated by 
males of their own species more often than by males of other species. 
Causes which make mating and insemination selective rather than random 
may be grouped under the categories of sexual and mechanical isolation. 
Sexual (psychological) isolation includes various differences in behavior, 
in smells, and in adornments which make females and males of different 
species less likely to find each other, and if found less attractive and there¬ 
fore less willing to accept the courtship and invitation to mating. Mechani¬ 
cal isolation refers to differences in the structure or function of the 
genitalia and other body parts which play a r6le in the act of copulation 
and which handicap normal intromission and sperm delivery. The distinc¬ 
tion between sexual and mechanical isolations is to a certain extent ar¬ 
bitrary, and it is probable that with more study situations will be found 
which will be intermediate or will require a different classification. 

Aside from sexual and mechanical isolation, there are other causes in¬ 
trinsic to the organisms concerned which handicaj) or prevent the gene 
exchange between populations of different species. We have propo.sed to- 
designate all such causes reproductive isolating mechanisms, and have 
reviewed them elsewhere.^Gene exchange between pairs of species is 
prevented usually not by a single but by several isolating mechanisms; 
each mechanism by itself is frequehtly inadequate to maintain the species 
separation but they do so when combined. Furthermore, the separation 
of different pairs of species, even within the same genus, is often caused 
by different sets of isolating mechanisms. It must be emphasized in this 
connection that a complete isolation of species is not necessarily accom¬ 
panied by hybrid sterility. Unquestionably good species, induding 
such that are classified in different subgenera or genera, are sometimes not 
separated by sterility barriers. The Mallard {Anas platyrhynthos) and 
the Pintail {''Dafila'* acuta)^ the two most common ducks of the template 
zone of the northern hemisphere, coexist without mixing over many mil¬ 
lions of square miles even though the Ft, F|, and backcroas hybrids are 
completely fertile (PhilUpsO- Only a few natural hybrids between these 
species have been found (less than one in 50,000 kill^). Gonkm® found a 
high fertility of hybrids but absence of interbrel^ag in nature between 
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sympatric species of the fish genera PlaiypoecUus and Xiphopkorus. We 
believe that sexual isolation is the most im^xirtant of isolating factors in 
many groups of animals (mammals, birds, most insects). This is not 
because sexual isolation prevents the gene exchange between species any 
more securely than do other isolating mechanisms, such as, for example, 
inviability of hybrids and hybrid sterility. The advantage of sexual iso¬ 
lation is on a different plane: it permits two or more species to occupy 
the same general territory without a reproductive wastage of producing 
poorly viable or sterile individuals. This consideration suggests that 
natural selection might favor the establishment of sexual isolation as early 
as possible during the process of speciation. 

One of the first questions tliat arises when we consider sexual isolation 
or any other isolating mechanism is whether it occurs only between species 
or, in at least rudimentary form, between geographic races as well. The 
answer to this question may clear up the problem of the origin of isolating 
mechanisms. If the theory is valid that species emerge gradually from geo¬ 
graphic races then indications of incipient isolation should occasionally 
be encountered between geographic races, exactly as all other differences 
between species are foreshadowed in this manner. Dobzhansky and 
Koller^ found that the races of Drosophiki miranda which inhabit the state 
of Washington and the Sierra Nevada of California respectively show a 
weak preference for homogamic mating, and the same has been found by 
Stalker* to be true with respect to strains of P. antericana coming from 
different localities in the state of Ohio. Matings among members of the 
same strain, race, or species shall be referred to as homogamic and those 
between different strains, races, or species as heterogamic. The method 
used by these authors for investigating sexual isolation is the so-called 
multiple choice technique: one kind of males is placed in a container with 
two kinds of suitably marked females, and it is tested whether and to what 
extent the insemination is at random. This is determined by dissection 
of the females after a certain amount of time has elapsed and by examina¬ 
tion of their seminal receptacles to see whether or not they contain sperm. 
Provided that only a part of the females have been inseminated, it is easy 
to tell whether the insemination of the two kinds of females takes place 
selectively or at random. The method has the drawback that it gives a 
joint estimate of the magnitude of sexual and of mechanical isolations* 
Theoretically, the same frequency of insemination may occur because males 
of the strain A do not attempt to copulate with females of B, or because the 
copulation is not completed on account of an incongruence of the genitalia. 
Although mechanical difficulties for copulation are probably not en¬ 
countered in crossing races or closely related species of Drosophila, the 
method gives no information about which particular link in the chain of 
processes leading from courtship through copulation to insemination may 
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be responsible for the selective insemination obtained. Finally, although 
it is easy to determine whether or not a female has some sj^rm in its 
seminal receptacle or its s|>ermathecae, it is difficult to estimate the quan¬ 
tity of the sperm. It is possible that in some copulations the amount of the 
sperm delivered is less than in others. Patterson, Stone, and Griffen in 
Z>. tnrilis and D. americanCy vStone in D. kydei^ Griffen in species of the D. 
tnelanicay and Mainland in those of the D. funebris group recorded the 
proportions of pair matings which produce offspring under uniform labora¬ 
tory conditions.** They found that in some instances this proportion is 
greater when the female and the male mated are derived from the same than 
when they come from different geographic strains. It is i>robable that this 
is due in part to incipient sexual isolation between geographic races of the 
same species, although the production of offspring evidently .depends on 
many more variables than insemination does. 

D. willistani Sturtevant is a species common in tropical America; its 
known distribution extends from the southern tip of Florida to the southern 
part of the state of 8ao Paulo, i.e., from just north of the Tropic of Cancer 
to just south of the Tropic of Capricorn. We have living strains which 
fit the description of D, wilUstoni from Praia Grande and Bertioga (state of 
SSo Paulo), from Rio de Janeiro, Belem (state of Pard), Teff6 (state of 
Amazons) in Brazil, and from Quirigud in Guatemala (Fig. 1). With the 
possible exception of Quirigud, each of these strains is derived from several 
females caught in the respective localities; the Quirigud strain has been 
obtained through the courtesy of Professor A. H. Sturtevant. The Teffd 
strain fails to cross, except very rarely, with any of the other. This situa¬ 
tion will be dealt with in another communication, and here we are con¬ 
cerned with the other five strains. 

The experiments were arranged as follows. Ten virgin females of a 
given strain are placed in a 3V4 X 1-inch vial, in which a small amount of 
the commeal-molasses-agar medium was poured and allowed to solidify 
in a slanting position; ten virginsof another strain and ten freshly 
hatched males of one of these strains are added. Since the flies from the 
different strains are not distinguishable in appearance, the right wings are 
clipped off in one and the left wings in the other class of females. The 
vials are put in an incubator at 24Vz^C. for 40-55 hours, whereupon all the 
females are dissected and their tubular receptacles and spermathecae 
examined under a microscope for sperm. Fertilized females have sperma¬ 
tozoa as a rule both in the receptacle and in the spermathecae, only a few 
individuals having been found showing sperm in the receptacle only. 
For statistical purposes it is best to have approximatetyrocie-half of all 
females inseminated at the time of the dissection; this time was adjusted 
accordingly, but some dissections have also been made of females which 
were exposed to the males for 24 and 72 hours. The data obtained in 24- 
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and 72-hf)ur dissections serve as a check on the iwssibtlity that there is a 
significant excess of homogamic or heterogamic matings among the first 
or the last flies fertilized in u culture. This }x>ssibi]ity is not realized. 



have been collected. 

. A summary of the data is presented in table 1 (except that the 24- and 
72-hour dissections and the occasional other cultures in which too few or 
too many females were fextilised are not included). In this table the per- 
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centag^es of homogamically and heterogamically fertilized females are 
given for every cross, together with the which measure the statistical 
significance of the diffcxences observed between the frequencies of the 
homogamic and hcterogamic matings, and with the "isolation indices.'’ 
This last value has been proposed by Stalker* to measure the degree of 
randomness of the matings; the isolation index equals the percentage of 
homogamic minus the percentage of hcterogamic inseminations, divided 
by the sum of these percentages. If the isolation between the forms tested 
is complete and only homogamic matings occur the index is +1.0; if the 
matings occur at random the index is zero, and it is negative if there is a 
preference for matings between representatives of different strains. 


TABLE 1 

Number ok Females Dissected («) and Per Cent Carrying Sperm (%) in Various 

Crosses op Z>. willisioni 


rRMAMCA 

MAX.1M 

nOMOOAMlC 
» % 

hbtrrooamic 
« % 

*• 

fdOI.ATKW 

INOBX 

Praia Grande, Bertioga 

Bertioga 

67 

54.4 

57 

67.0 

0.10 

-0.03 

Praia Grande, Bertioga 

Praia Grande 

74 

66.2 

73 

66.8 

0.003 

0.00 

Praia Grande, Rio 

Rio 

69 

60.9 

71 

69.0 

1.02 

-0.06 

Praia Grande, Rio 

Praia Grande 

59 

66.1 

64 

66.2 

1.29 

0.08 

Bertioga, Belem 

Belem 

73 

60.3 

78 

66.4 

0.16 

0.03 

Bertioga, Belem 

Bertioga 

73 

71.2 

78 

62.5 

5.49 

0.16 

Rio, Belem 

Belem 

69 

66.2 

71 

62.0 

0.10 

0.03 

Kio, Belem 

Rio 

64 

60.0 

60 

58 • 3 

0.88 

-0.08 

Brazilian 

Brazilian 

538 

62.1 

552 

59.8 

0.61 

0.02 

Quirigu4, Rio 

Rio 

57 

57.0 

60 

40.0 

3.70 

0.18 

Quirigud, Rio 

Quirigu6. 

59 

39.0 

63 

41.3 

0.06 

—0.03 

Quirigu&, Belem 

Belem 

68 

48.5 

74 

25.7 

7.97 

0.31 

Quirigu4, Belem 

Quirigu4 

04 

45.3 

60 

48.3 

0.13 

-0.03 

Quirigud, Bertioga 

Bertioga 

77 

66.2 

69 

20.8 

31.02 

0.63 

Quirtgu4, Bertioga 

Quirigii4 

67 

26.9 

66 

35.4 

1.11 

-0.14 

Quirigu4, Praia Grande 

Praia Grande 

65 

76.4 

66 

56.1 

6.48 

0.15 

Quirigu4, Praia Grande 

Quirigud 

90 

24.4 

92 

62.0 

26.87 

-0.*44 


Table 1 shows that no significant deviations from randomness of mating 
are observed between any of the Brazilian strains (Praia Grande, Bertioga, 
Rio, Belem). The highest value for such matings is 5.49, which, for 1 
degree of freedom, indicates the probability of about 0.02 of the deviation 
being due to chance. Summing up the results of the Brazilian crosses, 
we have 62% of homogamic and nearly 60% of heterogamic inseminations 
among 1090 females dissected, the difference being statistically non*’Sig- 
nificant. A different situation obtains when the Guatemalan strain (Quin- 
gu&) is crossed to the Brazilian ones. The isolation inddi is positive when¬ 
ever the males used are Brazilian, and negative when QtnriguA m are 
used- This suggests that when a mixture of Brazilian and Guatemala 
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females is offered either to Brazilian or to Guatemalan males^ Brazilian 
females are inseminated in preference to the Guatemalan ones. To be 
sure, the observed deviations from random insemination are mostly not 
significant statistically (the x* values corresponding to the 0.05, 0.02, and 
O.Ol probability levels are 3.84, 5.41 and 0.64, respectively). An unques- 
tionaWy significant positive isolation index is observed only when Bertioga 
males are offered a choice of Bertioga and QuiriguS females, and a negative 
isolation index only in the cross of Quirigud and Praia Grande females to 
Quirigud males. Combining the data for the crosses in which Brazilian 
males were offered a choice of Brazilian and Guatemalan females, we find 
the frequencies of the homo- and heterogamic matings to be fi2.2% and 
34,9%, respectively, with a of 39.80, which is very significant. A similar 
summation of the data for the crosses of Guatemalan males to mixtures of 
Guatemalan and Brazilian females gives 32.9% for homogamic and 48.2% 
for heterogamic matings; x® is 18.68 corresponding to about the 0.(X)1 
probability level. 


TABtii 2 


Nuhbsr op Females Dissected (n) and Per Cent Carrying Sperm (%) in Crosses 

MADE IN Quart-Sized Bottles 


FIIKA1.B8 

MALR8 

HOMOOAMIC 
« % 

nETmtOOAMlC 
w % 

»• 

X9UI.ATTNO 

INDEX 

Bertioga, Beleni 

Bertioga 

107 

73.8 

107 

69.2 

0.67 

0.03 

Quirigu4, Rio 

Rio 

102 

54.2 

198 

30.4 

4.66 

0.10 

Quirigu&, Praia Grande 

Quirigua 

101 

49.5 

105 

76.2 

16.29 

-0.21 


The degree of preference for homo- or heterogamic mating is probably 
subject to environmental modification. An unpublished experiment of 
Professor W, P. Spencer suggested that the amount of space available to the 
flies may influence the degree of mating preference (personal communica¬ 
tion). To test the results of the main body of experiments, in which 30 
flies were confined in 3V4“ X 1-inch vials, some crosses were repeated using 
40 females of each of two strains and 40 males of one of them in quart milk 
bottles. Some culture medium was poured on the bottom of the bottles, 
and crumpled paper toweling was placed so that the entire space in the 
bottle was easily accessible to the flies. The results are summarized in 
table 2. They fully confirm the conclusions reached previously. No signifi¬ 
cant deviation from randomness of mating is observed when Bertioga 
males are given a choice of Bertioga and Belem females (Brazilian X Bra- 
mating). Brazilian (Rio) males inseminate more Brazilian than 
Guatemalan females. Guatemalan males likewise inseminate more Bra¬ 
zilian than Guatemalan females. 

The writers take the pleasure of acknowledging their obligations to 
Miss Irene Matkreicfa for her assistance in conducting the experiments. 
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Summary .—With the exception of the Teff^ strain which will be dis¬ 
cussed in another j)ublication, no trace of sexual isolation is observed 
between strains of D. willistoni irom different parts of Brazil and from 
Guatemala. When Brazilian males are offered a choice of females of their 
own and of other Brazilian strains, inseminations occur at random. If a 
mixture of Brazilian and Guatemalan females are confined either with 
Brazilian or with Guatemalan males, a greater proportion of Brazilian than 
of Guatemalan females are inseminated. The mating of Brazilian and 
Guatemalan flies is, therefore, selective rather than random; however, the 
particular type of selectivity here observed does not constitute a barrier to 
gene exchange. 

1 Dobzhaiisky, Th., Amer. Natur., 71, 4<H-420 (1937). 

* Dobzhansky, Th., Gefteiics and the Origin of Species, New York, 1937; 1941. 

* Mayr., E., Systematics and the Origin of Species, New York, 1942. 

^ The expression "physiological isolating mechanisms" us«*cl in some papers of 
Dobzhansky was intended to distinguish between isolating mechanisms based on in¬ 
herent properties (physiology) of the orgatiisms concerned and geographical isolation. 
Since this expression has led to some misapprehension, the adjective "reproductive," 
instead of "physiological," is used to convey the same idea. 

» Phillips, J. C., J. Exp. ZooL, 18, 09-14(1 (1915). 

“Gordon, M., Ifans. N. K. Acad. Set., 5 (2), (Mi-77 (1943). 

y Dobzhansky, Th., and Koller, P., BioL Zenlr., 58, 589~d07 (1938). 

. * Stalker, H. D., Genetics, 27, 238 -257 (1942), 

* Patterson, J. T., Stone, W. S., and Griffen, A. B., Unit. Texas Public., 4228, 102 
200 (1942); Stone, W. S.. Ihid., 1(4-22; Griffen, A. B., Ibid., 08-73; Mainland, G. B.. 
Ibid., 74-112. 

Copulation in D. willistoni begins as early as 8 hours after the hatching from pupae; 
to collect virgins bottles were emptied at 4-hour intervals, but it was found expedient to 
use also females hatched overnight since, the proportion fertilized is small. 


THE COMPRESSIBILITY OF MEDIA UNDER EXTREME 

PRESSURES 

By F. D. Murnaghan 

Dbpartmbnt of MATtiBMATica, Thb Johns Hopkins Univbrsity 

Communicated July It, 1944 

It is well known that Hooke’s Law, which fxistulates a linear relation be* 
tween stress and strain, has a very limited range of applicability even when 
the applied stress is a uniform pressure. We have in previous papers^*® 
fumi^ed a formula which is valid over a much greater range than Hooke’s 
Law; this formula agreed well with experimental results up to pressures as 
high as 50,000 atmospheres (the highest for which measurements were 
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then available). Since then Bridjftnan* has published measurements up to 
100,000 atmospheres and this, combined with theoretical considerations of 
a fundamental character, has caused us to reconsider the whole question. 
Hooke's Law and our formula may both he derived from the principle of 
energy conservation; the difference in the results is due to the fact that 
for infinitesimal deformations (to which the validity of Hooke’s Law is 
limited) it is correct to say that stress is the gradient, with respect to strain, 
of the energy per unit volume. For non'infinitesimal deformations this 
simple relation must be replaced by a more complicated one. The feature 
common to both theories is the assumption that the energy density is a 
function of the strain; it being agreed that the strain is measured frenn the 
position of zero stress. This assumption, which has apparently never been 
seriously questioned, has the quality of an ''action at a distance" theory; 
we assume that the energy of deformation is furnished by a knowledge of 
the relationship of the actual position of the medium to a remote position 
in which the medium was unstressed. We propose here to discard this 
action at a distance theory and to replace it by a differential theory in which 
we are concenied merely with the variation of the energy as we pass from 
any {K)sition of the medium to an infinitesimally near position. Thus we 
must be prepared to confront the sitiiation where the initial position of the 
medium is one in which the medium is under stress. 

This being understood, a fundamental question arises: are the elastic 
constants of the medium really constant.^ The elastic constants are simply 
coefficients which occur in the statement of Hooke’s Law and we mean by 
the word constant that they do not depend on the increment of the stress. 
But do they depend on the initial value of the stress? All experimental 
evidence points to the fact tliat they do, and many determinations have 
been made of the variation of such things as compressibility with pressure. 
It is fair to say that the reason that Hooke’s Law is so limited in its range 
of applicability is that it neglects the det>endencc of the elastic constants on 
the initial stress. This dependence of the elastic constants on the initial 
stress cannot be overemphasized. For example, when we say that an 
elastic medium is isotropic, we mean that certain relations hold amongst 
the elastic constants (so that two are sufficient to furnish the statement of 
Hooke’s Law); it is clear, then, that a medium which is elastically isotropic 
under zero stress may fail to be elastically isotropic when stress is applied. 
We diould certainly expect this lack of isotropy to appear when the applied 
stress is (as in the case of the Young’s modulus experiment) not merely a 
uniform pressure or traction. We feel certain that it is the reliance of the 
' classical theory of elasticity upon the hope that a stretched wire is elastically 
isotropic, if the unstretched wire is, that is responsible for its complete fail¬ 
ure to predict the yield point phenomenon. 

The case of uniform pressure is parttcularly simple since the stress tensor 
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is scalar. The principle of conservation of mass, combined with Hooke’s 
law for infinitesimal variations of stress, suffices provided we are willing 
to face the situation that the compressibility depends on the pressure. The 

1 d 

principle of mass conservation yields - Sv ^ 3 — &cand Hooke’s Law yields 

tf ooc 

b 

^ — (3X + 2/i) " Bx and so 

bx 


1 ^ I 

vdp \ + Vs/i 


Let us assume, as a first aj>proximation, that X -f VsM is a linear function 
of p: 


dp 


^:(1 + kp) 


so that 



We find « (1 + kpy^^ or, on writing Ar » (r© — v), 


«— « 1 — (1 + kp) 

Vq 


4 

This simple formula accounts reasonably well for the experimental results 
even for such a range of pressure as from 0 to 100,000 atmospheres. The 
data for Li given by Bridgman (loc. dt.) are approximated by setting k * 
0.153 X 10“*, cA * 2 so that the relation connecting p and v has the simple 
form 

0.153 X 10"«p »(--) - 1; — « 1 - (1 + 0.153-10-<p)-'^*- 

\v / Vo 


Bridgman tabulates — at intervals of 10,000 atmospheres. The following 

»o 

table furnishes the comparison between the values obtained empirically' 
and those calculated from the formula just given 


p - 10‘i 2.10‘; 8.10*: 

■= (obs.) 0.074 ; 0.126; 0.164; 
W • 

— (cslc.) 0,069; 0.126; 0.172; 


4.10*; 6.10«; 6.10«: 7.10‘: 8.10«: 10* 

0.201; 0.237; 0.272; 0.306; 0.386; 0.966: 0.804 

0.212; 0.247; 0.27S; 0-906; 0.380; OiM; 0.S71 
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The formula predicts that when p «= 2.10® — will be approximately 0.514; 

Vo 

when /> = 10** ^ ' will be approximately 0.752. To compress Li to a density 

Vu 

ten times its original density, a pressure of around 6.5 X 10* atmospheres 
is necessary. 

In conclusion we add the remark that when the pressure is small enough 
so that its influence upon the elastic constants is negligible the appropriate 
formula is 

Added in proof. It is worthy of attention that the formula given here 
is, when the dimensionless constant ck is assigned the value 2, precisely 
that which leads to Laplace's well known law of density distribution 
throughout the interior of the earth. This law fits the observed facts re¬ 
markably well but it has been regarded by many authorities as merely 
empirical largely because its connection with the law of compressibility 
has not been clearly presented. 

^ "Finite Deformations of an Elastic Solid," /itmr. Jour. Math., 59, 236-260 (1937). 

* "The Compressibility of Solids," von Kdrmdn Anniversary Volume, 1941, pp. 121-136. 

* "Compressions and Polymorphic Transitions of Seventeen Elements to 10* Kg./- 
Cm.*," Pkys. Rev., 60, 361-364 (1941). 


NOTE ON THE DISCOVERY OF RED STARS 

By Guildermo Haro 
Harvard Collegk Observatory 
Communicated July 26, 1944 

During an investigation of colors, magnitudes, and spectral types in the 
Hercules-Vulpecula region, it was noted that a star at the approximate 
position 19*10“6, +21“ 37' (1855), X » 23“, = +3° had a very large 

color index. A preliminary examination of blue and red plates indicated 
that the blue-red color index was between 6.5 and 7.0 magnitudes. 

The blue-red and blue-yellow (international) color indices of this star 
were determined from polar comparison plates, the blue magnitude from 
Cramer Hi-Speed plates, the red magnitude from Eastman 103a-B plates 
with a ctn4‘r^ filter (effective wave-length near 6300 A), the yellow mag¬ 
nitude from 103a-G plates with a yellow filter. The 8-inch Ross-Lundin 
.(IR) refractor was used for the red and the yeUow, the 16-u\di Metcalf 
(MC) refractor for the blue magnitudes. All plates were taken between 
May 26 and June 5,1044. The results were as follows: 
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Magp, 14 * 75 

Uagpr 8 • 10 

Mog^ 9 * 76 

CJ. (blu«-red) . 0*66 * 0.10 

C.I. (blue-yellow) 5*00 * 0.10 

This star has been observed before by I>ee and his associates; it is No. 
129 in the list of Dearborn Annals, VoL IV, Part 16, 1940, where its spectral 
type is given as N, 

The star is not unlike the very red star discovered in 1935 by F. K. 
Edmondson and A. M. Rogers.^ Both Edmondson’s star, BN Monocerotis, 
and the present object are variable.® An examination of plates in the Har¬ 
vard Collection gives the following provisional results: 


DATB 


Aug. 31, 1897 

13.65 

Sept. 11, 1917 

15.10 

JiUy 6, 1926 

13.80 

Oct. 28. 1927 

14.30 

Apr. 18, 1928 

14.35 

Oct. 9, 1928 

14.10 

June 3.1929 

13.70 

July 15, 1929 

13.60 

July 18, 1930 

14.00 

May 1 1, 1937 

13.90 

July 13, 1937 

13.70 

May 28,1938 

13.60 

May 30, 1938 

13.60 

Aug. 30,1940 

14.60 

May 26, 1944 

14.80 

May 28,1944 

14.85 

May 29, 1944 

14.75 


The finding of this very red star led the author to attempt a search for 
other very red stars in the same region of the sky. The method employed 
in this search resembles that used previously by several astronomers, among 
others, G. A. Tikhov,® V. M. Slipher^ and G. Z. Dimitroff.^ 

The instrument used in the survey was again the 8-inch R^>ss-Lundin 
(IR) refractor. The region was photographed on an Eastman 103a-E plate, 
exposure time five minutes at normal blue focus and without filter. Since 
the IR camera has a very steep focal curve, (V» inch distance between blue 
and red focus) and the 103a-E plates are sensitive to the blue as well as to 
the red region of the spectrum, the red stars appear as a black dot (blue) 
surrounded by a strong red halo, when focused for the blue. The halo is 
almost totally absent for the very blue stars, but'quite conspicuous for the 
normal late-type stars, The above-mentioned star is so red that the blue 
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central dot is absent on a five-ininute exposure; there appears on the plate 
only a halo of fairly uniform brightness with a central hole. 

The region was photographed a second time with the IR camera, blue 
focus, 103a-E plates, no filter, and with an exposure time of thirty min¬ 
utes. This plate revealed the presence of three additional very red stars, 
marked by a red halo withf)Ut the central blue image. The approximate 
positions, magnitudes and color indices of these stars are: 



STAK 2 

ttTAir H 

STAM 4 

K.A, 1 

19 ' 0’“2 

19 * 8 “ 

19 * 

> ( 18 . 55 ) 




Doc. ) 

+ 24 “ 5H' 

+ 18 “ 20 ^ 

+ 17 “ 10 ' 

X 

26 “ 

18 “ 

17 “ 

/S 

4*6“ 

+ 3 “. r > 

+ 3 “ 


16 "40 

15 "60 

15*70 

Max„r 

9 90 

10.45 

10.35 

Matfp, 

11.58 



C.L (blue-red) 

6 .50 0 " 10 

5.15 ^ 0 " 10 

5.35 * 0*10 

CJ. (bUie-ydIow) 

4.90 ^ 0.10 




The spectral type of the second star was determined from two plates 
taken by Miss Florence Anderson with the 12*inch Metcalf (MA) refractor, 
exposure time two htmrs. The spectrum is faint, and resembles that of an 
N star. 

Following the search of the first field, discovery plates were made for two 
additional centers, one eight degrees north, the other eight degrees south of 
the first center, with thirty minutes’ exposure time. An examination of 
these two plates reveals the presence of four additional conspicuously red 
stars, with a red halo, but no central blue image. It seems likely that the 
blue-red color index of each of these stars is well in excess of four magni¬ 
tudes. The approximate 1855 positions from BD-charts are: 


«TAIt 

R.A. nSM) 

Dsc. (IBM) 

X 

. 

5 

18*68T3 

+ 13° 30' 

1.3^5 

+ 2”.5 

0 

10 U 

+ 8 36 

9 

-1.5 

7 

19 10 

+27 36 

28 

+6.6 

8 

19 16.3 

+31 2 

31 

+7. 


The total area covered by the present survey is approximately 250 square 
degrees; it is complete to the eleventh photo-red magnitude. The survey 
yields eight stars with color indices (blue-red) of more than four magni¬ 
tudes. It should be noted that all stars are within eight degrees of the 
galactic circle, A study of color indices of stars of known spectral t 3 q>e 
shows the average absorption for the region to be of the order of one mag¬ 
nitude per kiloparsec. None of the stars is found in a region of heavy ob¬ 
scuration included in the survey. 
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A.S.P., 47, 191 (1936). 

M#>. Jour., 100, 1 (1944). 

• A.N., 218, 145 (1922) and Poulkovo Publ., Ser. 2, 50 (1937), 

A.A.S., 7, 16 (1931). 

* The Telescope, 6 , 62 (1939). 


A NTlBIOTIC A CTIVITY OF LICHFJfS* 

By Paul K. Burkholder, Alexander W. Evans, Ilda McVeigh and 

Helen K. Thornton 

OsiboRN Botanical Laboratorv, Yalb University 
Communicated July 20, 1944 

,The production by an organism of organic substances inimical to the 
life processes of other organisms and inhibiting their growth is known as 
antibiosis. The phenomenon of antibiosis has attracted wide-spread 
attention in recent years chiefly because of the remarkable chemothera¬ 
peutic effects of penicillin, a product of the mold Penicillium. The ana¬ 
bolic products of many kinds of bacteria,^ molds,* and algae,* and sub¬ 
stances elaborated by certain species of flowering plants^ can be readily 
demonstrated to have antibiotic properties when small amounts of the 
active materials are tested on microdrganisms with suitable assay pro¬ 
cedures. In view of the reported antibacterial activity of the green alga 
Chlorella and the many antagonistic substances now known to be produced 
by numerous kinds of fungi, the lichens seemed to offer favorable material 
for antibiotic investigations, inasmuch as the bodies of these plants are 
comprised of mixtures of algae and fungi. Accordingly we have tested 
a considerable number of lichens for antagonistic action against some cmti- 
mon species of bacteria, and offer herewith a preliminary report concern¬ 
ing some of our observations. 

Methods. —The lichens were brought in fresh condition to the labora¬ 
tory, placed in shallow pans, and moistened with water for the purpose 
of allowing them to become physiologically more active. After a few hours 
of exposure to sunlight, samples of the moist lidiens were separated from 
the substrata with a razor blade and forceps. Extracts were made by 
grinding, with a glass mortar and pestle, 100 mg. of lichen in 1 mb of {dios- 
phate buffer solution adjusted to pH 7.4. The final aqueous extract was 
approximately pH 7.0. Extractions were carried out at room temperature 
and the samples were stored at 1°C. for a short time until the snatertab 
could be assayed. No attempt was made to clarify the extracts in these 
prdiminajy tests. The aqueous suspensions weie assayed against 
lococcus aureus, Escherichia coU, BaciUus subtiUs or other bacteria by means 
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of the cylinder plate procedure.* As is well known to workers in this 
field, the method involves the use of agar plate cultures of bacteria upon 
which are placed small glass cups to which are added the assay liquids. 
After a period of incubation, zones of bacterial growth-inhibition sub¬ 
jacent to the cups are found to vary in diameter depending upon the po¬ 
tency of the test solutions which have diffused out of the cups into the 
agar. In these preliminary tests with aqueous sus]>ensions the diameter 
of the zones of inhibition ranged up to 22 mm. 

TABLB i 

Antibiotic Activity of Extracts ok Lichens in Phosfhatb Bufpbr Tested against 
Three Bacteria, -f »* Inhibited; — ■> Not Inhibited 


SPUCima OP UCKRN 

S. aureus 

E, coli 

B. subiilis 

C. caespUicia 


— 

4- 

C. capitata 


— 


C. coniocraea 

4- 

— 

4- 

C. cristatella 

+ 

— 


C. glauca 

4- 

— 

4* 

C, Grayi 

4- 


4- 

C. nenwxyna 

4* 

— 

+ 

C. squanwsa 

4" 

— 

+ 

C. sirepsilis 

4* 

— 

+ 

Parmelia pkysodes 

-1- 

— 

4* 

Physcia sp. 



+ 

Ramalina sp. 

■f 

— 

4* 

SierocatUon paschale 


— 

4“ 

C. incrassala 

— 

— 

4- 

C. ailatUica 

— 


4- 

C, subienuis 



•f 

C. caroliniana 

— 

— 


C. uncicUis 

— 


4“ 

Lepra sp.? 



-h 

ParnteUa conspersa 




PeUigera sp. 


— 

' 4" 

C. furcala 



— 

C. papUiafia 

4* 

— 

— 

UmbUiearia papulosa 

4* 


— 


Further experiments were performed with selected species of lichens for 
the purpose of determining whether the active compounds could be ex¬ 
tracted with solvents, such as ether, chloroform and ethyl alcohol. The 
moist lichen materials were ground in a glass mortar, using 100 mg. of 
lichen to approximately 1 ml. of solvent. The suspensions were then cen- 
trifugedi ai^ the dear solutions were pipetted into small flasks which could 
be attadied to a vacuum distillation apparatus for removing the solvents 
at; low temperature. The residual matter was taken up in aqueous phos¬ 
phate buffer at pH 7.4, and after mixing with a glass rod the material was 
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tested in the cup plates. Incubation of the test plates was allowed to 
proceed for 12 hours at 37®C. 

Results- Oi the 42 sj^ecies of lichens tested thus far, 27 have been 
found active against either 5. aureus or B. subtilis. Some of these are 
listed in table 1. In addition to those given in the table, Cladonia crypto- 
chloropluiea, C. pyxidaia and Dermatocarpm miniatum were found to in¬ 
hibit 5. aureus, but were not tested with B. subtilis. None of the 42 
lichens which were tested shows any activity against E. coli. Slight in¬ 
hibition against Alcaligenes fecalis was noted for the lichen species C. glauca 
and Parmelia conspersa. A strain of Proteus vulgaris was inhibited by 
Parmelia physodes and by Utnbilicaria papulosa, Aerobacter aerogenes and 
Serratia marcescens were not inhibited by the lichens which were antibiotic 
for Alcaligenes and Proteus, The lichens C. atlantica, C, caroliniana, 
C. cristatella, C. Grayi, and Parmelia physodes, which ■ are active 
against B, subtilis, were tested also with B, cereus and B. vulgatus, 
and were found inhibitory for these species of bacteria. Species which 
were inactive when tested with E, edi and S. aureus are the following: 
Baeomyces roseus, C, apodocarpa.^ C. baciUaris, C. clavulifera, C. conista, 
C,pleurota, C. Robbinsii, C, subcariosa, C, submitis, C.verticillata, Leptogium 
sp., P,rudectu and Parmeliopsis aleurites, Baeomyces roseus, C, apodocarpa 
and C, subcariosa were inactive also with B, subtilis. It is possible that 
activity would be found if thc^se lichens were tested against other bacteria. 

The activities of different lichens which were extracted with chloro¬ 
form, ethyl alcohol or ether are recorded in table 2. The equivalent 
weights of moist lichen material (200, 300 or 500 mg.) extracted with the 
solvents and finally taken up in 1,0 or 1.2 ml, of phosphate buffer solution 
are listed under each species in the table. Although the data are not 
strictly quantitative for chloroform and alcohol because of some losses in¬ 
curred during transfer of the solutions, the results indicate clearly that 
active antibacterial substances can be extracted from licliens with con¬ 
venient solvents and passed on into an aqueous test medium. That more 
than one antibiotic compound may exist in lichens is suggested by the fact 
that both 5. aureus and B, subtilis are inhibited by extracts from C, Grayi, 
Parmelia physodes and other species, while substances obtained from 
some species of Cladonia inhibit B, subtilis but not S, aureus. Further¬ 
more, extracts from C. furcata, C, paptUaria and UmbiUcaria papulosa 
inhibit 5. aureus but are inactive against B, stAtUis, The inhibition of 
some Gram-negative bacteria by selected species of lichens lends further 
support to the theory of multiple substances. Until more information 
becomes available about the nature of these antibacterial compounds, no 
names will be suggested for them as additions to the already confused 
terminology of antibiotics. 
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Characteristic zones of bacterial inhibition obtained with ether ex¬ 
tracts, transferred to phosphate buffer for making the tests, are shown 
in figure 1. It should be mentioned here that with some lichens inhibition 
was obtained with both ether and aqueous extracts; in other instances 
antibiosis was found with only the ether or the phosphate buffer solution. 
As an example, an ether extract of C. glauca in figure 1 shows no antag- 

TABLE 2 

Antibiotic Activity of Lichen Extiiacts Tested against B. suhtilis. Weight of 
Moist Lichen Is Given as Mg. per Ml. of Buffer Solution. Diameters of Bac¬ 
terial Inhibition Zones Are Expressed in Mm. 


»PBC1RII OF UCUBN 

FRIMAXY 

BOLVRNT 

INlimiTION 

KONttg 

C. caroliniana 

Chloroform 

23 

(600 nig./1.2 ml.) 

Ak^ohol 

19 


Ether 

26 

C. crisiatelh 

Chloroform 

2(1 

(200 mg./1.2 ml.) 

Alcohol 

27 


Ether 

2K 

C. incrasscUa 

Chloroform 

26 

(200 mg./1.2 ml.) 

Alcohol 

26 


Ether 

29 

C. Grayi 

Chloroform 

23 

(tlOO mg./1,2 ml.) 

Alcohol 

24 


Ether 

26 

Farmelia physodes 

Chloroform 

16 

(200 mg./1.2 ml) 

Alcohol 

16 


Ether 

\H 

C. strepniis 

Ether 

20 

(200 mg./l.O ml.) 

C. nemoxyna 

Ether 

20 

(2(X) mg./LO ml) 

Farmelia compersa 

Btber 

23 

(200 mg./l.O ml) 

Feltigera sp. 

Ether 

1(1 

(200 mg./l.O ml) 



Fhyscia 8p. 

Ether 

23 

(200 mg./l.O mlv) 

Ramalina sp* 

Ether 

21 

(2(X) mg./l.O ml) 

C. uncitUis 

Ether 

19 


(200 mg./1.0 ml.) 


onisHii for subtUis^ but an aqueous extract made directly from the 
same lichen gave slight inhibitory action on the same species of bacteria. 
Hence we have listed C glauca in table 1 as being active against B. mhtiUs, 
^Without additional information it is impossible to say whether the anti¬ 
biotic activity of lichens should be attributed to the algal or fungal member 
of the complex. Almost nothing is known about the anabolism of the 




FIOUR8 1 

Antibacterial actkm of extracts of Ikhetis^^ Above, lichen substances extiBCted 
ether were tested in aqueous phosphate bu^er against B. c^frtus; beloWt extrtsicts tested 
against B, subtUis, Sources ol the extracts: 1, Parm^ia 2, cristMUa; 

3, C. carniinicna; 4, C. aUanttm; 5, C. Grayt; 0, C. coftiocr^; 7, ParmsiiA c<msj^sa; 
Bt C, apodocarpa; 3, C. giaam; 10, C ramiMaao; 11, PhysciaMp.; 13^ JfsinofifMt sp. 

264 





VoL. .*^0, 3044 


PHYSIOLOGY: WALD ANP JACKSON 


266 


components or the roles of the various substances formed in the lichen 
body. Chemical antagonism would ap]>ear to conkitute a possible de¬ 
fense mechanism operating in the struggle for existence among these primi¬ 
tive plants. 

One question of considerable importance emerges from the data reported 
in this paper when considered in the light of earlier work done on the struc¬ 
tural chemistry of the lichen acids by Zopf,* Asahina,^ and others. Do 
the characteristic lichen acids possess antibacterial activity or are the 
antibiotic properties of lichens related to traces of other unidentified sub¬ 
stances synthesized by these plants ? Some of the known lichen compounds 
posseSvS certain structural features in common with antibacterial sub¬ 
stances which have been isolated from molds, but whether these are re¬ 
sponsible for the antibiotic phenomena which we have observed can be 
tested only by further experiments which are in progress. 

Summary, —Antibacterial activity of extracts from 42 species of lichens 
was determined with the cup plate procedure. Twenty-seven species were 
found active against 5. aureus or S. subtilis, 4 species inhibited P. vulgaris 
or Alcaligenes femlis, but none showed antagonism against E, coli. 

* This work was supported iu part by a research grant from Parke, Davis & Com¬ 
pany. 

1 Dubos, R. J„ and Hotchkiss, R. D., Jour, ExpU. Med., 73, 029 (1941), 
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» Pratt, R:, et al, Science, 99, 351 (1944). 

^ Osborn, E. M., Brit. Jour, Expt. Pathol,, 24, 227 (1943). 

* Poster, J. W., and Woodruff, H. B., Jour. Bact,, 47,43 (1944). 

® Zopf, W., Die Flechtensioffe, G. Fischer, Jena, 1907, 449 pp. 

’ Asahina, Y., Flechtenstoffe, Fortschr, Chem. organischer Naturstojfe, 2, 27 (1939). 


ACriVITY AND NUTRITIONAL DEPRIVATION 
By George Walo and Blanche Jackson* 

BrotooicAb Laboratories op Harvard University 
Communicated July 27, 1944 

Animals in general exhibit increased activity when in want of food. 
This is in fact the indispensable sign of hunger. It has been observed in 
widely different organisms from mammals to protozoa;^ in man and other 
animals during sleep in dogs,^ guinea pigs/ and pigeons^ af ter decerebra- 
tion; and in rats from which virtually the entire stomach had been re- 
rnoved/ Increased activity iherefore holds a primary position in the 
hunger reaction, persisting in higher animals which lack the equipment 
for either hunger sensations or the hunger contractions of the stomach. 
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That it has this status is not extraordinary, since in all animals feeding 
depends upon either moving about in the environment or, in certain aquatic 
forms, stirring the environment, in either case bringing the animal into 
contact with its food. 

Sexual demands may evoke behavorial reactions similar to those as- 



65 60 65 60 65 70 65 100 t05 


A6E«-^0AYS 

FIGURE 1 

Running of the rat in food and water deprivation. Effects on the average weight 
and daily running of deprivation and readministration of totaldry food (A, 12 animals); 
water (J3,3 animals); and food and water (C, 12 animals). In each figure the black area 
under the baseline represents the period of deprivation. 

sociated with nutritional need* Female ra^ts, for example, display a hig^ 
peak of running when in oestrus and receptive to the male. This ceases 
on copulation or artificial stimulation of the cervix uteri 
Several years ago we began experiments on the spontaneous running of 
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white rats in nutritional deprivation. Male animals were* kept in activity 
caffes in which they liad free access to a running wheel (1440 revolutions to 
the mile).** In this arrangement they normally ran an average of 0,4" 1.2 
miles daily. 

A rat deprived of its bulk food while given water (td libitum greatly in¬ 
creases its running. On readmission of food the high running ceases and 
the rat begins to feed vigorously (Fig. 1 A). Rats allowed free access to 
their dry food but deprived of water react similarly (Fig. 1 B)y as do also 
animals deprived of both food and water (Fig. 1 C). 

To the degree that these responses depend upon genuine tissue needs and 
not simply upon mechanical factors such as the filling and emptying of the 
stomach, one might expect them to be elicited by single indispensable com¬ 
ponents of the diet. Water itself is such a component. Thiamin also ap¬ 
pears to hiive this status. 

Responses to the deprivation and readministration of thiamin are shown 
in figure 2.® They are of precisely the same form as those associated with 
variations in the supply of bulk food or water. Some time after our initial 
experiments were performed we learned that high running in thiamin de¬ 
privation had already been reported by Guerrant and Dutcher;*** recently 
Bloomfield and Taiiiter^^ have observed similar responses in rats deprived 
of the entire vitamin B complex. 

In rats continued on a thiamin-deficient diet maximal running persists 
for about 10 days. Thm it falls within a further 2-8 days to far below the 
normal level (Fig. 3). Simultaneously the classic neuromuscular symptoms 
of thiamin deficieticy appear: spasticity of the limbs, hunching of the back 
and finally acute polyneuritis.^* Usually animals do not run below the 
normal level for more than a day before developing polyneuritis. The rat 
of figure 3, for example, in repeated trials regularly ran about 3000 revolu¬ 
tions on the very day before it became polyneuritic and appeared to be 
moribund. 


From this terminal condition the animal may be rapidly restored with 
a single injection of thiamin. Its immediate response—beyond the cure of 
polyneuritis—is to eat enormously. Meanwhile it runs no more and may 
run even less than when polyneuritic. The weight rises rapidly for a 
time, then levels off. At this point the animal again begins to run, and 
reaches a peak of activity as eating and weight decline. Each injection of 
thiamin initiates such connected cycles of eating, weight-change and 
running, rising to maxima in that order, and returning finally to the min¬ 
imal levels at which the rat is again polyneuritic (Fig. 3). 

A striking interplay between thiamin and bulk food deprivation may be 
demonstrated as follows (Fig. 3). Pood consumption falls during thiamin 
deficiency from normal daily values of 10-14 grams to about 2-3 grams 
prior to polyneuritis. If a polyneuritic animal is injected with large 



268 


PHYSIOLOGY: WALD AND JACKSON 


Proc. N. a. S. 


daily doses of thiamin and is meanwhile restricted to the low food intake 
it had established on the thiamin-low diet, it begins to run enormously; 
Thiamin, in addition to curing its polyneuritis, has restored its hunger for 
bulk food to a degree which the restricted allotment no longer satisfies. 



40 SO SO TO SO 

ASC -^OAVS 


FIOURB 3 

Effects of deprivation and readministration of thiatnin. Averaged data from 0 
animals. Prom 64 to 71 days of age, the thiamin supplement was omitted from an 
otherwise complete diet. 

Specific thiamin-hunger has been replaced by the hunger for bulk food. 
In consequence the animal runs, and in an amount that its limited cakiric 
intake cannot support. Having already been reduced during thiamin 
deficiency to an extreme state of inanition, it usually dies after a few days 
of great activity. 
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The effects of deprivation and readministration of riboflavin in rats on 
an otherwise complete diet are shown in figure 4. They are essentially 
similar to the responses already described, though not usually as prompt 
or marked as those associated with the thiamin nutrition. 



60 70 60 90 100 MO 175 185 

AGE — DAYS 


FIOURB 3 

Weight and daily running of a single animal deprived of thiamin when 05 days old. 
On its 88th day and at intervals thereafter it was injected intraperitoneally with the 
amounts of thiamin indicated, being meanwhile continued on the thiamin-low ration. 
On the 176th day and thereafter it was injected daily with 20 itg. thiamin and was re¬ 
stricted meanwhile to the amounts of ration consumed while thiamin-deficient. 

We have examined also the effect of depriving rats of magnesium ion 
(Pig. 5). In this case no high running whatever is observed. Instead the 
running declines after l‘-2 weeks of deprivation to very low values. Mag¬ 
nesium is one indispensable component of the diet, therefore, the lack 
of which does not stimulate increased activity. This appears to be true 
also of deprivation in total inorganic ions,'* or in vitamin A.** 
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FIGURE 4 

Deprivation and readmiuistration of riboflavin. Data from a single experimental 
rat (solid lines) compared with averaged measurements on 5 control animals {broken 
lines). Prom age 56 to 83 days the riboflavin supplement was omitted from the diet of 
the experimental animal. 


It may be concluded that increased running is a basic response to nutri¬ 
tional need) and that it may be stimulated by the lack of specific indispens¬ 
able components of the diet. It is noteworthy that, ^except for restriction 
of water or of the bulk of solid food, the only types deprivation whidi 
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FIOURB 5 

Deprivation of magnesium ion. Averaged data from 5 experimental (solid lines) 
and 5 control animals (broken lines). Aft^ the 47th day the magnesium supplement 
was omitted from the otherwise complete diet of the experimental animals. 


have as yet been shown to result in increased running have included de- 
pHvation in members of the vitamin B complex. 

High running is not, therefore, a reliable sign of well being and optimal 
performance. It may be a sign of want. When healthy, intact animals 
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are most completely provided with their needs they run minimally. This 
relation may be used as a criterion of dietary adequacy. Thus on one 
occasion we have transferred a group of animals back and forth between 
a complete diet consisting largely of natural foods and an almost wholly 
synthetic diet containing optimal supplies of all the factors known to be 
required by rats. Running was consistently higher on the synthetic than 
on the relatively natural diet, suggesting that the former still lacked factors 
which the latter contained. 

To appreciate the biological significance of running in deprivation it is 
necessary to realize that it occurs in a behavioral sequence just the reverse 
of what it is commonly supposed to be. One is used to thinking that an 
animal first experiences sensations of want, then performs appropriate 
actions to satisfy its needs. Such behavior is commonly described as “food¬ 
seeking” or “mate-seeking.” The futile running of a rat in an activity 
wheel, however, cannot be characterized in this way; nor can the hunger 
movements of sleeping animals, or the helpless hunger activity of decorti¬ 
cate animals which make no attempt to take the food placed before them. 
All these instances show that the primary response to deprivation is 
activity as such, regardless of sensations or external inducements. If 
the environment offers the possibility, sensory and cortical mechanisms 
superimposed upon this primary reaction may guide it into appropriate 
channels. Otherwise the response remains confined to simple hyper¬ 
activity. 

In a free environment running should fulfil an important function, 
since it increases the probability that the animal will encounter what it 
lacks. In effect it represents a gamble in which the animal's metabolic 
reserves are staked against the chance of finding its necessities. 

The possibility of a successful outcome for the individual, however, is 
not the only point of this reaction. It probably represents also the be¬ 
havioral basis of mammalian emigration. This is recognized to be motivated 
primarily by nutritional need. For the individual emigrant it takes 
the form of aimless and persistent wandering, without apparent external 
incentive, and ending almost always in disaster. Its essential biological 
function is not to rescue the emigrating animal—though this may occur 
—^but to relieve nutritional pressure on the home population. To ac¬ 
complish this the animal must simply continue to move onward, even 
though it hasten thereby its own destruction.^^ The running of a de¬ 
prived animal in an activity wheel provides an accurate model for this 
behavior. 

* This research was supported in part by a grant from the WllUatna-Watermaa Puiid 
for the Combat of Dietary Diseases. We were assisted in various portions of the ex¬ 
periments by Miss Anna Cort, Miss'Bva I^w, and Mrs., Ruth, Hubbard, allof Radcliffe 
College. We are indebted to Distillation Products, Inc., of Rochester, N. Y., for suppfi'^s 
of vitamin E concentrates used in the dkts. 
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THE EPIDEMIC CURVE WITH NO ACCESSION OF 

SUSCBPTIBLES 

By Edwin B. Wilson and Jane Worcester 
Harvard School of Public Health 

Communicated June 22, 1944 

In a previous paper^ we established a higher approximation than z =« 

Zosech* \^Zo/2 T to the epidemic curve satisfjHng Soper’s formulation of the 
problem for such a disease as measles, when recruits to the susceptible 
population are neglected, namely, 

T = - log (b/S(i) * -V 1 + 18/2o tanh -‘ VI - z/zo, (1) 

o 

where T is measured frotn the peak of tlie epidemic in units of time equal to 
the “incubation period ' and zo is the case rate for new infections at the peak 
measured in terms of w, the numljer of susceptibles just sufficient to main¬ 
tain the disease in a steady state provided an adequate supply of recruits 
were available. As 2 = -'t/.t/dJ'by definition, the number of susceptibles 
may be obtained by integration, namely, 

X = const. + J"zdT — const. + J'z{diydz)dz 
which, after considerable manipulation, turns out to be 

X = const. + -{z() =b IS + V^sy — z, (2) 

o o 

where the positive sign applies before tlie peak f)f the case rate and the 
negative sign after it. From this form it follows that cases measured rela¬ 
tive to m must be * . 

total cases - 2V^2zoV^l + so/18 (3) 

which may be compared with the result total cases 2V^2so for the first 

approximation z » So sech* V^So/2 7". As Zo is a small number compared to 
18, the result (3) is not materially different from that obtained before. 
The ratio of total cases to the case rate at the '^ak of the epidemic is there¬ 
fore* approximately 

total cases 2 ... 

- - ss 2\ — ^ » (4) 

peak case rate ^ Zo B 

wherfe B is the value obtained in fitting z « zo sech* BT and for clear-cut 
epidemics of measles seems to range from about 0-20 to about 0.60. 
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To determine the value of x in (2), it is necessary to find the value of the 
constant of integration. The fundamental equation 


dx dx 


or 


d log X 


I'+i 


!r-i dT 

when = 0, can be integrated exactly as 

log X {T + 1) x{T) - k. 


dx 

It* 


(5) 


(b) 


To effect a comparison of (6) and (2), it is necessary to determine the con¬ 
stant k. We start by expanding x(7") in series with the assumption that the 
initial conditions are T' = 0 when x = 1, namely, 


X = 1 + (iT + hT^ + cP + dT^ + eTK (7) 


Substituting in ((>) we find 5, r, d, c, in terms of a; the maximum of the 
case rate curve comes at the value of T such that d^xjdT'^ = 0 and for that 
value z = —dx/dT = so. Thus a and the other coefficients may be found 
in terms of zo and finally since log x(0) — log 1 = 0, may be 

found in terms of So. The result is* 


logx(7' + 1) =« x{T) — 1 






w- 

24 




This equation may be used to compute x{T) stepwise from any value for 
x(7') assumed at any time 7'. If the time T at which d^x/dT^ = 0 is sub* 
stituted in (7) we find the value of x at the peak of the epidemic when 
Zq, which is precisely the value of the constant in (2). The result is^ 


const. = 1 + 


S(t _ Sir 

2 24 3'84()' 



Thus, given any value of «o, we may compare the approximation (2) with 
the result of a stepwise calculation from (8). 

For example, let us return to the hyix)thesis that So = 0.3. Ihcn the re 
lation between the susceptibles x and the case rate z is 

11 

JC - 1.1467 + - 2) .,V1S..3 v6.3 - z- (lOj 

Further we have 

IvgxiT + 1) « xcn - 1.2964, z(T + 1) = x(r + 1) s(r). (11) 

Starting from the peak at T' =» 0 we have x(0) == J.1467, Then x(l) » 
0,8609 and s(l) » 0/2583. Thus we may compute table 1. 

In the table of values the columns for x and 2 by (11) give the. values 
that are exact in so far as the constant k may be considered as determined 
from (8) with neglect of powers of So higher than tlie third; these columns 
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TABLE 1 


Values of x and z When zq • 0.3 


r 

*»Y (11) 

> »v (11) 

X ay (10) 

* av (1) 

0 

1.1467 

0.3000 

1.1467 

0.3000 

-|-1 

0.8600’ 

0.2683 

0.8615 

0.2580 

-1 

1.4333 

0.2816 

1 4331 

0.2614 

' 4"2 

0.6470 

0.1671 

0.6479 

0.1665 

-2 

1.6563 

0.1825 

1.6560 

0.1821 

+3 

0.5223 

0.0878 

0.5239 

0.0868 

-3 

1.8010 

o.iice 

1.8004 

0.1098 

-|-4 

0.4611 

0.0403 

0.4620 

0.0400 

-4 

1.8847 

0.0612 

1.8836 

0.0610 


0.4151 

0.0013 

0.4172 

0.0013 

-8 

1.9726 

0.0044 

1.9714 

().(K)43 

OO 

0.4136 


0.4167 


—. OO 

1.9790 


1.9777 



represent an integration of the fundamental difference equation regulating 
the epidemic. The columns for x and z by (10) and by (1) are calculated 
from the approximation (1) which we developed in our previous paper as a 
good approximation to the integral of the difference equation and from its 
integral (2). A comparison of the two pairs of columns will therefore show 
how good the approximation is. 

The exact integral (6) enables one to compute the course of a hypotheti¬ 
cal epidemic for comparison with the cruder computations by the Soper 
or Frost finite equations.* If we have nt = 1000 and Sa = 2000 and intro¬ 
duce one case, which will then generate two cases, we have at the start 
x{T + 1) « 1.098 and x{T) « 2.000. Then k in (6) is 

k « 2.000 - log 1.998 «« 1.30785 * (12) 

and with this value of one may use (0) to follow the subsequent course 
in each step of which the value of x will be cut down so that S IOOOjc is 
integral. The cases may then be obtained by subtracting successive values 
of X. Table 2 gives the comparison of this calculation with the previous 
ones. From the result it is seen that the stepwise calculation departs 
widely from that of Soper but is very much the same as that of Frost (as 
modified by introducing the law of small numbers). 

As a matter of fact we have the equations 

C*( *f I Si + I ^ Si ^ Ci ^ I 

and if C be eliminated we have 

■ or log 5i + 1 — rSi « log St ^ rSt i; 
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TABLE 2 


CoimsK OK Hypothetical Epidemic C# 

- 1, 5, 

« 2<K)0, r - 0,001 

(IptNKEATlOH 

BV (tl) AND (12) 

SoniR 

Fkciht 

1 

2 

2 

2 

2 

4 

4 

4 

3 

8 

8 

8 

4 

16 

16 

16 

5 

31 

32 

32 

6 

59 

02 

61 

7 

107 

M6 

Ml 

8 

180 

204 

186 

9 


317 

268 

10 

308 

393 

309 

n 

271 

332 

267 

12 

179 

171 

173 

13 

94 

59 

89 

14 

43 

17 

40 

15 

18 

5 

17 

16 

8 

1 

7 

17 

3 

0 

3 

18 

1 

• * 

1 

19 

1 

• * 

0 

20 

0 

* • 

* * 

Total infected 

IfiWt 

1730 

1594 

Residual susccptibles 

404 

2fll 

4(»i 


each of these terms must therefore be the same constant and the relation is 
therefore equivalent to (d). Hence, although the argument which led to the 
equations based on considering the epidemic to proceed by discrete gen¬ 
erations with the elimination of double contacts was very different from 
that based on a continuous process and embodied in a differential-difference 
equation, the final results have been seen to be equivalent.* 

The characteristics of the curve of case rates (epidemic curve) based upon 
the general exact solution (8) are not easily obtained, but as table 1 indi¬ 
cates that the values derivable by calculation based upon (11) are so 
nearly the same as those obtained from the approximation (1), it is of in¬ 
terest to give some of the characteristics of (1), which probably will be a 
sufficient approximation to the corresponding characteristics of the exact 
curve. The values 



may be obtained by breaking the integral up into the part from — <» to 
and the part from to oo with the appropriate expressions taken from (1), 
Certain definite integrals are involved, of which some may be evaluated in 
terms of known constants and others may be had by computation. From 
the values of n the moments may be computed. 
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The mean is 


‘ Ic^g 2 



0.2C>S95, 


M'i = J + 0.07070, 

()So 



1.2020 


£o 


0.10424. 


From this it is seen that the mean (referred to the mode) is negative and 
independent of So- Except for the small term 0.07070, the square of the 
standard deviation is the same as that for the first approximation z = 
So sech^ Zu/2T. The negative value of shows that the skewness is nega¬ 
tive (the epidemic curve rises more slowly than it falls) and if the small 
additive terms be neglected it is = /ug/Ma*/’ — -“0.57zo‘^’* 

The skewness is not only tiegative but large. Brownlee runted that 
observed epidemics were remarkably symmetrical and that such skewness 
as they had was much more likely to be positive than negative; he inferred 
therefrom that the want of persons liable to infection is not the cause of 
the decay of the epidemic.^ Even though the want of persons liable to in¬ 
fection is not a sufficient cause to explain the slope of epidemic curves, it 
does seem that for immunizing diseases like measles it must be a necessary 
cause in any ultimate explanation. It is therefore of interest to have (1) 
an exact integral t)f the differentiafidifference equation which regulates 
that part of the phenomenoti that derives from the law of mass action and 
(2) a satisfactorily close approximation to that integral in manageable 
form. 

* These Prockudinos, 30, 37-41 (1944). 

* U wc take the four cpideinicsi itjiC'd in figure 1 of the previous paper, we have: 


KPIURM1C 


lOTAl. GAAKA 

1*KAK CAAK RATH 

KATKI 

i/fi 

V'ancouver, B. C., 

I931-1H32 

3896 

11.50 

3.4 

3. 

Berkeley, Calif,, 

1938-l»3« 

.■’073 

625 

4.9 

4.8 

Providence, R. 1., 

19.34-1935 

S267 

KKK) 

5.3 

4.8 

Oakland. Calif,, 

19:13-193} 

4889 

(125 

7.8 

8.0 


'rhe Vancouver epidemic was extremely explosive. The values of the peak case rate are 
roughly estimated. Tlie agreement between the last two columns is reasonably satis¬ 
factory. 

® The value of k goes only up to terms in although x was expanded to T^. There is 
“loss of places" in an algebraic sense in carrying out the work. 

•' Iti these PRocEiCDtNOS, 43 4K M943), the expression c •• siisech* V’, or its 

i:qiuvuK*n(. was inteHrute<l to obtain .v « 1 — y/2sn tanh v/s(./2 or etjuivalent, on the 
ussumpiuin that at ihr pi'uk when 7' o the vuhte of x would tie 1. This was in fact 
one of H(jper*s iwsiimpUons in that lie took, in <mr uotatioti, I 4 du/dl' «• x as one of the 
starting points of his developments, and this makes .v » 1 when h is a maximum. It 
may lie that to the order of apprfiximatiou which vSoper uses, it is satisfactory to Uike 
X *• 1 at maximum; but if we go bock to the equation from,which he starls. viz., z{T) •• 
xiT)&(7' I) we find that 
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: _ 1 d: 1 dAz 1 / dsV 

1 d’s ~ ^ c dT ~ iz dT' s* XdT/ 

dr 2 dT'* 


so that if dzUIT = 0 whtii 




wi- obtain 


1 dh. ’ d*u 

A’ =“ 1 — .---j and from d*» 

2,:„ dPlo dP 


B=: — 


to which he conics, after his various approximations, we find .v » 1 + 2 as prcsuuialily 

a iielter result, and this checks with (9). This would tnake 

V . 

,v ^ I f -■ifi — v2zii tanh vW2 

with the initial and final values of x, x„ — I 4 Cu 4 '\/2zu, x-k 1 4 zti “ \/«Su and 

with th<‘ relationship Xo 4 X/,: — 2 + ,:;o inst<‘ad of x„ 4 Xjf *»» 2. 

*^Thcsc PRtJCKicmNOS, 28, dfil -m7 (1942). 

•’ The slight numerical difTerences lietween the second and fourth columns in table 2 
are due to difliTetices in the rejection of fractional cases. 

^ Brownlee, Proc. Hoy, So<. MM., London, 2, Pt. 2, 24^ 258 (19t)9). See page 244. 

This is quoted (on page 209) by Sir Ronald Ross, Pror. Roy. Sor. A92, 204 280 

(1915), and by C, O. Stallybrass on p. 510 of his Principles of P^pidemiolot>y, Chap. 14, 
1931. 


INTEGRAL FORMULAS FOR THE CUARACrKRJSTIC CLASSES 

OF SPHERE B UMOLES 

liv SjUING^SMKN CiIf2RN 

iNsriri'iic FOR Advanckp Stuoy, Pkincfion, Nkvv Jkrsky anp Tsino Hua 

("NiVHRsn Y, Kunming. China 

Communicated July Kl, 1944 

The notion of sphere bundles^ of H. Whitney has proved to be v^er>' 
fruitful in Iht? applications of tcipology. So far in this theory an important 
r6ie has lx*en played by a class of topological invariants in the base space, 
called the characteristic cohomology classes and which cati be regarded as 
generalizations of the Euler-Poincar^ characteristic, Ily assuming the 
base space to beadiflferentiable manifold witha Riemannian metric, on which 
the bundles of vectors and /^-vectors are defined in a natural way, we shall 
give in this note various relations which exist between these topological 
invariants and certain diflerential invariants of the Riemannian manifold. 
In fact, the relations are such that the former are expresstxl as integrals of 
the latter. In the formulae the generalized Gauss-Hunnet formula due to 
AHeiidoe.rfer and WeiP is included as a particular case. 

1. At the basis of our considerations is a closed orieulabie w -dinieusional 
Riemannian manifold of class O, m § 4, which we denote by /<". In /?" 
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we consider the frames P Ci .. . e„, each of which consists of a point P and n 
mutually perpendicular unit vectors Ci, . . , , c« through P, arranged in an 
order coherent with the orientation of 7?". Using the notations of E, Car- 
tan,* the parallelism of Levi-Civita is defined by equations of the form 

dP - u>iCu + wji == 0, (1) 

where the a>*s are Haflian forms. In terms of these Pfaffian forms the 
equations of structure of the space are 


do>i 

d'O^ij — 



and the identities of Bianchi 

are 



= 0. 

dihj - ™ 


(’i) 


It is to I>c mentioned that iiij are exterior quadratic dilTerential forms which 
give the curvature properties of P”. 

Consider now the tangent sphere bundle of /f” in the sense of Whitney 
and, in particular, the problem of defining over P” a field of /^-vectors, 
1 ^ g w, where by a />-vector is meant an ordered set of p vectors (and 
not the figure determined by the Grassmannian coordinates). As is well 
known, the characteristic classes arise from the points of 7?" at which the p 
vectors are linearly dependent. Topologically there is no loss of generality 
to assume the p vectors, when linearly independent, to be mutually per¬ 
pendicular unit vectors. 

We are thus led to consider in 7i" the figures formed by a point P and an 
ordered set of p mutually perj)endicular unit vectors through P. With P 
fixed, all these figures form, according to a natural to|>ology, a finite mani¬ 
fold F«, p of dimension ^(2« — — l)/2. The Betti group p) 

of dimension n -- p (with integer coefiicients) of p is an infinite cyclic 
group or a cyclic group of order two, according as one of the following con¬ 
ditions is satisfied or not: * 1 or w — is even. We consider the 

sphere bundle ®{p) with as the base space and the p as fibres and 
proceed to study the relations between the characteristic classes arising 
therefrom and certain differential invariants of P". 

2. With our problem formulated in this way, it is convenient to adopt 
the language of the method of moving frames. To a figure of the above 
descrii)tion we attach a frame Pei . * . such that P is the origin and 
c« ... p ^ u • * * t tn the p vectors of the figure in question. With the inter¬ 
vention of the family of frames thus attached, Pfaffian forms and 

differential invariants can be constructed from (1, 2). From them it is 
possible to construct exterior differential forms of higher degree. Whether 
they belong to ®(p) or not can be decided by the following simple criterion: 
A differential form 11 belongs to ^(p) if and only if its exterior derivative dtt 
is a form in <au <*>ia A p + 1 . n, only, A differential form be¬ 

longing to @(/)) is called intrinsic. 
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3. For our considerations we shall suppose either p ^ 1 or » *• /> be 
even* The essential step consists of establishing a formula for differential 
forms which we shall reproduce here for the case that n — /> is even. We 
consider the following intrinsic differential forms 

(2^} . * •) hp) — — 1“2A' ^®2Jt + !« — P + I ' " ■ 


+ ft," - P + ^ ^«2A ■+ hi 4 1« - + 2 • . +- - P + 2 * * * * 

+ ft, 4 • * • 4 ftp_j + 1 ** * * * ^®2A 4- ft, 4" * • ’4“ ftp™ 

where each index a runs from \ to n p ^ 2k + hi+... + hj, and where 

€«,*»* _ P flcnoies the Kronecker symbol which is H-1 or — 1 according 

as «aj, ‘ » a„ „ p form an even or odd permutation of 1and 

is otherwise zero* We put also 


= z 



' • ■ p 







where the summation is extended over all partitions of VsCw — ^ as 

a sum of ^ 1 , Further let 


a* - {-\y 

ao “ 1. 


(fi — p — 2k + 2) . . . (» — p) 

2 T 4 T 7 . 2k . .. 


, ife & 1, 



Then we have the formula 


d\ E ( 

{ J 




The proof of this formula can be carried out in a purely algebraic way. 

4. Suppose we consider the ;t>-vectors having the Sfime origin, i.e., those 
belonging to the same p Under this condition we have evidently 

0)1 “ ...” co„ ~ 0, 

and formula (7) becomes 

d4»o = 0 

This shows that is a closed intrinsic form in F„_p. Noticing that J?" “ ^ 
(F„,p) is an infinite cyclic group, it follows from the well-known results of 
de Rham^ that the value of the integral 

fz^o 

where Z is an (n ** />)-dimensional cycle of F»p. will give the homology 
class to which Z belongs. 
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The theory of />-fields in 7?" leads, when « — /> is even, to an integral 
characteristic class IT" p 4 \ derive from it a numerical tojK>k>gical 
invariant we consider the scalar product fT" ” ^ ~ p + where 

Ms a vSubmanifold of dimension w — /> + 1 in closed or with 

boundary. When M" ’ is closed, we derive from (7) and the above 
remark that 


]y« - + I ~ T> + 1 ^ 0^ 


which corresponds to the known fact that IT" ^ ^ * is of finite order, 

Jf, however, A/" ^ ^ has a boundary B, we shall get in this way a 

formula which links the integral of a differential invariant over B with a 
topological invariant of A/" - ^ For definiteness we supf)ose p ~ 2 
(so that n is even). B is of dimension n — 2 and we suppose for simplicity 
that B jKxssesses a tangent {n — 2)“planc at each of its points. Both 
A/" ^ and B are supposed to be orientable, so that A/" ^ is twf)-sided in 

7?" and B two-sided in A/" “ At each point of B we take as the outside 
(or inside) normal of A/" ^ and as ^ i the outside (or inside) normal of B 

in the tangetit hyperplane of M" ~ *. We have thus defined over B a field 
5 of two vectors and the forin 

l/2(« 2) 

If « 


being intrinsic in $(2), is defined on B, Then we have 

//^ll = c/M^ 

where r is a numerical constant. This formula is the analog of the Gauss- 
Bonnet formula for a polyhedron. The corresponding formulation for a 
general p is without difficulty. 

5. As we have shown in another occa.sion,^^ these discussions lead for 
/? = 1 to a j)roof of the Gauss-Bonnet formula by which it is not necessary 
to imbed the cells of R” in a Euclidean space of sufficiently high dimension. 
There the formula corresponding to (7) is of the form 


where 12 “ 0 when n is odd. The differential form H, of degree n ^ 1, is 
defined in the space of vectors and has some interest in itself. It is defined, 
whenever an orieiitable submanifold of dimension r, is given in 7?^. 
For, supposing that KP has a tangent r-plane at each of its points, we at¬ 
tach to a point of all the unit normal vectors at that point if r — 1 
and the outside (or inside) unit normal vector at that point if r « n — 1. 
In this way the set of unit vectors attached to the points of W forms, 
according to* the natural topology, a manifold of dimension n •— 1. Thlis 
process can also be carried out for which ceases to have tangent r- 
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plaiae>s at certain points. Then we attach to each of these points tlie unit 
normal vectors belonging to the corresponding dual angle. By such a con¬ 
vention the differential form II is defined over AP and generalizes the no¬ 
tion of the element of geodesic curvature for /f = I. We can prove that, 
if r is even, 


f II - rx(M0. 

where x(AP) stands for the Euler-F*oincard characteristic of iW and c is 
a constant. The proof of this formula is somewhat complicated. 

(i. It is evident that the same considerations can be carried out for the 
normal sphere bundles of a submanifold imbedded in a differentiable mani¬ 
fold, To avoid duplication we shall not give the results here. We 
only mention that the corresponding differential invariants are those 
which give the so-called Gaussian torsion of the submanifold. 

7. Finally, we wish to make the following remark. The process em¬ 
ployed here bears a close resemblance to that used by Gysin® in his work 
on the homology theory of fibre spaces. Our differential forms take the 
place of cochains and we have taken the group of real numbers as the coef¬ 
ficient group of the homology theory. While we thus lose such topological 
invariants like torsion, we are compensated by the fact that the differential 
forms are intrinsic in the sense of differential, geometry and have thus ar¬ 
rived at results which connect differential invariants with topological in¬ 
variants. 

* Whitney, H., “C>ii the Topology of Differentiable Maiiifokls,” Lectures in ‘Topology 
Michigan, 1941, pp. 101-141. Also: Stiefcl, K., 'Richtungsfelder and FernparaUells- 
mus in dimensionalcn Mannigfaltigkeiteii,” Comw. Math, lielv., 8, 805" 363 (1930). 

* Allcttdoerfer, C. B., and Weil, Andr6, “The Gaiis.s-Bonnet Theorem for Rietnanriian 
Polyhedra,'* Trans. Amer. Math. .Vor., S3, 101*129 (1943). 

* Cartan, E,, Lef^ons sur Ut ghmeirie des espaces de Riemann, Paris, 1928. 

Me Rahm, G., “Sur I’analysis situs des vari^t^s a n dimensions, “ J. Math. Pures 
Appl, 10 (9), n,V2t)0 (1931). 

* Chern, S., “A Simple Intrinsic Proof of the Gauss-Bonnet Formula for Closed Rie- 
mannian Manifolds,*’ to appear in Annals of Math. 

** Gysin, W,, “2Cur Hoinolugietheorie der Ahbildungen und J‘'aseruiigen von Mamiig- 
faltigkoiten/' Comm, Math. Helv., 14, OP 122 (1941-1942P 



274 


MATHEMATICS: C.CHEVALLEY 


Proc. N. a. S 


ON GROUPS OF A UTOMORPHISM OF LIE GROUPS 

By C. CllEVALLEY 

Departmbnt of Mathematics, Princeton University 
Communicated July 31, 1944 

Let ® be a simply connected Lie group, and let g be the Lie algebra of 
Then the group of automorphisms 81 of 0^ is isomorphic to a linear group 81* 
operating on the vector space g. The infinitesimal transformations of 81* 
are the linear mappings £> of into itself which have the property that 

D([X, ¥]) - [DX, Y] + [X,DY] (1) 

holds for any X and Y in g. These mappings are called the derivations of 
the Lie algebra g. They form a Lie algebra which is called the algebra of 
derivations of g. We shall denote this algebra by 3)(g). 

The inner automorphisms of ® form a distinguished subgroup 8ln of 8L 
The above-mentioned isomorphism of 81 with 8t* maps Slo onto the adjoint 
group 8lo of GJ. The infinitesimal transformations of 8Io are the deriva¬ 
tions of g which can be defined by D^{X) « [X, Z] (for some fixed 
Zcg). They are called the inner derivations of g. They form an ideal in 
!l)(g), and this ideal is isomorphic to the factor algebra g/j, where ) is the 
center of g. We say that g is a complete algebra when every derivation of g 
is an inner derivation. Cartan has proved that every semi-simple Lie 
algebra is complete. Zassenhaus has proved that, if g is a Lie algebra whose 
center reduces to {O} and which coincides with its derived algebra, then 
D(g) is a complete algebra. 

Starting with an arbitrary Lie algebra g, we can define inductively a 
sequence of Lie algebras ®M(g) in the following way: ®o(g) — g; if Di»(9) 
has been defined, l5«+^i(g) is T’d^itCg)). The object of this note is to an¬ 
nounce the following result: 

Theorem. Lei g a Lie algebra aver afield of characteristic 0, and or- 
sume that the center of g contains only 0. Then there exists an index n such 
that ®«(g) is complete^ and therefore all algebras jD«(g) are isomorphic with 
each other from a certain rank on. 

Only broad outlines of the proof can be given here. It is clearly suffi¬ 
cient to prove the theorem for Lie algebras over the field of complex num¬ 
bers. Under this condition, aD(q) is the Lie algebra of an algebraic linear 
group. From this fact, one can deduce that 2)(g) may be represented as 
the direct sum of three subalgebras f, a and « with the following properties: 
f is semi-simple; a is abelian; n is the maximal nilpotent ideal; the mar 
trices in a can be simultaneously reduced to the diagonal form, and tiacy 
commute with the elements of f. 

Let no be the subalgebra of n generated by the elements of the form [j4, 
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A^] or [v4, 5] , with ^eo, Ntn and set bo = f + a + tio. Then bo is an ideal 
in ® (ft), and the centralisator of bo in T>(ft) contains only O, Let /(bo) be the 
ideal formed in T)(bo) by the inner derivations of bo. By a derivation of J (bo) 
into T(bi)) is meant a linear mapping of y(bo) into 2){bo) which satisfies 
condition (1) above for any X and Y in /(bo). It can be proved that any 
such derivation maps 7(bo) into itself and is therefore induced by some 
inner derivation of ^(bo). From this, one can deduce that, b being any 
subalgebra of J)(bo) containing /(bo), T( b) is isomorphic to some subalgebra 
of T)(bo) containing from which it follows immediately that I)«(b) is 
complete for sufficiently large n. On the other hand, one can see that T)(ft) 
itself is isomorphic to a subalgebra of T(bo) containing /(bo), whence the 
result to be proved. 

The restriction that the center of ft be {Oj cannot be removed from the 
statement of our Theorem, because examples show that the following two 
situations may arise by proper choices of ft: I, the dimension of Tn(fl) 
increases indefinitely with n; II, the algebras T»(fl) are all isomorphic 
with each other for « ^ 1, but none of them is complete. Nevertheless, 
there are large classes of nilpotent Lie algebras ft for which T)«{ft) ulti¬ 
mately becomes complete. Let, for instance, be the free Lie ring with q 
generators, and define by induction on r in the following way: « 

Lq\ is the set of linear combinations of elements of the form [X, F], 

with 'Fhen is an ideal in and is a nilpotent 

algebra ft(^, r). It can be proved that T*(ft(^f, r)) is complete provided 
g > 1, r > 1. 

On the other hand, it follows immediately from our theorem that, if ft 
coincides with its derived algebra, then I)«(ft) is complete for n sufficiently 
large. In fact, it is easy to see that the center of T)i(ft) contains only O. 


GROUPS CONTAINING LESS THAN TWENTY-^EIGHT M)iV- 

IN VARIA NT OPERA TORS 
By G. A. Miller 

DEPAftTMENT OK MATHEMATICS, UNIVERSITY OF ILLINOIS 

Communicated July Ifl, 1(H4 

In two preceding numbers of these Proceedings (30, 25*~28 (1944), 30, 
114--117 (1944)) various methods were noted for the determination of the 
possible groups when the number of the non-invariant operators is given. 
The object of the present article is to give a few additional such methods 
and to illustrate these methods by means of the determination of all the 
groups which separately involve less than twenty-eight non-invariant op- 
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erators. It may be noted that in the early determination of permutation 
groups and abstract groups A. L. Cauchy (1789-1S57), A. Cayley (1821- 
1895) and others proceeded similarly with a view to introducing their read¬ 
ers to the subjects which were later extensively developed by others by 
means of improved methods, 

A useful theorem in the said determination may be expressed as follows: 
If a group of order w + w contains n invariant operators and m non-invariant 
ones then n is a divisor of m and cannot exceed m /2. This theorem is evi¬ 
dent but it seems desirable to state it explicitly in, order to simplify its 
applications in what follows. It may be desirable to recall here the theo¬ 
rem that if a group contains a prime number p of non-invariant operators 
and all of its other operators are invariant then it contains exactly one in¬ 
variant operator and therefore its order isp + 1. As illustrative examples 
we note the non-cyclic group of order 0, the tetrahedral group, and the 
simple group of order 60, which is the simple group of smallest composite 
order. 

Since all the groups which separately contain less than twenty-four non¬ 
invariant operators can readily be determined by means of the noted 
theorems we proceed to consider here, with some details, all the groups 
which contain separately exactly twenty-four non-invariant operators. 
It is obvious that the order of such a group is either 27 or 32, and if it is 27 
the group must be one of the two non-abelian groups of this order. It is 
therefore only necessary to consider groups of order 32 in determining the 
remaining . groups which separately contain twenty-four non-invariant 
operators. Moreover, the only groups of order 32 which require considera¬ 
tion in this connection are those which contain separately just eight in¬ 
variant operators and hence have for their central quotient group the non- 
cyclic group of order 4, .since the central quotient gr^mp of a group cannot 
be cyclic. , 

It therefore results that all the groups of order 32 which we need to con¬ 
sider here contain three abelian subgroups of index 2 whose cross-cut is 
the central of the group G. Moreover,, the commutator subgroup of each 
of these groups is in the central of G and is of order 2. It will be convenient 
to consider separately the possible groups when the central is a given group 
beginning with the case when this central is cyclic. In this case G may 
contain a cyclic group of order 16 and if it has this property two of the 
three abelian subgroups of index 2 in G are cyclic while the third is of type 
3, 1. lliere is obviously one and only one such G. When the central of 
G is cyclic but G does not involve any operator of order 16 the three abelian 
subgroups of G are all of type 3, 1 and there is clearly one and only one such 
G. We have now determined the two possible groups when the central of 
G is cyclic. 

The central of G in the remaining groups is either of type 2, 1 or of type 




1, 1, j. We begin with the former, of these two |x)ssible castes. In this 
case the commutator subgroup of G is either the square of the opjerators of 
order 4 contained in the central or it is one of the other two op)erators of 
order 2 in the central, We begin with the case when the central is of type 

2, 1 and when a commutator is the square of an operator of order 4 con¬ 
tained in the central. If such a G contains operators of order K there are 
two fx>ssib]e groups. In both of these groups two of the three abelian 
subgroups of index 2 are of type 3, 1. In one of them the third subgroup of 
this index is of type 2^ 1, 1 while in the other it is of type 2, 2, To complete 
the determination of the groups which involve operators of order S we have 
yet to consider the case when the commutator of order 2 is not the square 
of an operator of order 4 contained in the central of G. 

In this case there are agaiti two groups in which two of the three abelian 
subgroups of index 2 are of type 8, 1. In one of these the third abelian sub 
group of index 2 is again of type 2, 1, 1 while in the other it is of type 2, 2. 
In these groups the cyclic subgroups of order H are non-invariant while in 
each of the preceding four group)S the corrcsi)onding cyclic subgrouj)S are 
invariant. It remains to determine the grouf)S which involve no operator 
whose order exceeds 4 and in which the central is either of type 2, 1 or of 
type 1,1,1. If in the former case G involves an abelian subgroup of index 
2 and of type 2, 2 it may first be assumed that the commutator subgroup 
of G is generated by an of)erator e)f order 4 contained in the central of G. 
In this case the remaining o])erHtors of G must include an oj)erator of order 
2. If this were not the case all the rejiiaining operators of G would be of 
order 4 and could tH)t have for their squares a commutator of (7. 

If 5 i is such an operator and S 2 is an operator of order 4 in the. given sub¬ 
group of type 2, 2 which is not in the central then (vii'a)- = .vi-.V 2 " into the 
cotnmutator of order 2 in G, It therefore results that (7 would involve 
an operator of order 2 which is nf)t contained in the given subgroup of type 
2, 2. There is clearly one and only one such group. One of its three 
abelian subgroups of index 2 is of type 2,1,1 while the other two are both of 
type 2, 2. Wlien the commutator of order 2 in G is not the square of an 
operator of order 4 in the central of G but G still involves an abelian sub¬ 
group of type 2, 2 there are two additional groups. In one of these all of 
the remaining operators of G are of order 4 while in the other only one-half 
of these operators have this property. We have now considered all the 
groups which contain no operator of order S and in which one of the 
abelian subgroups of index 2 is of type 2,2. 

When G contains a central of type 2, 1 but no abelian subgroup of type 
2, 2 and no operator of order 8 its three abelian subgroups of index 2 are 
all of type 2, 1, 1 and the commutator subgroup is generated by an operator 
of order 4 contained in the central of G. There is one and only one such 
group. It remains to consider the case when the central is of type 1, 1,1. 
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In this case at least one of the abelian subgroups of index 2 in C? must be of 
type 2, 1, 1. If the commutator subgroup is generated by an operator of 
order 4 in this subgroup of indt^ 2 all the operators of this subgroup are 
transformed into their inverses and there are three such distinct groups. 
In one of these all of the remaining operators are of order 2; in another all 
of these operators have the same square as the operators of order 4 in the 
given subgroup of index 2, while in the third all of these operators have for 
their squares a different operator of order 2 contained in this subgroup. 

Finally, when the commutator subgroup cif G is a different subgroup of 
order 2 contained in the central there are two additional groups. One of 
these contains operators of order 2 which are not found in the given sub¬ 
group of index 2 while in the other all of these remaining operators are of 
order 4. We have now determined the seventeen groups which separately 
contain twenty-four non-invariant operators while all of their other opera¬ 
tors are invariant. Two of these groups are of order 27 while each of 
the remaining fifteen groups is of order 32. These fifteen groups could also 
be determined by means of the fifty-one known groups of order 32, but the 
direct determination by means of the fact that each of them contains 
exactly eight invariant operators seems to be an easier, method and illus¬ 
trates the advantage of considering groups from the standpoint of the 
number of their non-invariant operators. 

If a group contains exactly twenty-five non-invariant operators it may 
be the dihedral group of order 26 or the direct product of the group of order 
5 and the non-abelian group of order 6. As it could obviously be no other 
group it is a very simple problem to determine all the groups which sepa¬ 
rately contain exactly twenty-five non-invariant operators. There are 
also just two groups which separately contain exactly twenty-six non-in¬ 
variant operators. Both of these groups contain the cyclic group of order 
14 and transform all of its operators into their inverses. In one of these 
groups all of the remaining operators are of order 2 while in the other 
all of these operators are of order 4 and have a common square. Hence the 
possible groups which separately contain twenty-six non-invariant opera¬ 
tors are also very elementary. 

When a group contains exactly twenty-seven non-invariant operators it 
may be the direct product of the dihedral group of order 10 and the group 
of order 3. It could not be another group of order 30 since every group of 
this order contains an invariant subgroup of order 5. Its order could not 
exceed 30 since the order of a group cannot exceed the number of its non¬ 
invariant operators multiplied by 4/3. Its order could not be 36 since its 
central would then be of order 9 and hence its commutator subgroup could 
not be of order 2 as it must be in every group of order g in which the num¬ 
ber of the non-invariant operators is 3 g/4. Hencedt results that all the 
groups which contain less than twenty-eight non-invariant operators have 
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been determined. When the number of the non'invariant operators of a 
group is twenty-eight the group may contain a central of order 4 and be 
of order 32. The number of possible groups in this case seems to be large. 


A GROUP-THEORETIC CHARACTERIZATION OF THE GENERAL 

PROJECTIVE COLLINEATIONGROUP* 

By N. S. Mendelsohn 

Dkpartmbntt op Mathematics, University ov Toronto 
Coinmunicatccl July 11, 1941 

The success which investifj^ators in the nineteenth century achieved in 
the study of geometry through the application of group-theoretic ideas 
may be credited to the celebrated Erlanger Program of Klein. Briefly 
stated, the main idea of this Program ^yas to consider geometry as a body 
of invariant theory of transformation groups. The problem immediately 
arose as to how any given geometry could be generated in this way. To 
answer such a question one could assume an abstract group and by intro¬ 
ducing suitable definitions try to set up a geometry of the desired type. 
This has been done for plane Euclidean geometry by Thomseiri and non- 
Euclidean geometries by Hjelmslev.- The purpose of thq present paper is 
to summarize a solution of the problem in the case of projective geometry. 

We shall start with an abstract group and shall define certain trans¬ 
formations in it by means of its inner automorphisms. These inner auto- 
moq^hisms are used to define a projective geometry which has a projective 
collineation group isomorphic to the original abstract group. As a corol¬ 
lary, we obtain a very simple representation of the complete group of 
automorphisms of the projective collineation group, without having re¬ 
course to coordinates. By a simple specialization of the projective group 
one can also obtain a repre,sentation of Euclidean geometry. We con¬ 
sider here mainly the two-dimensional case; extension to n-dimensions, 
while by no means immediate, is not diflicult. 

Let us denote the normalizer of the subgroup P of an abstract group G 
by the notation iV(P). Two subgroups A and B of G will be said to be 
strongly conjugate in C? if B * where g can be chosen to be of finite 

order. We state the following axioms. 

Axiom L Let G be a group generated by two complete sets of strongly con¬ 
jugate subgroups \P] and IL) such that the only dement common to oil sub¬ 
groups of both sets is the identity. 

Definition: A subgroup of class jP} will he called a point, one of class 
|L} a line* 
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Axiom 2. If T is a point or line NN{T) - A^(7^). 

Axiom 2. If A ClN(D), there exist two other subgroups B, C conjugate to A 
and such that {B, C)^N(D), Of the two groups A and D, one is of class{P\ 
and the other of class \L\, 

Axiom 4, (a) For any distinct points P and Qy (P, (/) == N(L) for some 

line L, (b) For a7ty distinct Ihies L attd My (L, M) — N(P) for some point 
P. 

Definition : A point P is said to he on a line L if PezN{L)^ A line L is 
on a point P if LcN(P). This symmetry of the relation on has to be proved. 

Axiom o. If A, By C are three distinct points (lines) on the line (point) Dy 
then A^(^)nA^{P)nA^(C) - D. 

Axiom (>. Let P ami L be any point ami linCy respectively. Then 

G - N(L) + 


and either PCiV(L) or for each coset N(L)g suck that P not-KZg N(L)gy 
the set P(\N(L)g is non-nulL 

Remarks Concer^nng the Axioms .—As they stand the axioms are not 
sntTicient to define projective geometry, but this can be accomplished by 
strengtlicning Axiom fi. The Axioms are consistent since they can be 
shown to hold in any finite projective geometry. By means of examples, 
each of Axioms n, 4, l\y and 1 and 2 together can be shown to be inde¬ 
pendent of the remaining ones. In Axiom 1 it was found necessary to re¬ 
strict our sets IP} and jL) by the condition of “strong” conjugacy. The 
reason for this is that we are not limiting ourselves to finite groups. It is 
possible to give examples of infinite groups from which an infinite sequence 
of subgroups i4i, A 2 , > ■ - A,,, ... can be chosen, such that >1, is conjugate to 
A 1 taut for which AiCZA o 1 strictly. The use of strong conjugacy eliminates 
this possibility for the groups {P} and 1 L). 

'Phat the points P and the lines L form a projective geometry is proved 
by the following sequence of theorems and definitions: 

A point is on a line if and only if the line is on the point. 

rhe group of a point or line is uniquely determined by its normalizer. 

Through two points there passes one and only one line, and, dually, on 
two lines there is only one point. 

The condition that points A, By C, are collinear is that CcM, iJ),and 
this is equivalent to the condition A C (B, C) or B (Ay C). 

Any element of G is defined to be u projective collineation. If h is an 
clement of then /; is said to carry the j)oint A into the point P if h 'A h CT 
B. 


Any pnjjective colliueation carries collinear points into collinear jxfints 
and concurrent lines into concurrent lines. 

A projective collineation / fur which / C P is said to keep the point P 
fixed. The set of all projecti\ne colUneations which keep P fixed fonn the 
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group N{P) anti dually for lines. 'Phe group F consists of all projective 
collineations, each of which keeps every line through P fixed and dually. 
Pcrspectivity is defined by means of Axiom (i. We show that correspond¬ 
ing to any two lines Lx and L’i and any point O not on either line, there exist 
collineations t which keej) O fixed and which carry Lx into Lj, The class of 
all such elements /, is called l^erspertivity of the line L\ on Ln from the center 
0. Dually, persjiectivity from a line may be defined. 

It follows now that a necessary and sufficient condition for a projectivity 
t between two lines Lj and La to be a pcrspectivity is that / keep fixed the 
common point of Li and Lt. This is equivalent^ to Pappus’ Theorem from 
which Desargucs’ Theorem follows in the plane. Py sufficiently weakening 
our axioms one could obtaiti a geometry for which Desargues’ Theorem is 
not valid but for which the weaker condition, namely, the unique deter¬ 
mination of the fourth harmonic point, holds. Such geometries have, in 
fact, been considered from the geometric ])oint of view, but a study of their 
groups would also be of interest. 

If v4, Bt C\ D and A \ B', C^ D' are two sets of four points, no three of 
which in either set are collitiear, there exists at most one transformation / of 
(/ which carries A A\ B C C\ D > D\ The actual existence 

of such an element / cannot be ))roved until Axiom () is replaced by a 
slightly stronger one. 

Let L be any line atid P be any |x>int. Let M and N be two lines con¬ 
current with L neither of which pusses through P. There is at most one 
element a of 6' such that a is in (P{\L) and «: M IV. 

Axiom (»' : The element a, described in the abewe theorem, exists. Axiom ti' 
implies its dual and also implies Axiom 6. From Axiom O' it follows that 
there exists exactly one projective collineation which carries one set of four 
points, no three of which are collinear, into another set. 

The group CJ and the gr(iU}) of projective collineations of points and lines 
of G (i,e., its group of inner automorphisms) are isomorphic. 

The Automorphisms of G. —The characterization of the projective col¬ 
lineation group we have just given is of a form whicli makes the study of its 
complete automorphi.sm group extremely simple.^ For this it is unneces¬ 
sary to introduce coordinates. The study is carried out in two parts 
corres]:)onding to the cases of odd and even dimensional spaces. The 
reason for this st^purution is that in a projective space of odd dimension- 
idily tliere may exist eolltnealions of j)eriod 2 without fixed points, and this 
slightly complicates mutters. The special eases of projective spaces witli> 
out collineations of t)eriod 2 (i.e., spaces whoSt* coordinate fields are ol 
charueteristic 2) also have to be treated separately. We shall describe 
briefly the process for the two-dimensional case. The sequence of tlieorems 
is as follows: 
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A homology with a given center and axis is characterized by the fact that 
it permutes with every collineation of G which permutes with the harmonic 
homology with the given center and axis. 

In any automorphic mapping of G, the image of a homology is a homology 
and conversely, every homology is the image of some homology. 

The product of two homologies with different centers and different axes 
is not a homology. 

If h and h are liarmonic homologies with a common center -4, their 
images in any automorphism of G are harmonic homologies with a common 
center or a common axis, and dually. 

Two homologies with a common center are carried by an automorphism 
into two homologies with a common center or a common axis and dually. 

Any automorphism of G carries an elation into an elation, and con¬ 
versely, every elation is an image of an elation. 

The only subgroups of G which consist of homologies and elations alone 
are fx^ints, lines and their subgroups. 

Let P be any point. If an automorphism T makes a for each 

element a of G then the group of all images of elements of P, is a point 
or a line. The dual is also true. 

If an automorphism T maps one point into a point it maps every }x>!nt 
into a point and every line into a line; if T maps one point into a line it 
maps every point into some line and every line into some point. 

Main Theorem: Lei G be the projective coUineation group of a projective 
phne IT. With each automorphism of G we can associate a unique collineation or 
correlation (not necessarily projective) of t, amlf conversely^ with each coUinea¬ 
tion or correkUion of x we can associate a unique automorphism of G, the 
mapping being an isomorphism. 

If one introduces a coordinate system into the geometry it can easily be 
seen that the complete collineation and correlation group is isomorphic to 
the group of all aemilinear transformations in the coordinate field. 

The case of n-dimensional geometry follows exactly the same lines once 
it is established that an automorphism maps a harmonic homology into a 
harmonic homology. 

l^he Euclidean Subgroup of G (Two-Dimensional Case ).—The identifica¬ 
tion of the Euclidean group as the subgroup of G which keeps a line and an 
absolute involution in it invariant has been established many times on 
geometrical grounds. From our point of view it is interesting to see if the 
Euclidean and orthogonal subgroups of G could be obtained directly from 
out group-theoretic definition of G. This in itself would be a difficult 
problem but for the work of Thomsen.^ In essence. Thomsen gives a 
group theoretic characterization of the orthogonal group and what we are 
able to accomplish is to show that Thomsen’s axioms are implied by ours 
when a ])ropcr specialization is made. 
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* This paper is a summary of a thesis presented at the University of Toronto in June, 
1942. for a Ph.D. degree. The work was done under the supervision of Prof. G. deB. 
Robinson, for whose many aids and suggestions my thanks are extended. 

I Thomsen, Math, Zeii,, 34, (ir»8-720; 37, 5<)l-560. 

* Hjclmslev, j., ''Emleiiung in die aUgcineine Kongruenzlthre,” Del KgL Danske 
Videnskaberne^i SHskab. Math. Phys. Meddelser, 8 (11) (1929) and 10 (1) (1929), 

3 Cf. Robinson, Foundathns of Ckomeiry, Toronto. 1940. 

^ This prohletri was first treated (in an entirely different manner) by Van der Waerden 
and Schreier, Abh. Math. Sem. Hamh,, 6, 302^322 (1928). 
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VISION AND GUANINE PRODUCTION IN FISHES* 

By Francis B. Sumnbr 
The Scitipps Institution op Ocbanooraphy 
Communicated August 29, 1944 

Zoologists have long known that the purine body guanine, alone or in 
some combmaticm, i$ responsible for the silvery appearance of areas of skin 
in most fishes. It is also a familiar fact that crystals of this substance are 
contained in special cells, variously called guanophores, leucophores or 
iridocytes, which respond, as do other chromatophores, to stimuli received 
through the eyes. The paling of a fish upon a white background results 
in part from the withdrawal from view of dispersed melanin granules 
within the melanophores» but also in part from the centrifugal movement 
of guanine partides within the guanophores. Reverse relations, with re¬ 
spect to both substances, are manifest upon a black background. 

That the same stimuli which call forth these rapid adjustments may 
result, when long continued, in actual large-scale changes in the amount of 
pigment {present has been shown by a number of workers.^ For melanin, 
fahiy^Scact rdations have now been established in certain fishes between 
the amoimt of this pigment and the albedo of the background to which 
they have been subjected. ' 

For guanine, no exact relations of this sort have hitherto been deter¬ 
mined, though several workers have recorded the occurrence of an increase 
ixi the number of guanophores or in the quantity of visible guanine in ani- 
msds kept in white containers.^ In geneml, however, guanophores have re¬ 
ceived relatively little attention from students of chromatophore activity. 
This is diottbtless largely due to their mconspicuouaness in comparison 
with inelatioidiorea, likewise to their ordinarily being rendered invisible 
in hiskilbgiGd preparations. The only worker known to me who professes 
to have undertetei the measurement of goanme in connection with cbtor 
changes in animals (Meyer, op. dt.) reports a purely negative result, con- 
duding fihat any possible experimental diflerences were swamped by the 
variability among the animals studied. This writer fails to state 
^ tnetiiod which ^ employed in making these measusements. 
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After the somewhat extended assays which have been made in this labora¬ 
tory of the black pigment melanin, in relation to the visual environment, 
a comparable series of quantitative determinations of the white pigment 
guanine seemed called for.® 

A local marine Girella nigricanSj was employed for this purpose. 
Two hundred and forty sexually immature^ specimens were apportioned 
among 20 painted glass bowls.® Of the latter, there were four each of five 
shades, ranging as follows in respect to albedo, relative to white as a stand¬ 


ard. 

White. 100.00 

Pale gray. 37.74 

Medium gray.. 17.80 

Dark gray. 6.90 

Black. 1.42 


Each set of four nearly identical bowls was kept in a separate cabinet, 
lighted by a 100-watt lamp overhead. Running sea-water was supplied 
to the bowls. 

Of the original number of fishes, 217 were alive at the end of four months, 
when they were killed with chloroform vapor, dried with paper towels and 
weighed, commonly in lots of six or seven. These were then dipped into 
boiling distilled water for three-fourths of a minute and the **i^ms,*' tn- 
cludmg the scales and fins, were removed and dried for several hours in an 
oven at 100®C. These dried **skins” were also weighed to the nearest 
tenth gram. 

The fishes from the first bowl in each cabinet, which were fewer in num¬ 
ber and much larger than the others, were sacrificed for preliminary tt^sts of 
method. The occupants of the other three bowls of ea^ set were divided 
into two lots of six or seven fishes each. There were thus six lots from each 


cabinet (thirty lots in all) which were available for guanine assay. Of these 
six lots only five have been used. 


Thus the fishes under consideration are designated as follows: 


‘2.1,’^ “2.2,” “3.1,” “3.2.” “4.1,” “4.2”. Of these the “1” lots were used 


for prelimmaty tests, while the “4.2” lots have not yet been used at all. 

The matter is further complicated by the fact that the solid material of 
the original “2,1” series was divided into two equal portions (“2.1a” and 
“2.16”) and each of these was treated as an independent sample. The re¬ 
sults from these are not quite comparable with those from the subsequent 
series, m that the extraction with add from the former was less complete 


than from the latter. 


For the methods which 1 have employed in the extraction and xneasure^ 
ment of guanine I am indebted to Dr. Qrarge H.' Hitchings of the WeHoome 
Research laboratories, Tudcafaoe, New York, who is reporting upon his 
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own studies of some of the same material in another article in this issue of 
the Proceedings.® It is a pleasure to thank Dr. Hitchings for help and 
advice, kindly given at various stages of this undertaking, though I cannot 
hold him responsible for every minor step in my procedure. I must also 
acknowledge the important help of my colleague, Dr, Denis L. Fox, whom 
I have consulted frequently throughout these studies, as well as using some 
of the facilities of his laboratory. I must mention, too, the valuable tech¬ 
nical assistance of Miss Ruth A. Larson during the earlier stages of these 
investigations. 

The procedure here adopted was as follows: 

1. The oven-dried skin was extracted witli N /1 HaSO^, in the proportion 
of 10 cc. of the dilute acid per gram of the original wet weight of the fishes. 
Extraction here comprised grinding of the dampened material in a mortar, 
followed by four cycles’ of prolonged shaking and centrifuging, in alter¬ 
nation, using a new fraction of the acid for each cycle, 

2. Measured portions of this acid extract were heated for one-half hour 
in 100-cc. centrifuge tubes in a water bath. 

3. These were made slightly alkaline with NaOH, using phenolphtha- 
lein as an indicator. 

4. The contained purines were precipitated with copper sulfate, fol¬ 
lowed by sodium bisulfite, at boiling temiierature. 

5. The precipitate was brought down by centrifuge. 

6. Precipitate washed twice with boiling water, followed each time by 
centrifuging. 

7. Precipitate redissolved in boiling dilute HCL 

8. Copper precipitated by H^S, passed through the heated solution. 

9. Last precipitate removed from the guanine-HCl solution by filtra¬ 
tion through a sintered glass filter. 

10. Phenol reagent® (Folin-Denis-Ciocalteu) added to the filtrate, 
foUowed by NasCO,. 

11. Colorimetric determinations made of the resulting blue solution 
by means of a Bausch and Lomb Visual Spectrophotometer. 

The degree of specificity to be expected from this method is discussed by 
Hitchings and Falco (pp. 294-297 of this issue). These workers have likewise 
added independent evidence, by the application of an altogether different 
method, that we are actually dealing here with guanine. This is impor¬ 
tant, since the procedure which I have employed is not sufiS,dently specific 
to distinguish between guanine and certain closdy related compounds. It 
is gratifying to note that the values obtained by Hitchings and Falco, by 
the UM of these two methods agree very closely; and it is further gratifying 
to note the reasonably dose agreement between their figures and mine for 
the four samples whidi were assayed independently in the two laboratories 
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by the copper precipitation method (Black 3.1, 3.2; White 3.1, 3.2). My 
figures should be compared with those in the middle column of Hitchings 
and Falco (0.285, etc.). 

In making the spectrophotometer determinations, absorption values 
(logarithmic) were recorded by me at 550, 600 and 650 mfx. Colorimetric 



FIGURE 1 

Readings with dilutions of standard guanine-HCl solutions. Abscissae spectro¬ 
photometer readings (logarithms of absorption at 550,600 and 650 tUM). Ordinates « 
tng. guanine per 100 cc. of solvent. 

analysis of this sort obviously requires the previous plotting of graphs, 
based upon various dilutions of a standard guanine solution (Fig. 1). The 
values given in the tables, and in figures 2 and 3, are the average values ob¬ 
tained for these three wave-lengths. Five readings at eadbi wavedength 
were comprised in eadi detenhination. It must be added that two to five 
subsamples of the add extract were employed in the case of every lot bf. 
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fishes, and that the means here presented are based upon all the values thus 
obtained, commencing with “2.1a,'’ except for a few cases in which the 
treatment had been varied for special purposes. 



FIGURB 3 

Guanine value.s for Girelh series. Abscissae ■■ albedos of the five shades of 
background, Ordinates mg. guanine per g. of wet weight of fishes. Continuous 
line based on means of series “2.2,“ “3.1,” “3,2/' “4,1.“ Range of each scries indi¬ 
cated by vertical bars. Broken line based upon means of and “2.1^.“ 


TABLE 1 

Guanine, FmsT Extraction 

B1,AQK DAXIC OBAV KBPIUM GRAY RALB GRAY WJUTK 



MO./G 

MtO./G 

uo./a 

MO./O 

XG./O 

MO./O 

ifo./a 

HO./O 

MO./o 

MO./O 


TOTAL 

DRY 

TOTAL 

DRY 

TOTAl. 

DRY 

TOTAL 

DRY 

TOTAL 

DRV 


WT. 

RKtN 

MTT. 

fllClN 

WT. 

»KIN 

WI. 

SKIN 

WT. 

SKIN 

2 . la 

0.175 


0.243 


0.306 


0.604 


1.030 


2.121 

0,179 


0.264 


0.397 


0.618 


1.021 


Meant 

o.m 


0,263 

9 

OMl 


0.611 


1.028 


2.2 

0.231 

3.61 

0.286 

4.27 

0.371 

5.80 

0.760 

10.65 

0.972 

13.89 

3.1 

0.260 

3.71 

0.203 

4.58 

0.483 

6.90 

0.766 

11.27 

1.084 

16.27 

3.2 

0.230 

3.62 

0.300 

4.48 

0.504 

6.00 

0.851 

11.36 

0.913 

13.63 

4.1 

0.266 

3.77 

0.833 

5.05 

0.467 

6.97 

0.851 

12.33 

1.110 

16.32 

Meant 

0.246 

3.68 

0.303 

4.59 

0.456 

6.42 

0.806 

11.40 

1.020 

14.78 


While occasional considerable differences were encountered between 
subsatnples which should have yielded identical results, the mean deviation 
of such values from their average was 2.5 per cent (extr^nes: 0 and 6.6 
per cent). Such differences are maiuly small in comparison with the differ¬ 
ences among the various experimentai lots whidi had been subjected to dif¬ 
ferent backgrounds. 
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The mean guanine values of the various lots of fishies herein discussed are 
presented in table 1. These values have been computed in two ways. In 
one column is presented the amount of guatiine in the "*skin' (as defined 
above) i>er gram of total original wet weight of the fishes. This may not seem 
to be a very logical value to employ, since the very considerable amount 
of guanine present in some otlier tissues of the body was not ordinarily 
known. In the other column we have the amount of guanine in the skin, 
in proportion to the dry weight of the skin. This last would doubtless be the 
preferable value to employ, except for the circumstance that the *‘skin,’' 
as here dealt with, was inevitably accompanied by a small but rather vari¬ 
able amount of adhering muscle. This would somewhat affect its 
weight, probably without correspondingly affecting its absolute guanine 
content. Thus the values in the first of these columns seem to furnish a 


fairer index of the changes in the concentration of this substance. Actually, 
the figures based upon the dry weight of the skin yield a graph very similar 
to those shown in figure 2. 

No calculation of probabilities seems necessary in support of the rela¬ 
tions shown by these graphs. Considering the four fully comparable 
Series, '‘2.2,’' “3.1,” “3,2,” and “4.1,” we find that the guanine content 
of fishes from the white bowls is 4.15 times that of those from the black 
ones, when ratios to total wet weight are confsidered; 4.02 when ratios to 
dry skin weight are considered. 

In view of the readily visible guanine deposits in the peritoneum of these 
fishes, it is not surprisnig that considerable of this substance may be ex¬ 
tracted from their “bodies” after removal of the “skins.“ Only two lots 
were tested for this purpose, but in these the total amount contained in the 


“bodies” was absolutely greater than that in the '‘skins” (1.06 and 1.19:1). 
Since the latter constituted only about 23 per cent’ of the dry weight of the 
fishes, the concentration of guanine was obviously much greater in the 
skins. 

It was early found that even after four “cycles” of extraction, as above 
described, the fish material continued to yiel5 some substance which gave 
distinct traces of the blue reaction with phenol reagent and sodium carbon¬ 
ate. The material from the “4.1” series was subjected to these additional 
extractions, these being carried through four cydea, as had been done 
originally. The results are shown in table 2. 

The mean absolute values of these “second extractions" thus do not differ 
significantly for the different lots. Indeed, their magnitude appears to 
bear no rdation to the source of the chroraogen, a circumstance which is in 
striking contrast to the figures for the “first extrswtions," which range from 
0.256 to 1.1 IQ, as we pass from black to white. This fact suggests that we 
are dealing with a different diromogen in the ^Uer and later extractions* 
and that in these last the amount is not influenced by optical conditions.^ 
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I may add that a third extraction (i.e., series of extractions) yielded 0.009 
and 0.008, respectively, for **black” and “white” lots (the other lots were 
not tested). These last figures are of about the same magnitude as was 
obtained when the HiS 04 alone, of the same dilution, was employed, with¬ 
out any known contamination by organic matter. It would seem that all 
of these guanine measurements are subject to a small constant error, which 
perhaps could be determiTied more precisely and applied to tlie results pre¬ 
sented in the tables. 

Several earlier writers have stressed the reciprocating relations between 
guanophores and melanophores, resulting from changes in the background, 
but without attempting to measure either of the pigments concerned. Thus 
Kuntz (1917) remarks that “complete adaptation to a white background 
involves a rearrangement and probably an increase in the number of the 
guanophores and a material reduction in the number of melanophores in 
the layer just beneath the epidermis” (op. cit.). 

TABLE 2 

CuANiNB, Second Extractions 



FIltBT 


SBCONO KXTJIACTION8 

% 09 >1RBT 


* nXTHACTXONS 

• 1 

2 

MnAN 

BXTRACTION 

Black 

0.26(3 

0.021 

0.017 

0.019 

7.4 

Dark gray 

0.333 

0.024 

0,020 

0.022 

6.6 

Medium gray 

0,467 

0.024 

0.024 

0.024 

5.1 

Pale gray 

0.851 

0.022 

0.019 

0.021 

2,6 

White 

1.110 

0.025 

0.018 

0.021 

1.9 


Murisier (1920-1921) notes that melanin and guanine seem to be sub¬ 
stances which may substitute for one another, the amount of one which is 
formM being inverse to that of the other. Like melanin, it is formed under 
the influence of retinal stimuli. Murisier suggests that botli guanophores 
and melanophores form an accessory excretory system, but one which re¬ 
tains its products instead of discharging them. 

Millot (1923) sets forth these same ideas at greater length: “The three 
pigments (melanin, guanine, lipochrome) have almost the same physio¬ 
logical value and belong to the category of waste materials” (trans.). Al¬ 
though guanine is an excretory product, its abundance in the tissues is al¬ 
together independent, he asserts, of the food consumed or of the activity 
or integrity of the renal apparatus. 

“Exi>eriincnt reveals in a number of cases the existence of an equilibrium 
between the melanin and the guanine such that any diminution of the 
quantity of one pigment brings about a compensatory augmentation of the 
other.” 

While this reciprocal relation between guanine and melanin has been 
affirmed by several previous writers, it has never, so far as I know, been sup- 
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ported by quantitative data. Although Millot discusses a method for iso¬ 
lating guanine, he gives no figures to support his claims that the amount of 
this substancq may be influenced by visual stimuli. 

In figure 3 of the present paper I have placed in comparison the curve for 
guanine production hi Girella nigricans with that for melanin production 
in this same species, which was obtained under almost identical experimen¬ 
tal conditions. The approximate character of the values upon which 
both of these curves are based has been freely admitted. 



FIGURE 8 

Comparison of curves for guanine and melanin in Girella. Guanine curve « con¬ 
tinuous line of figure 2. Melanin curve is taken from Sumner, 1943. 


While the melanin values, from black to pale gray, vary inversely as the 
logarithm of the albedo, no such arrangement holds for the guanine values. 
However, the two curves agree in displajdng a marked change in their 
trend beyond pale gray, that for melanin ceasing to fall (indeed, rising 
slightly) at this point, that for guanine undergoing a marked reduction in 
the rate of increase. It is, of course, unfortunate that an intermediate al¬ 
bedo between “pale gray" and white was not intercalated in this series, but 
the relative length of this interval was not realized by eye at the time of 
mixing the paints. , 
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The outstanding fact revealed by them experiments is that the course of pro- 
tein metabolism, and the production of (wo important metabolites, melanin and 
guanine, are strongly influenced by the visual fields of the fish, and influenced 
in such a way as to make for the animal's concealment. 

These fundamental organic processes are thus caused to change their course 
in the interest of superficial appearance, and this with no apparent effect upon 
the growth of the fishes . It is true that the strict accuracy of this last state¬ 
ment should be tested more carefully than was done in the present experi¬ 
ments, in which the original mode of selection of the animals, at the time 
they were distributed to the various bowls, appears to have led to minor 
size differences which are irreleva:it to the question at hand. 

That this mechanism for concealment may be of life-saving value has been 
shown by considerable experimental evidence}^ 

If these two pigments {three, if we follow MiUot) actually function as excre¬ 
tory products, it is surely surprising that the necessary excretory balance should 
be maintained through reciprocal adjustments in the production of substances 
so widely unrelated chemically. Plainly, there are physiological {shall we not 
say psychobiologicalY) problems here which call for extensive future investiga¬ 
tion. 

i 

* Contributions from the Scripps institution of Oceanography, New Series, no, 235, 

* A summary of observations ia this field was published by Sumner, Biol. Rev., 15, 
351- 375 (1940). Sonic later results have been reported by Dawes, Jour. Exper. Biol. 
IB, 2fi-49 (1941); by Sumner and DoudorofT, Biol. Bull., 84, 187‘ 194 (1943); and by 
Sumner, Biol. Bull., 84, 195-205 (1943). 

* Kuntz, Bull. U. S. Bur. Fisheries, 35, 1-29 (1915-1916); Murisicr, Revue Suisse de 
Zoologie, 28, 45-97, 149-195, 243-299 (1920-1921); Millot, Bull. Biol, de la France et de 
la Beige, 57, 261--363 (1923); Hewer, Phil. Trans. Roy. Soc. London, B21S, 177-200 
(1927); Meyer, Zool. Jahrh. (Abt. f. allgem. Zool.), 49, 231-270 (1931); Sumner and 
Wells, Jour. Exper. Zool., 84, 377-403 (1933); Odiome, Proc. Nat. Acad. Sci., 19, 750- 
754 (1933). 

* I think that guanitie may here be legitimately rated as a pigment, inasmuch as it 
actually functions as a pigment, i.e., influences the color (in the broad senjse) of the ani¬ 
mal. 

* This point is important to note, since it makes certain that no sexual differences in 
pigmeatatiQp can have complicated the picture, 

* This is the same set of bowls that was employed in the writer's melanin experiments 
with the same species {Biol. Bull., 84, 197 (1943)). They were of clear, colorless glass, 
painted on the outside, and sand-blasted within to eliminate gleams of reflected light. 

* Hitchings and Falco, Proc, Nat. Acad. Sci., 30, 294-297 (1944). See also Hitchings, 
Jour. Biol. Chem,, 139, 843-854 (1941); Hitchings and Fiske, 140, 491-499 (1941), 

^ Only one cycle in the case of "2.1a” and "2.1^.” 

* Folin, Laboratory Manual of Biochetnistry, V. Applcton-Century, 1934; Folin and 
Ciocaltcu, Jour. Biol. Chem,, 73, 829 (1927). 

* Based upon only one lot of 3 fishes. 

«*Of course, a certain amount of this second chromogen may be supposed to occur 
in the earlier extractions. 
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“ The latter from Sumner, Biol. Bull, 84,* 195-206 (1943). 

Sumner, Amer. Nat., 69,245-286 (1935); Proc. Nat. Acad. Set., 20, 669-664 (1934); 
21, 345-363 (1936). 


THE IDENTIFICATION OF GUANINE IN EXTRACTS OF 
GIRELLA NIGRICANS. THE SPECIFICITY OF GUANASE* 

By George H. Hitchings and Elvira A. Falco 
The WsixcofttE Research Laboratories, Tuckahoh, N. Y. 

Communicated Aufftist 29, 1944 

Siimner in the preceding article (pp. 285“*294) has shown that the apparent 
concentration of guanine in the skin of Girella nifiricafts varies with the al¬ 
bedo of the background against which the fish are kept. 

Guanine was identified as a constituent of fish scales about eighty years 
ago^'* and commercial “pearl essence" from this source is believed to con¬ 
sist essentially of free guanine.* The existence of guanine in fish scales may 
therefore be accepted, though with some reservations, since the chemical 
identification was carried out before isoguanine (2-hydroxy-6-aminopurine) 
which has properties nearly identical to those of guanine,^ became avail¬ 
able. Within recent years a new series of pigments closely allied to the 
pfirines has been studied in detail by Wieland and associates.^’* These 
include isoguanine (“guanopterin")^ and a number of derivatives of the 
pteridine (azinepurine) heterocycle. These pigments were isolated first 
from butterfly wings, but at least one member now is known to exist* in fish 
skin.* Therefore, though the identification of guanine as a major constitu¬ 
ent of fish skin and scales may be accepted, the absence of similar sub¬ 
stances is by no means certain. 

The procedure adopted by Dr. Sumner for the determination of guanine, 
involves a preliminary separation of the material by a precipitation with 
copper and bisulfite, and finally a colorimetric estimation with phenol re¬ 
agent. The copper-bisulfite precipitation limits the number of substances 
which may be present to those of the purine group and substances dosely 
allied chemically® but the reaction with the phenol reagent is rdatively un¬ 
specific.^® Isoguanine, for example, and some of the pteridines might be 
expected to be determined as guanine by these procedures. Therefore a 
quantitative chemical or biochemical procedure was sought which would 
increase the specificity of the method. Ideally such a procedure, applied to 
small amounts of material, would distinguish between guanine and all 
other compounds known to behave like guanine with respect to copper 
precipitation and the phenol reagent. This would enable one to detenmne 
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what proportion of the material estimated as guanine was authentic gua¬ 
nine. Above all one could then determine whether the observed changes in 
concentration of the substance due to environmental conditions were due 
chiefly to changes in the concentration of guanine. To a considerable ex¬ 
tent a procedure including the use of the enzyme guanase^^ was found to 
give the desired degree of specificity. This enzyme has been used by 
Schmidt^® for the determination of guanine in tissue extracts, but its action 
on substances closely related to guanine had not been studied previously. 
Consequently a study of the specificity of guanase action was undertaken. 

Guanase was prepared from acetone-dried rabbit liver powder by extrac¬ 
tion with water. The extract was purified by treatment with dialyzed iron 
and finally the enzyme was adsorbed on alumina cream/* and eluated with 
a 0.2 M disodium phosphate solution. An amount of the substance to be 
tested equivalent to 0.1 mg. of amino nitrogen was incubated 18 hours at 
37° with guanase in 0.1 M phosphate buffer at pH 7.8. After the addition 
of an excess of sodium tetraborate solution, the ammonia which had been 

Action of GuanAvSB on the Purine of Extracts op Gkella Nigricans 

C.tTAKIKB) FOUND, MG. OUANXNfC PBR O. FXftH 


IftAMPLXC'*' 

UIKBCT 

AFTBR COVFRR PRBCIFrTATION 

COUORIMBTRtC 

COLOltlMBTRIC 

GUAM ARB 

Black 3.1 

0.386 

0.285 

0.301 

3.2 

0.347 

0.250 

0.245 

White 3.1 

1.23 

1.11 

1.08 

3.2 

^ 1.04 

0.91 

0,85 


* Designations of Dr. Sumner (pp. 285-294). 

liberated was distilled into standard 0.02 N acid and the excess acid was 
titrated. The action of guanase on twelve purines and azine-purines 
closely related to guanine was studied. Within the limits of experimental 
error, the enzyme showed no liberation of ammonia with the following 
substances: adenine, 7-methylguanme, 1, 7-dimethylguanine, 2-amino-6,8- 
dihydroxypurine (*‘8-hydroxyguanine"), 2-hydroxy-6-aminopurine (“iso- 
guanine”), 2-amino-G-hydroxyazinepurine, xanthopterin, isoxanthopterin, 
xanthopterin carboxylic acid and isoxautopterin carboxylic acid. In 10 
experiments witli guanine an average of 98 per cent of the theoretical 
amount of ammonia was liberated (range 93-100 per cent). Guanase 
showed a definite action on 1-methylguanine. In three experiments carried 
out as above an average of 8L0 per cent (maximum 84.2 per cent) of the 
theoretical nitrogen was liberated. The action of guanase was demonstrably 
slower on 1-methylguanine than on guanine itself. With a five-hour incuba¬ 
tion period and a somewhat feebler guanase solution, 69 per cent of the 
theoretical ammonia was liberated from guanine, While 8*5 per cent was 
being liberated from 1-methylguanine. 
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The action of guanase on the purine fraction of extracts of Girella ni- 
gricans then was studied. For this purpose fish were chosen to represent 
wide differences in apparent guanine content. The results of these experi¬ 
ments are given in table 1. Each extract contained about the same amount 
of material which reacted with the phenol reagent but was not precipitated 
by copper and bisulfite and thus was non-ptnine in character. In each in¬ 
stance the concentration of guanine found by the guanase method was 
identical with that found colorimetrically within the limits of accuracy of 
the enzymatic method. 

Whereas guanase failed to show a complete specificity in its action, by 
its use it was shown that isoguanine and a number of purines and pteri- 
dines could not be present in the extracts. The failure of guanase to dis¬ 
tinguish in ^ or none fashion between 1-methylguanine and guanine, 
leaves open perhaps some possibility that the former substance might be 
present in the extracts, though 1-methylguanine has never been isolated 
from natural sources. To a considerable extent, this possibility was elimi¬ 
nated by a determination of the substance as the picrate.^* ** A solution of 
the fish purine containing 0.92 mg. total nitrogen, and Q.81 mg. guanine 
nitrogen as determined colorimetrically was precipitated at a volume of 6 
ml. by half saturation with sodium picrate. Titration of the precipitate 
gave an apparent guanine content of 0.85 mg. of nitrogen. When 1.00 mg, 
of guanine nitrogen was treated in the same way, 1.02 mg. were found by 
titration. On the other hand 1.00 mg. of nitrpgen as l-raethylguanine gave 
a recovery of only 0.71 mg, due to the greater solubility of the picrate of 
this compound. 

The results leave little reason to doubt that substantially all the apparent 
guanine of the extract is authentic guanine, and that the amount of guanine 
in the fish skin changes with changes in the environmental conditions 
under which the fish are kept. 

* From The Wellcome Research Laboratories, Tuckahoe. New York. 

t Barreswil, lAtbii’s Ann., 122, 128 (1802). 

« Bethe, A., Hoppe Seyl. Z., 20, 474-477 (1896). 

* Tresder, D. E., Marine Products of Commerce, Chemical Catalog Co., New York, 
1928, pp. 161-166. 

* Fischer, B., Ber, dtsch. chem. Ges., 30,2246 (1897). 

* Wielaad, H., and SchOpf, C., Ibid., 88,2178-2183 (1926). 

' SchOpf, C., and Becker, E., Liebig’s Ann., 524,49-128 (1986). 

’ Purrmann, R., Ibid., 544, 182-190 (1940). 

' HOttel, R., and Sprengling, O., Ibid., 584,09-82 (1943). 

' Hitchings, G. H., and Piske, C. H., Jour. Biol. Chem., 140^ 491-499 (1941). 

u Hitchings, O. H., Ibid., 130, 843-863 (1941). 

» Schmidt, G., Hoppe Seyl. Z., 208,186-224 (1932). 

» Schmidt, G., and Engel, B., Ibid., 208,226-286 (1982). 

>• MarshaU, J., and Welker, W. H., Jour. Amer. Chem. Soc., 38,820-8S (1918). 

** It is interesting to note in this connection that in another biological acthritjr, thr 
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germination of spores of Pkycomyces blakesleanus, l-methylguanine approaches in activ¬ 
ity guanine itself where other methyl guanines and closely related compounds have ac¬ 
tivities of a lower order of magnitude. (Unpublished experiments with Wm. J, Robbixis.) 
Since methylation in the 1-position would result in fixation of the lactam tautomer, it is 
perhaps permisdble to speculate that with guanase and with Pkycomyces It is the lactam 
form of guanine which U active. 

« Hitchings, G. H., and Fiske, C. H., Jour. Biol. Chem., 141, 827-S35 (1941), 


ON SPONTANEOUS MUTATION 
By Richard Goldschmidt 
Department op ZoOlogy, University op California 
Communicated August 3, 1944 

The occurrence of spontaneous mutation in a stock called px hi was 
analyzed* Some of the facts have been reported previously,^ but there were 
some errors of interpretation in the preliminary report. The px hi line is 
derived from standard plexus by mutation at the bs locus together with an 
appearance of modifiers for plexation and blistering. In an inbred and 
closely watched brother-sister culture an '‘uphcavar' (formerly called 
mass-mutation) occurred, in which mutants at the silver arc and rudi¬ 
mentary loci occurred simultaneously, together with return mutation of 
px and bs to wild. A similar upheaval was found twice later in mass cul¬ 
ture, the same loci being involved but in part with different alleles. All 
these mutants and return mutants appeared individually many times later 
in controlled broods of derivatives of px W, or in in-and-out crosses of px hi 
derivatives. These mutants include a long series of characteristic alleles 
at the and a loci, repeated mutation at the bs and bb loci, and further 
secondary retum mutation from + to px and of the sir and a alleles to wild 
type. 

In a significant number of cases, two or more mutants or retum mutants, 
including mutation from one allele to another, occurred simultaneously. 
This applies especially to the svr and a alleles. In such cases abnormal sex 
ratios were frequent. With the exception of these occurrences, the muta¬ 
tion rate was very low in px bl and its derivatives. But after in-or-out- 
crossing this rate rose considerably and also an accumulation of mutants 
was observed within a few generations after the first mutant had been 
found. This includes not only mutants and return mutants at the loci al¬ 
ready mentioned, but also the rather frequent occurrence of others at the 
Lobe, dachs, Notch, ebony loci. It is remarkable that in a somewhat small, 
tentative set of x-ray experiments an unusually high rate of mutation was 
diyaervedt and among the mutants were alleles of svr and a as well as at the 
bs, N and d lod; of course, all lines were checked before the experiments 
for the absence of such mutants. 



29S 


GENETICS: R. GOLDSCHMIDT 


Proc. N. a. S. 


The px bl line as well as the lines of derived mutant stocks were thor¬ 
oughly analyzed genetically and cytologically. Aside from the presence 
of typical modifiers for the expression of the main loci, a series of non-recip¬ 
rocal, very small translocations from the X- into the autosomes was found, 
producing male lethal classes but otherwise viable. They did not contain 
known loci but could be localized approximately. The data show the inser¬ 
tion of small sections from near the left end of the A’-chromosome into the 
second near arc and into the third near its right end. In addition, the ge¬ 
netic data require transpositions of the same A^-chromosome loci, one into the 
right half between v-zyy, the otlier to somewhere near the right end. Some 
but not all of these extremely small rearrangements could be found in the 
salivaries. The original px bl stock already contained these features in dif¬ 
ferent combinations. There is a strong suspicion that a relation exists 
between the presence of these features and mutation at the svr and a loci. 
Strangely enough, some of the rearrangements were also found in an svr 
allele derived independently (in heat experiments) from Florida stock. A 
statistical check of the salivary chromosomes revealed the absence or the 
great rarity of conspicuous rearrangements for px bl and the chief svr allele 
derived from px bl iti the first upheaval. But a very large number of 1-3 
band deficiencies and insertions could be found, some frequently, some 
seldom; they include the nisertions from A*- into autosomes already men¬ 
tioned. In the series of svr alleles the locus (left of the BU break) attrib¬ 
uted to them through deficiency tests is always normal. In some of the 
alleles, however, a disturbance is typically found six bands to the right. 
In one allele it is a clear two-band inversion. In others the best possible in¬ 
terpretation of the abnormality is a one-band inversion. In the other 
long series of mutants at (or near) the a locus, only one shows a one-band 
deficiency. The other mutants derived from the line had either normal 
salivaries or were small deficiencies for known loci (Notch and black de¬ 
ficiencies), There is no reason to assume that the visible rearrangements 
were more frequent than the so-called point mutations. 

The facts in this closely followed case of spontaneous mutation, together 
with a detailed study of the lines involved, tend to show that mutation is 
not a haphazard phenomenon but the consequence of preexisting conditions 
in the chromosomes which act upon other points in the same or other chromo¬ 
somes. Such facts—--with which many data from existing literature may be 
considered as falling in line—-suggest that mutation is not a chemical change 
witliin a gene-molecule, but a mechanical happening, probably a break 
under stress, produced by the synaptic properties of small rearrangements, 
including such breaks and rearrangements as are below the level of a single 
salivary band; i.e., so-called point mutants. The latter can now be en¬ 
visaged after the intimate structure of one band has been elucidated by 
Kodani.^ A full report is ready for press. 
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^ Spontaneous chromatin arran^meiits and the theory of the gene, Proc. Nat, Acad, 
Sci., 23, 621-623 (1932). 

* Kodani, M., '*The Structure of Salivary Gland Chromosomes of Drosophila tnelano- 
gaster” Jour, Hered,, 33, 114-133 (1942). Goldschmidt, R., and Kodani, M., "The 
Structure of the Salivary Gland Chromosomes and Its Meaning,’* Nat,, 76, 529-661 
(1942). 


onp:-ba nd in version 

By Richard Goldschmidt and Aloha Hannah 
Department of Zo6i.oov, University of California 
Communicated August 3, 1944 

III a recent paper by Oliver and Green^ the following remarks are found; 
*‘In some of the females heterozygous for te®, some but not all of the cells 
of the salivary glands show a torsion of one heavy band which is suggestive 
of a small inversion or possibly a duplication/’ The feature was found only 
in the presence of the allele It happens tliat we have been studying in 
detail what probably is a parallel case. The mutants in question are a 
series of alleles at the silver locus of Drowphiki melnnogasier which 

were studied closely in connection with work on spontaneous mutation. 

On the basis of deficiency tests the silver locus is expected to be located 
to the left of 1C in the first chromosome. In all alleles, including those pro¬ 
duced by x-rays, this region is perfectly normal. But in some alleles the 
region farther to the right, between the. Bid break and the bulb, shows typi¬ 
cal disturbances. The only one of tliese which can be described with cer¬ 
tainty is found in the allele Here a 2- (4-) band inversion of 

l£l-4 is always found. These bands are described in Bridges’ standard 
map (1938) as two double bands, the one to the left being thinner, that to 
the right being rather thick. We tliink that there exist actually only two 
bands, the double nature of which is not always visible, being based upon a 
partial separation of the two groups of perultiniate chromomeres of which 
the bands are constituted (see Kodani, 1942; Cioldschmidt and Kodani, 
1943).* In the heterozygote this inversion looks as pictured in figure 1. 
One cannot always be sure that the interpretation as a minute inversion is 
correct. But in the homozygote the order of the thin and thick bands 1-2, 
3-4 is clearly reversed, as shown in figure. 2. Therefore we feel confident 
that the interpretation is correct. 

In some of the other alleles, namely, svr^^ svr^^ *«, svr^^ <****, an ab¬ 
normality of the same bands is found in a majority of A'-chromosonies (this 
is never true of the controls), a structure which offers great difficulties of 
interpretation. The order of the bands 1-2, 3-4 is normal. But the thick 
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band is distorted in a way which is difficult to describe. When focusing 
high and low the band seeins normal, but in between g kind of cross or figure- 
eight appears, an apparent crossing of 1, 2 with S, 4, This seons to be the 
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result of two features; first, the arrangement of the chromatin on the sur¬ 
face of the disc-like band (like a ring), and secondly, a dislocation of the 
two halves of this ring belonging to the two homologous chromosomes, 
by a twist in opposite directions. This means that viewed from 
above the upper rim of the disc in one chromosome is shifted to the right, 
and that of the other chromosome to tlie left, so that a kind of figure-8 
becomes visible. This is pictured in figures 3 and 4, where the same chro¬ 
mosome is drawn at different foci. Our interpretation of these typical as¬ 
pects, which can hardly be drawn as they appear in focusing, is that the 
distortion within the disc represents a one-band inversion. This requires 
the assumption that the left and right surfaces of a single disc are serially 
different. The new discoveries on the structure of the individual disc (see 
Kodani, and Goldschmidt and Kodani®) make such an interpretation pos¬ 
sible, since they revealed the presence of a coil of genonema with 
an attached series of perultimate chromomeres in a disc (each one double). 
An inversion of one disc would change the direction of the coil, creating a 
tension in the state of synapsis. (Consult figure 6 in Kodani’s paper.) 
Homozygous chromosomes were always nonnal. 

In svf^ * a different structure is found, again for the same bands. We 
did not succeed in finding a satisfactory interpretation. The only certain 
fact is that these bands are not normal. Drawings will be given in a forth¬ 
coming full report. 

If our interpretation is correct—and we have no doubt that it is—the 
group of mutants which turn out to be small rearrangements will probably 
be considerably enlarged. Simultaneously the senior author’s interpreta¬ 
tion of the experimental work on the structure of the salivary chromosomes* 
will receive important support. 

^ Oliver, C. P., and Green, M. M., **Heterosis in Compounds of Alleles in Drosophila 

331-^87 (1944). 

* Kodani, M., *'The Structure of Salivary Gland Chromosomes of Drosophila mdaruh 
goster,** JVeftid., 33, n5*-ld3 (1942). Goldschmidt, R., and Kodani, M. The Structure 
of the Salivary Gland Chromosomes and Its Meaning, Atner. Natur., 7d, 529-651 (1942). 
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CHROMOSOME ASSOCIATIONS IN TETRAPWID HYBRIDS 
BETWEEN PRIME TYPE 1 AND PRIME TYPE 2 IN DATURA 

STRAMONIUM 

By A. D. Bergner* 

United States Department of Aoriculturb, Special Guayulb Rbsbarch Project, 

Salinas, Calif. 

Cottimunicated September 8, 1944 

Prime types among diploid plants of Datura stramonium have been dis¬ 
cussed in several previous publications.'* * They are the result of inter¬ 
changes between non-homologous chromosomes. No studies have been 
made of chromosomal configurations in the Fi hybrids between tetraploid 
prime types {PT's) in Datura with the exception of FT 1 X PT 2. 

In diploid races which are homozygous for PT's, the 24 chromosomes are 
associated as 12 bivalents at the meiotic first metaphase (M I) in pollen- 
mother-cells (PMC). If homozygous PT \ (standard Line 1) is crossed 
with any other homozygous PT, the chromosomes of the hybrid show a 
configuration of four or more chromosomes plus 10 or fewer bivalents, de¬ 
pending upon which PT is cro>ssed with PT 1, In tetraploid races which 
are homozygous for PT*s, the 48 chromosomes are associated as 12 quadri- 
valents, or the equivalent, at M I since there are four of each kind instead 
of the two in diploids. In a tetraploid hybrid between PT 1 and any other 
PT many different types of configuration are possible. 

Diploid Prime Type 2. —PT 2 has the chromosomes 1*18* and 2*17 in¬ 
stead of the 1*2 and 17*18 chromosomes of PT 1. The hybrid between 
PT 1 and PT 2 shows a O 4 + 10 bivalents {BV) at M I. The diromo- 
somes in the O* are as follows: (1 •2-2-17-17* 18‘18*1).* Occasionally 
instead of the O 4, which is illustrated in figure i4, these four chromosomes 
form a chain (c&) of -18 • 1-1 * 2-2 * 17-17 * 18 or more rarely -2 • 1-1 • 18-18* 17- 
17*2. They may also occur as the two pairs -2 *17-17 *18 + 18*1-1*2. 
The G 4 and ch 4 arc usually so oriented on the spindle that disjunction is 
alternate. 

Under favorable conditions these arrangements can be determined be¬ 
cause of size differences among these four chromosomes. The L-sized 1 *2 
chromosome is twice as long as the m-sized 17*18 chromosome; 1*18 
is slightly longer than 17 • 18 and 2 * 17 is slightly shorter than 1 *2. These 
differences in length were first determined by using the location of the extra 
chromosome in certain 2w -+- 1 types heterozygous for PT 2 at Af I in 
PMCP and later checked by measitring these chromosomes in pollen grains,* 
The 1 * 18 and 17*18 chromosomes probably have the same insertion region; 
correspondingly the 1*2 and 2*17 chromosomes have the same insertion 
region. This conclusion is based on a comparison of total length ^nd length . 
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of each arm of these four chromosoiues in PMC and in pollen grains. The 

• 18 arm of the 1»18 chromosome, therefore, is the same as the • 18 arm of 
the 17*18 chromosome and the * 2 arm of the 2 • 17 chromosome is the same 
as the *2 arm of the 1 *2 chromosome. Concerning the • 1 arm of the 1 • 18 
and the *17 arm of the 2 *17 chromosomes, assumptions have been made 
which are based on the appearance of the 2» + 1 * 18 and 2n + 2 * 17 ter¬ 
tiary plants. The • 1 arm of the 1 * 18 chromosome consists of approxi¬ 
mately the distal two-thirds of the * 1 arnj of the 1 • 2 chromosome. The 

• 17 arm of the 2 • 17 chromosome consists, distally, of the * 17 arm of the 17*18 
chromosome plus, proximally, of the inner third of the * 1 arm adjacent to the 
insertion region. This is diagrammed in figure 1 where the 1 * 2 chromosome 
is represented by the solid line, the 17*18 chromosome by the dashed lined. 

Tetraploid Prime Type 2.—In 1930^ it was 
reported that a G 8 was seen in the 4n (P7' 

1 X PT 2) hybrid. At the Seventh Inter¬ 
national Genetics Congress^ the O S and 
some other types of configuration were 
shown. It was suggested by Dr. F. W. 

Sansome that the relative frequency of the 
different possible types of configuration 
should be studied. Before this could be 
done, however, a new supply of An homo¬ 
zygous PT 2 plants was needed. By soaking 
seeds from 2n homozygous PT 2 plants iii a 
solution of colchicine, such An plants were 
obtained. From the cross of An PT 1 X 4« 

PT 2 there were obtained hybrids which 
were grown to maturity. The present report 
is based on observations made on 45 PMC from ten of these plants. 

Among the 48 chromosomes of An PT 1 there are four 1 • 2 and four 17*18 
chromosomes; likewise for An PT 2 there are four 1*18 and four 2*17 
chromosomes. In the An {PT 1 X PT 2) hybrid there are two each of the 
1 • 2, 2 ■ 17, 1*18 and 17*18 chromosomes. Whenever it is possible to iden¬ 
tify these chromosomes, their arrangement at Af I can be determined. 
Drawings of three of the many possible types of configuration involving 
these eight chromosomes are shown in figure 2, JB-D. In B the sizes of the 
chromosomes in the O 8 are indicated. In C the four L-sized chromosomes 
form a O 4 to which is attached a ch A consisting of m-sized chromosomes. 
This configuration can be diagrammed as follows: (1*2—2* 17)2^®-17* IS¬ 
IS* 1-1 *18-18* 17. In D there are two O's 4, each of which is (1*2-2*17- 
17-18-18*1). 

In table 1 are listed the chromosomal arrangements seen in the 45 PMC 
referred to above. This number is admittedly too small for a study of rela. 
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KICURE J 

Idues representing approxi¬ 
mate portions of the 1'2 and 
17*18 chromosomes of PT 1 in 
the 1*18 and 2 17 chromosomes 
of PT 2. Solid line denotes 1*2 
chromosome, dashed line the 
17*18 chromosome. 








TABLE 1 



TYF»S op CoNFXOURATIONf INVOLVING THB 1 *2, 1 • 18, 2 * 17 AN» 17 • 18 CHROMOaOMBS AT MbIOTIC 


First Mbtaphasb in 45 Pollkn-Mothbr-Cblls from Tbn Tbtraploid Fi Hybrios 



(PfuMB Type 1 X Prime Type 2) of Datura stramonium 



DIAOKAK OV CONFIOUR* 

a 

CBROliOtOMBA IDBNTtPlBD AS VO, 



ATION 





1 


1 

(l'2)i+ (2-17),+ (17-18)t+ (l*l8)i 

1 

8iv +4ii 

2 

O * 0 * 0 

4 

(l'2-2a7)s+ (1-18),+ (17-:8), 

1 

lOiv 




(2-17 - 17'18)j+ (l-2)»+ (l-18)i 

r 

1 

10k V 




(1-18 - 1817)i+ (1-2),+ (2-17), 

1 

9iv + 2h 

3 

Cl * IZI 

3 

(l-2-2-t7-17-18-18-l)+(l-2-2-I7-17-18-18-I) 

1 

lOiv 




(1 •2-2-17-17 18-181)+(I-2-217-1718-18-l) 2 

8rv + 2 x 1 




(l-2-2-17-17-18-18-l)+(l-2-2-17-17-18-18-l) 

1 

7iv 4- 6ii 




(1-2-217),+ (118- 18-17), 

3 

lOiv 

4 

Ct* Z7 

5 

(1-2-2-17),+ 1-18- 18*17- 17-18- 18-1 

1 

Oiv 4* 2n 

5 

CZI * 0 

4 

(2-17 - 17-18-18-1),+ (1-2), 

1 

7jv -f* On 




(18-1 - 1-2 - 2-17),+ (17-18), 

1 

8iv + 4n 

6 

ZZ7 *0 

24 

Chainof 6 + (17-18), 

1-2- 

1 

lOiv 

7 

>0— *7 

8 

1-2- (2.17),- 17-18-18-1 + 1-18-18-17 

1 

9iv 4* 2 ki 

8 

6 

Sequence not recorded 

3 

lOiv 




Sequence not recorded 

4 

9iv 4“ 2ii 




Sequence not recorded 

3 

8iv 4* 4ii 




Sequence not recorded 

1 

7iv 4- 8u 

9 

-^ 

40 

Sequence not recorded 

2 

lOiv 




2-1-1-18-18-17-17-18-18-1-1-2-2-17-17-2 

1 

• 

10iv 

10 

0<Z> 

8 

(1-2), - (2-17 - 17-18- 18-1), 

1 

9iv 4“ 2ii 




(1-2),- (2-17- 17-18- 18-1), 

1 

8iv 4“ 4ii 




(2-1),- (1-18-18-17-17-2), 

1 

9iv + 2x1 

n 

o<rz7^ 

8 

(1-2),-2-17-17-18-18-1-1-18-18-17-17-2 

1 

lOiv 




(2-1), - 1-18 - 18-17 - 17-2 - 2-17 - 17-18-18-1 

1 

9iv4“2ii 




(2-17),- 17-18- 18-1 - 1-2-2-1 - 1-18-18-17 

1 

8iv 4- 4n 




(17-18),- 18-1 - 1-2-2-17- 17-2-2*1 - 1*18 

t 

1 

9iv 4- 2n 

12 

osii 

4 

(l-2)f" (2-17-17-18-W-D* 

1 

8iv 4- 4n 


dv;o< 


2-17- l«-l 



15 

8 

(l-2)»-2.17- (17-18)i- 18-1 

1 

9iv 4* 2ii 


f 


Unreserved configuretiems of 8 

2 

lOiv 




Unresolved configuntlons of 8 

8 

9iv 4“ 2ii 




Unresolved configurations of 8 

1 

7iv 4* 6ii 




« trsosstical imMsm op ARiuiioBiftBifm ’ 
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live frequencies of the many possible types of configuration. In fact, not 
all of the possible t 3 rpes were found. Nor do these 45 PMC represent a 
random sample because no PMC was included if one or more univalents 
were present. This extreme precaution was taken to make certain that 
the plants were true tetraploids, having four each of the following ten kinds 
of chromosomes; 3-4, 5*6, 7*8. 9-10, 1M2, 13-14, 16*16, 19*2a, 21*22, 
23 • 24 and two each of the 1*2, 1 * 18,2 • 17 and 17 • 18 chromosomes. 

In column 1 of table 1 are listed in diagrammatic form thirteen types of 
configuration found in 39 PMC. In column 2 the theoretically possible 



pxouaB 2 

Chromosome associations at meiotic hrst meta¬ 
phase in pollen-mother-cells of 2n and 4» (PT 
1 X Pr 2) plants of Datura stramonium. A. 
2n: 0 4 (LLmm) -h 10 BK B. 4n: O 8 
(LmntLLfnmL) 4- 10 quadrivalents. C. 4»: O 
4 (LLLL) with attached ch 4 — mmww -I- 9 
quadrivalents -f 2 BK. D. 4n: two O's 4 
{LLmm); other chromosomes omitted. 


number of arrangements in each of these types is given. Whenever the 
1*2, 1*18| 2*17 and 17*18 chromosomes could be identified, as was pos¬ 
sible in 26 PMCt the sequences of the chromosomes in the configurations 
could be determined. They are listed in column 3. Further separations 
were made according to the number of quadrivalents and bivalents formed 
by the 40 other chromosomes. They are indicated in column 6 where the 
subscript rr denotes quadrivalents and the subscript // denotes B K These 
latter data are included to show to what extent quadrivalents were formed 
' til Ike same PMC under consideration. This tendency to form quadriva¬ 
lents is consistent with the known behavior of other An Daturas. 
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Of the thirteen types listed, nine are distinct. Numbers 4, 6, 9 and 11 are 
modifications of Nos. 3, 5, 8 and 10, respectively. They fomt a series ex¬ 
tending from four B V through a O 4 + 2 BF, two O’s 4, © 6 + Fto a 
O 8. One quadruple attachment transforms the 0 8 to a O 6 attached to 
a j5F. 

Discussion, —In the 2n {FT 1 X FT 2) hybrid, since there is only one 
each of 1 • 2, 1 • 18, 2 • 17 and 17 • 18, a O 4 or ch 4 is the largest possible con¬ 
figuration and it is found regularly except when there are two pairs. In 
the 4« {FT 1 X FT 2) hybrid, however, there are two each of these chro¬ 
mosomes. Consequently one may find four B F. In addition many type^& 
of configurations which involve four, six or eight chromosomes are possible. 
Even in so modest a sample as 39 PMC, nine types plus four modifications 
were found. 

Table 1 shows that practically two-thirds of the configurations involved 
all eight chromosomes. Moreover the 0 8 was the type found most often 
(24 per cent). By including the ch 8 also the proportion was 31 per cent* 
Seven PMC (lb per cent) showed a O 6 or cA 6 attached to a j8F. These 
were the commonest alternatives to a 0 8 and involved one multiple at¬ 
tachment. Closely related is the O 6 or cA 6 plus a JB F, where the F is 
not attached to the other six chromosomes. If Nos. 5, 6, 10 and 11 are 
combined, their total equals 22 per cent. 

Configurations involving four chromosomes were second in frequency. 
Two O's 4 each or a O 4 + rA 4 were found in 8 PMC or almost 18 per cent. 
One O 4 + 2 B F amounted to 7 per cent. Combining these two types 
gives a total of over 24 per cent. 

Most of the configurations which involved four or more chromosomes 
were merely concatenations since they consisted solely of a series of at¬ 
tachments at the homologous ends of only two chromosomes. Theoretically 
three or four chromosomes could be attached together at their homologous 
ends. In 10 PMC there were 14 instances of such multiple attachments. 
Six triple attachments are listed under Nos. 7, 11 and 13 in table 1. Eight 
quadruple attachments are listed under Nos. 7,10,12 and 13. Three PMC 
showed more than one multiple attachment: No. 7 showed one triple and 
one quadruple, No. 12 showed two quadruple and No. 13 showed one triple 
and two quadruple attachments. 

Seven PMC are classified under Nos. 10 and 11 in table 1. The multiple 
attachment involved a S F to which was attached a O 6 or cA 6. In five 
PMC the 1 • 2 chromosomes formed the B F, in one the 2 * 17. Also in No. 12 
the 1*2 chromosomes formed a BF, Possibly because of their large size 
the 1 * 2 and 2 * 17 chromosomes may form a B F more frequently than the 
w-sized ones. 

It is to be regretted that the sequences of the chromosmnes in the many. 
0’s 8 were not recorded with sufficient certainty to warrant publication* 
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In one of the O 8 -f* 10|v PMC the sequence probably was (1 • 2-2*1* 
M8-J8*17-17*2-217-171S-181). In one of the O 8 + 9iv + 2iiPMC 
the sequence j^robably was (2*1-1 *18*18'17-17'18-18* 1-1 *2-2*17-17*2). 
This same sequence is given for one of the ch 8 + J(?iv PMC, 

In the 2n hybrid only one kind of Q 4 can be formed, namely (1*2-2*17- 
17* 18-18* 1). In the 4w hybrid, however, in addition to this arrangement, 
other arrangements in a O 4 are possible because each of these chromo¬ 
somes is present in duplicate. It is possible to have a G 4 which consists 
of two of each of two kinds of chromosomes. These possibilities are as 
follows: (1*2-2*17)3, (1*18-18*17)2, (2-17-17*18)2 and (2*1-1*18)2. This 
last kind was not found at all and (2*17-17 • 18)3 was found only once in a 
O ^ + 2 BV type of configuration. 

There are three possible arrangements for two configurations of four 
each as follows; (2*1-1*18-18*17-17*2) (2*1-1*18-18*17-17*2), (1*2- 

2*17)2 + (1*18-18*17)2 and (2*1-1*18)2 -f (2*17-17*18)2. InsevenPMC . 
two O’s 4 were found and in another a Q 4 + ch 4. If these two types are 
considered together, it is seen that the first two arrangements were identi¬ 
fied and found with equal frequency. However, the third possible arrange¬ 
ment was not identified. 

Summary.—In tetraploid Datura hybrids between prime type 1 and prime 
type 2 there are two each of the 1 *2 and 17*18 chromosomes from PT 1 
and of the 1 *18 and 2*17 chromosomes from P7' 2 and four each of the 
other chromosomes. 

In 45 PMC from ten plants the configurations formed by associations 
among the 1*2, 1'18, 2*17 and 17*18 chromosomes at M I were studied. 
Two-thirds of the configurations involved all eight chromosomes. 

In 39 PMC the configurations could be diagrammed. Nine distinct 
types plus four modifications Were found. The series extended from four 
B V through O 4 + 2 B F, two O 4, G fi + B F to a O 8. In 24 per cent 
of the PMC the O 8 was found. A common mcxlification was a ch 8. 
A O & or ch 0 attached to a B F also was seen frequently. Two configura¬ 
tions of four each were the next commonest t)q>es. 

Usually a configuration which involved four or more chromosomes con¬ 
sisted solely of a series of attachments at the homologous ends of only two 
chromosomes (concatenation). Only fourteen instances of attachment at 
the homologous ends of three or four chromosomes were found. 

The 1 * 2 chromosomes formed the B V in five of the seven PMC in which 
a O 6 or cA 6 was attached to a B F. 

In 2n hybrids between PT 1 and PT 2 only one kind of chromosome ar¬ 
rangement is possible in the G 4 (1*2-2 *17-17 *18-18*1). In 4n hybrids 
three additional arrangements in a 0 4 were found, namely (I*2-2*17)1, 
(1 -1848'17)2 and (2 * 1747«18),. 
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"* This work was done at the Carnegie Institution of Waabington, Department of 
Otoetics, Cold Spring Harbor, New York, while the author was associated with Dr. A. 
F. Blakeslee. 

^ Bergner, A. D., Satina, S., and Blakeslee, A. F., these Procqbdinos, 19, 103-115 
(1933). 

* Blakeslee, A. F., Unw. Pennsylvania Bicentennial Qmf. In Cytology, genetics, and 
evolution, 37-46 (1941). 

* Blakeslee, A. F., Bergner, A. D., and Avery, A. G., Cylologia, Fujil Jub.Vol., 1070- 
1093 (1937). 

* Numbers representing chromosomes other than those of FT 1 arc shown in boldface 
type. 

‘ O denotes circle. 

* Parentheses enclose chromosomes within a O • 

^ Blakeslee, A. F., Carnegie Inst. Wash. Year Bookt 29,39 (1930). 

* Satina, S., Bergner, A. D,, and Blakeslee, A. F., Amer. Jour. Bolt 28, 383-390 
(1941). 

* Bergner, A. D., Proc. 7th. Intern. Genet. Congress, 63-64 (1939). 

Parentheses with subscript % denote that O consists of two of each kind of chromo¬ 
some included within the parentheses. 


ON MECHANICAL SELF-EXCITED OSCILLATIONS 

By N. Minorsky 

David Tayior Modbl Basin, Navy Dbpartmbnt 
Communicated August 28, 1944 

1. Introduction. —Self-excited oscillations, particularly electrical ones, 
form the object of numerous studies in recent years. Mechanical oscilla¬ 
tions of this kind have been less explored although they are frequently ob¬ 
served in practice. 

The object of this note is to describe a t3rpical phenomenon of this kind 
observed during experimental work on the antirolling stabilization of 
ships by the activated tanks method. The problem of the antiroUing sta¬ 
bilization of ships itself does not form the object of the note and only a few 
words will be sufficient to explain the principal details of these experiments. 

2. Experimental Arrangement and Principal Data ,—The principal fea¬ 
tures of ship stabilization by tanks can be conveniently studied both theo¬ 
retically and experimentally by means of two coupled pendula of which 
one P is a rigid physical pendulum and the other P* is a pendulum consist¬ 
ing of a liquid (water, oil, etc.) filling a U-tube connected to two tanks and 
secured to the rigid pendulum P so as to obtain an osciUation coplanar with 
the latter. 

In the experiments described here the activation of the ballast was ac¬ 
complished by means of an axial variable pitch pump inserted in the U- 
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channel of the liquid pendulum. The impeller pump was kept running at 
a constant speed and the activation was accomplished by controlling the 
blade angle a of the runner by a control equipment responsive to the 
angular motion of P. 

Let 6 be the angle of P and ^ the relative angle formed by the levels of 
P' with respect to P. The rate of flow of the ballast is then proportional to 
The following experimental results will be of importance. 

1. It was found that the roll-quenching efficiency is greatest when the 
following condition of control is fulfilled 

a « X9 (1) 

that is, when the blade angle a is made to vary in proportion to the angular 
acceleration S of the rigid pendulum. The coefficient of proportionality X 
could be adjusted by changing the amplification factor of an electronic cir¬ 
cuit controlling the blade angle a. 

2. For a steady harmonic actuation of the ballast by the impeller pump 
it is observed that there exists the following relation: 

^ » <5 ( 2 ) 

4 

between the rate of flow <p and the angular acceleration 6; this means in 
view of (1) that the rate of flow <p and the blade angle a are approximately 
proportional to each other or, 

a X/e w (3) 

the coefficient « changes somewhat according to conditions. 

3. Moreover, from numerous tests, it has been ascertained that the 
force imparted by the impeller pump to the liquid column increases more or 
less linearly with a for small values of a and increases less than in propor¬ 
tion for larger values of a. The moment M of the force created by the 
impeller and applied to P' can be, therefore, approximated by a relation 

M « Mia - Mta^ ' (4) 

where Mi and M% are independent of a. The form of the curves approxi¬ 
mated by this expression varies somewhat for different conditions. 

3. Phenomenon of Self ExcitaHon ,—It has been ascertained that when 
the coefficient X of amplification is made large enough, a self-excited os¬ 
cillation of relatively high frequency sets in and superimposes itself on the 
normal stabilizing action. If the coefficient X continues to increase further, 
self-excited oscillation exhibits the presence of harmonics. If, however, 
X is decreased gradually, at a certain point X <« Xo the self-excited oscilla¬ 
tion disappears. During the experiments the parasitic fluttering of the 
blhdes had a frequency nearly five times that of theosdllatoiy process 
wfaidi the equipment is intended to quench. 
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The interesting feature of the phenomenon lies in the fact that it may 
originate also when the pendulum P is almost at rest. In fact it is suf¬ 
ficient to disturb the pendulum at rest very little, e.g., by toucliing it 
slightly, to be able to release violent surges of water in the tanks with the 
corresponding blade angle oscillations, which persist indefinitely. The 
pendulum P also begins to oscillate with the same high frequency but 
with an amplitude of a fraction of one degree whereas the oscillation of P' 
is generally very appreciable and with strong amplification may reach the 
value of about 20 to 25 degrees. In what follows we shall investigate the 
problem in this particular case which is relatively simple. 

4, Differential Equations .—The fact that during the self excitation 
from rest the amplitude of motion in the 6 codrdinate is very small, makes it 
possible to neglect the effect of the passive component of coupling between 
P and P' since this component depends on the existence of a finite oscilla¬ 
tion in the 6 degree of freedom, and consider only the active component of 
coupling, i.e., the action of the moment M due to the pump on P' and the 
reaction of this moment on P. 

The simplified differential equations of the system in this case are; 

+ k<p + op M; IS + Ki+ Ce -M (5) 

where j, k and c for the liquid pendulum P' and i, K and C for the rigid 
pendulum P are certain constants, the physical significance of which is suf¬ 
ficiently obvious. The left-hand terms of these equations are linearized 
somewhat which has no further influence on what follows. The neglect of 
the passive component of the coupling as just mentioned is in the fact that 
the first equation contains only the relative coordinate ^ instead of the ab¬ 
solute one ^ ^ since in this particular case 6 is very small. 

Equations (5) are thus written down with the knowledge of the principal 
features of the phenomenon and our purpose will be to fit these features into 
the form of solutions we are going to obtain. Using the equations (4) and 
(3) we obtain 

+ (A — fni)(p + = 0 (6) 

IS + KS+ CB ^ (7) 

where = MjX/e and (8) 

It is seen that owing to the neglect of the passive component of coupling 
equations (6) and (7) do not form actually a coupled system since equation 
(6) contains only Hence, if we succeed in solving the non-linear equa¬ 
tion, <p will appear as a knowh function in (7) which will permit determining 
6 and through the equation (1) of control we shall be able to establish the 
condition of coupling. 

Thus, the principal interest centers on the equation (6). It is noted 
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that for a sufficiently small value of X, the coefficient Wi is also small so 
that k — mi> 0. In such a case it is apparent that no self excitation is 
possible in the ^ degree of freedom since equation (6) shows that the liquid 
pendulum P' has a purely dissipative damping of a combined velocity, and 
velocity-cube type. The really interesting case arises when the parameter 
X is increased so as to make the coefficient ^ — mi < 0 which case we shall 
consider from now on. Physically this means that the energy imparted 
by the blades outweighs the dissipation of energy caused by the i^elocity 
damping k<i>. 

In order to bring the problem within the scope of non-linear mechanics 
wc shall assume that the damping terms are relatively small in comparison 
with the inertial (j^) and stability {c<p) terms which is sufficiently justified 
by the actual order of magnitude of these quantities. This permits writing 

nil k ^ yiS\ — ixq 


where // is a small parameter (ju > 0) and 5 > 0 and ^ > 0 are certain con¬ 
stants of the order of j and c. With these conventions equation (6) can be 
written 


jip + C(p + fx(—s^ + = 0. (9) 

This equation is of the Rayleigh type. By differentiating it becomes of the 
Van der Pol type in (p and thus may be shown ^ to have the approximate 
solution 


9 - 


i - ^ cos (wo^ + h) 

Wo V dws 

— sin (wo/ + \f'o). 

^ 3m» 



Substituting this value for <p into equation (7) one easily obtains 6 since 
this equation is linear. Since the term contains the third harmonic it 
is apparent that the oscillation of P will also contain that harmonic and in 
view of equations (1) and (3) this harmonic will also appear in the ^ oscilla¬ 
tion. The amplitudes of these harmonics are small if the ratio ma/wj is 
small as we have assumed. We shall limit this study to the first approxima¬ 
tion only assuming that Ws = 0 in equation (7). Since the phase is 
clearly of no interest here we can write 


IS +* K6 + CB 


=» tni 


^ — k) 

V.^.* 




1 

where A 


mtyj' 


4( wi - k) 
3mi 


; whence the approximate expression for the 
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amplitude do is 


do 


m 


4 


4(tni — k) 


Snti 


and the amplitude of the angular acceleration is then 


So 


"i4 


4(wi — k) 


3wi 


( 11 ) 


The blade angle is given by equation (1) 


Ofo 


X^o* 


It is seen that the blade angle generally increases with the ampliiication 
factor but not exactly in proportion to X since by equations (8) both Wi 
and Wj are functions of X. It is generally observed that the blade angle a 
increases with the amplification factor but the observation is handicapped 
owing to the presence of harmonics which are left out in this study. 

6, Critical Value of Parameter .—We shall now attempt to establish 
analytically the principal feature of the phenomenon mentioned at the be¬ 
ginning of Section 3, namely, a rather sudden appearance of self excitation 
at a certedn value X = Xo of the parameter when it is increased from small 
values as well as its sudden disappearance at the same value X » Xo, when X 
is gradually decreased from larger values. 

Although this fact has been discussed to some extent in Section 4 we shall 
analyze it now from a more general standpoint resulting from the theory 
of Foincar6-Liapounofi.^ Only equation (6) will interest us here because 
equation (7) does not present any difliculty. 

Putting mi as Xai and mz » X^oa where ai and (h are certain positive con¬ 
stants at least within the range of the experiment as follows from (8) we 
write equation (6) in the form 

jip -j- — Xtti)^ + 0. (6a) 

This equation is equivalent to the following system of differential equations 


V y 

y « “«(X)y — woV wi'y* (12) 

where 

g(X) #• (A — Xai)/i and ttn' » mi/j. 

We shall investigate the conditions of stability of the liquid pendulum 
when at rest, laapounoff has shown that for this purpose it is legitimate 
to neglect the non-linear term in the second equation (12) whidi gives 
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V = y 

y = — gWy — mbV- (13) 

We can now apply the classical method of Poincarfi which consists in in¬ 
vestigating the singularities of the system (13) as a function of the pa¬ 
rameter. In this case there is clearly one singular point of interest, viz., 
^ = y = 0. The characteristic equation is 

+ g(X)5 + = 0 (14) 

and its roots are 

•5i.. = -g(X)/2 * - 0,0*. (16) 


There are four possibilities according to the sign of g(X)/2 and of the 
quantity under the square root, 

lg(X)l 


If 


> cjQ the roots are real and of the same sign which corresponds 


to a nodal point of the system. This case is to be discarded because the 
experiment always shows that a self-excited oscillation builds itself up in a 
series of swings and never reaches a steady state aperiodically which would 
require a pump of an enormous power. Hence, we have to consider the 


case when 


2 i 


< 0)0 in which case the roots are conjugate complex and 


the singularity ^ = y » 0 is a focal point, stable if g(X) > 0 and unstable if 
g{\) < 0. The value X » Xo for which g(Xo) 0 and which separates the 
stable focal points from the unstable ones is £hus the critical or bifurcalion 
value of the parameter X (Poincar^), 

Since g(X) is monotone decreasing with X increasing and is positive for 
small X, it follows that by gradually increasing the value of the parameter 
X the original stable focal point for X ^ Xo becomes unstable for X ^ Xo. 

From the theory of Poincar4 it follows that for the critical value X =» Xo 
for which a stable singularity becomes unstable there may appear at least 
one stable limit cycle which means a stationary oscillation. The proof of the 
existence of a limit cycle is rather laborious and requires the investigation of 
a series expansion satisf 3 ring the non-linear system (12). This need not be 
done here since we know that the self-excited oscillation exists for X ^ Xo 
and the theory of the first approximation gives the answer in a simple 
manner. 

7. Condusum* —It is seen that the principal features of the phenomenon 
in question are consistently explained on the basis of non-linear mechanics. 
In fact, if one had to follow purely linear methods it would be impossible 
even to predict the existence of a phenomenon of this nature. 
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FIRST PROOF THA T THE MERSENNE NUMBER 

Mifi7 IS COMPOSITE 

By H. S. Uhlkr 

Sloame Physics Laboratory, Yale University 
Communicated September 9, 1944 

The form of a Mersenne number is Mj, = 2^—1 where p is prime. Just 
three hundred years ago Mersenne published, in effect, the statement that 
the only values of p not greater than 257 which make Mp prime are 2, 3, 5, 
7, 13, 17, 19, 31, 67, 127 and 257. The prime or composite character of all 
of the 55 numbers included under this conjecture, except the six corre¬ 
sponding, respectively, top ^ 157, 167,193, 199,227 and 229, had been in¬ 
vestigated prior to the year 1935. Contrary to Mersenne*s surmise it was 
found that for p = 07 and 257 Mp is composite, and that Mp is prime foi 
/) — 61, 89 and 107. The data presented above have been derived from a 
comprehensive paper by R. C. Archibald.^ 

The present contribution marks the first fruits of a friendly suggestion 
made last year by Professor Archibald and seconded by Professor* D. H. 
Lehmer that the author turn his attention to problems of factorization in 
general, beginning with the special problem of the character of the six 
heretofore uninvestigated Mersenne numbers. 

The modem technique of this problem is based explicitly upon the fol¬ 
lowing theorem, discovered by E. Lucas and clarified by D. H. Lehmer,* 
namely: ‘T/w number N ^ 2^ 1, where n is an odd prime, is a prime if, 

and only if, N divides the (n — l)-5l term of the series, 

Si 4, S% 14, *$3 194, • • •, Sit, • • • • 

where 5* 5? - i — 2P 

Since the number AfjBj, which is the subject of the present study, equals 
182 68770 46663 62864 77546 06040 89535 37745 69915 67871 and since the 
above theorem requires that this 48-digit number be used as a divisor 149 
times (8 to 166, inclusive) it should be obvious that the prospective inves¬ 
tigator would focus attention upon this aspect of the computation* The 
' procedure followed by R. E. Powers* in showing that Mm is composite ap- 
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pealed at first to the author and hence it was used as far as the 34th member 
of the Lucasian sequence* At this stage Powers' technique was abandoned 
because it had proved to involve an inordinate amount of writing and men¬ 
tal arithmetic and especially because it did not make use of a computing 
machine exclusively. 

The patent idea of substituting for division multiplication by the re¬ 
ciprocal of the divisor overcame all of the objections entertained by the 
writer against all of the schemes for direct machine-division which he had 
read in the literature. Consider Then = ^jt 

+ Tk/N. Hence if we multiply any term (> AT) of a congniently equivalent 
Lucasian sequence by \/N the succession of figures to the left of tlie decimal 
point will represent the integer while the digits to the right of the deci¬ 
mal point will constitute an approximation to the incommensurable decimal 
fraction r^./N. Theoretically r* may be obtained by multiplying rJN by 
N without evaluating a single qic at any stage of the work. This procedure 
was not followed because it involves a greater number of figures than the 
alternative process of multiplying by N and then subtracting AT-g* from 
that is, defining r^t as Sk ~ 

The following details of the actual computation should make the matter 
perfectly clear. Ribbon A of cross-ruled paper has transcribed in nonads 
along the lower edge a sufficient number of figures of the reciprocal of 
Ar(Mi 57 ) thus: l/N - 0-(47 zeros) 547382212 026881668 329581868 
472623488 781352321 048510240 • * Similarly the bottom line of ribbon B 
reads: N 182687704 666362864 775460604 089535377 456991567 
871.000000. Ribbons A and B do not have to be changed tliroughout the 
work from ife = 8 to ife « 156. On the other hand> each value of k requires 
three ribbons of its own. Along the top line of a longer ribbon of cross- 
ruled paper is written, for example, the value of fi66 as 744260418 487541370 
276270351 147668949 680082908 44.0000000. This number was machine- 
squared by D. N, Lehmer’s^ algorithm and recorded along the lowest line 
of the same ribbon. After subtracting 2 this line read « 563923570 
527250212 804427560 946230012 742643893 708358589 871125964 

130378182 986908821 472209423 2334. The undiminished squared num¬ 
ber was carefully checked with the moduli 10* + 1,10^ + 1 and 10’ + 1. 
Next ribbon A was laid on the longer ribbon so that the nonads of 1/A^ 
were juxtaposed above and in exact register with the first six nonads of riw'. 
The multiplication of Sm by l/N was then effected and the resulting value 
of the integer gue presented itself on the bottom line of a fourth strip of 
paper. This short act of multiplying was always repeated as a preliminary 
check on its accuracy. Actually gm « 303207909 661388769 507868693 
612664030 922503212 07. Finally ribbon B was aligned with the nonads 
of giM and a portion of the product N*qm was recorded on the second line 
from*the bottom of a fifth strip of cross-ruled paper. This multiplication 
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was performed only on the nonads from the fifth to the eleventh, inclusive, 
since the first four sums-of-products would have reproduced a part of Sm' 
and not of rm. (All of the nonads after the sixth were composed entirely 
of supplied zeros both for N and The last figures of Sm' were copied 
on the third line from the bottom of the fifth strip so that by forming the 
difference between the second and third lines the required value of riw 
came out on the bottom line. This remainder was found on Aug. 11, 1944, 
to be 118 57508 80382 71696 98184 73569 85091 23773 18030 92037. Since 
this residue is not zero it follows that Muj is composite and incidentally 
that still retains the position of being the largest known prime number. 
For every value of k from 8 to 156 the numbers on the three corresponding 
strips were found to satisfy the relation ^ for each of the 

moduli 10® + 1, 10^ + 1 and 10^ + 1. The author desires to announce 
that he has already begun to investigate jI/iw 

^ Archibald, R. C., Scripta Mathematica, 3, 112-119 (1935). 

* Lehmer, D. H.. Jour, London Math. Soc.» 9-10,162-165 (1934-1935). 

» Powens, R. E., Bull. Amer. Math. Soc., 40,883 (1934). 

* Lehmer, D. N., Amer. Math. Monthly^ 30,67,68 (1923). 


ON THE STABILITY OF TWO-DIMENSIONAL PARALLEL FLOWS* 

By C. C. Lin 

Guoobnhbiu Laboratory, California Institutb op Tbchnoloqy 

Communicated August 24,1944 

1. Introduction* —Heisenberg's^ remarkable contribution to the hydro- 
dynamic stability of two-dimensional parallel flows has not been favorably 
accepted and properly appreciated, because his paper is not completely 
free from obscure points. Nor has the work of Tietjens,® Tollmien* and 
Schlichting^ been properly estimated. As a result, the theo'ry to account 
for the instability of laminar flow at high Reynolds numbers has become 
very confused, and its further development has been very much retarded. 
Various authors suggest that it is necessary (1) to consider disturbances of 
finite amplitudes, (2) to include the effect of compressibility Or even (3) 
to modify the Navier-Stokes equations. The present situation of our 
knowledge may be seen from the general lectures given by Q. L Taylor® 
and J. L. Synge.® 

Recently the present writer cwied out some investigations in an at¬ 
tempt to clarify the situation. The theory of Heisenberg was critically ex¬ 
amined, somewhat modified and further developed. These developments 
were made with particular emphasis on the gesterfid criteria of instability. 
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and their underlying physical mechanism, both in an inviscid fluid and in a 
real fluid. According to the general criterion obtained, the plane Poiseuille 
flow and the Blasius flow are both unstable at sufficiently high Reynolds 
numbers.^ Detailed numerical calculations were also worked out in these 
cases. The present article gives a brief account of the essential results ob¬ 
tained. A detailed treatment will be published elsewhere. 

2, The Equation of Orr and Sommerfeld .—In studying the stability of 
two-dimensional parallel flows, we may restrict ourselves to two-dimen¬ 
sional disturbances, according to an investigation of Squire.® A two-di¬ 
mensional periodic disturbance in a field of flow with main velocity w{y) 
parallel to the x-axis may be represented by the stream function ^ «= 

, and the linearized differential equation for <p(y) is 

♦ 

(w - c){<p^ - aV) ” “ 2«V' + oV). (2.1) 

olK 

All the quantities involved are dimensionless: R is the Reynolds number of 
the main flow, and a, c are constants describing the nature of the disturb¬ 
ance. We shall regard a as real so that 27r/a is the wave-length of the dis¬ 
turbance. The real part of c gives the phase velocity while its imaginary 
part (multiplied by a) gives the index of damping or magnification. The 
function w(y) is regarded as defined for all complex values of y by analytic 
extension. Physical considerations then lead to certain homogeneous 
boundary conditions to be satisfied by (p(y) at two real points yi and ya of 
the complex y-plane, which represent the codrdinates of certain layers in 
the field of flow. There are altogether four boundary conditions. Hence, 
we are led to an eigenvalue problem, and a relation of the type 

F{a, Cp otR) «* 0 or c ** c(a, R) (2.2) 

holds, where F is indeed an entire function of the parameters. Since sta¬ 
bility, neutral stability or instability of the motion correspond to the real 
part of “iac less than, equal to or greater than zero, the problem is to de¬ 
termine the imaginary part Ct(a, R) of <:(«, J?) for a set of real values of a 
and R, 

The actual investigation depends upon the solution of (2.1) by the 
method of successive approximations. Two methods are used. First, we 
introduce the variable 

V (y - (2.3) 

where w(yo) » c, < » (oJ?)"^^*, and tt^'(yo) is positive for real values of c. 
Ill this way, we obtain a fundamental system of four solutions ^(y) in the 
form 
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<p(y) - E (2.4) 

n » 0 

where explicitly expressible in tenns of the Hankel functions 

aii Indeed, the series (2.4) can be 

shown to be convergent for the range of variables and parameters concerned. 
Secondly, we may put 

v.(y) - E («/?)“V”Vy). (2.5) 

n - 0 

which gives us two asymptotic solutions. The initial approximation of (2.5) 
satisfies the inviscid equation 

{w - = 0, . (2.fi) 

which can be solved by expanding in power series of a®, convergent for 
all values of a®. Two other asymptotic solutions are obtained in the form 

ifiy) = exp{y'g(fy), g = {aRf^^gQ + gi + (aJ?)’’^^®g2 + - (2-’^); 

Both methods of solution are essentially due to Heisenberg,^ and Toll- 
mien followed the same way. Heisenberg also carried out some $pproxi~ 
mate calculation for the case of channel flow, while Tollmien studied the 
case of the boundary layer. Criticism of Heisenberg's work is usually as¬ 
sociated with the multiple-valued nature of the asymptotic solutions and 
the convergence of the power series in used for solving (2.6). Detailed 
investigations justify Heisenberg's treatment. In fact, the asymptotic 
solutions hold only for certain regions of the y-plane to be determined by 
comparison with the asymptotic expansions of (2.4). Indeed, from the 
properties of the Hankel functions, it can be eavSily shown that under the 
restriction 


^ < arg (007) < (2.8) 

the asymptotic expansions do not suffer any jump (which may be called 
the Stokes phenomenon or the Uebergangs-substitution), Fortunately, 
such a restriction does not exclude the existence of a connected region en¬ 
closing the points y, and y, where our boundary conditions are to be satis- 
fied. The eigenvalue problem can therefore be conveniently treated with 
the help of the asymptotic solutions. However, the region of validity of the 
asymptotic expressions does not always include all the points of the real 
segment (yi, ya)- As a matter of fact, the asymptotic solutions hold 
throughout the real interval (yi, ya) only when > 0. For < 0, there are 
two points on the real axis where the Stokes jump of the asymptotic solu¬ 
tions occur. These two points coalesce into one critical point when Ci 0. 
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Physically, the failure of the asymptotic solutions at some points on the 
real axis (and therefore the failure of as a first approximation) in the 
case of neutral (ct == 0) and damped oscillations (c< <0) indicates the pres¬ 
ence of the effect of viscosity at the corresponding layers inside the fluid. 
This was noted by several authors in tlie cases of neutral stability. How¬ 
ever, the existence of two inner viscous layers for the damped disturbance 
does not seem to have been noticed before. As we shall see in Section 3, it 
has an important consequence upon the well-known criteria of Rayleigh® 
and ToUmien.^® 

3, General Criteria of Stability and the Curve of Neutral Stability.—In the 
limit of infinite Reynolds numbers, it can be shown by careful mathematical 
investigation that the problem can be treated by finding a solution of (2.6) 
satisfying two boundary conditions. Rayleigh® and Tollmien'® have shown 
that the necessary and sufficient condition for the existence of neutral or 
self-excited disturbances is that the velocity curve has a point of inflection 
in the interval (yu ys)- The necessary condition is general, while the suf¬ 
ficient condition has been proved by Tollmien only for velocity distribu¬ 
tions of the symmetrical type or of the boundary-layer type. In fact, an 
example has been shown by the present writer where a point of inflexion 
exists in the velocity curve, but a neutral disturbance does not exist. 

The authors mentioned above also concluded that damped disturbances 
are excluded if a point of inflexion does not exist. However, their proof a.s- 
sumes the analytical nature of the solution along the real axis, 

which is true for self-excited disturbances, but not for damped disturbances. 
Previous authors regarded a damped disturbance as the complex conjugate 
of a self-excited disturbance. This is in contradiction with the above-men¬ 
tioned drastic difference of nature of those solutions along the real axis. 
Careful investigation reveals that the damped or self-excited nature of a 
solution is not changed by taking the complex conjugate. Therefore 
damped disturbances are not excluded by the condition w*^{y) ^ 0 (at least not 
according to Rayleigh’s proof), 

Tollmien’s proof to establish the existence of a point of inflexion in the 
velocity curve as sufficient to insure instability is rather cumbersome, and 
he has to assume that w'** does not vanish at the point of inflexion. These 
points have now been improved by a more careful consideration of the 
analytical nature of (2.0). 

Having settled the question of hydrodynamic stability at infinite Rey¬ 
nolds numbers, the author studied the stability in a real fluid by trying to 
find out how the foregoing results should be modified for large but finite 
values of the Reynolds number. One such result has already been obtained 
by Heisenb^g,^ whose conclusion is as follows. If a velocity distribution 
allows an inviscid neutral disturbance with finite wave-length and non¬ 
vanishing phase velocity, the disturbance with the same wave-length is un- 
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stable in the real fluid when the Reynolds number is sufficiently large. In 
the present investigation, the proof has been formulated in a slightly more 
satisfactory manner. 

Since a point of inflection in the velocity curve is sufficient to insure in¬ 
stability only for velocity distributions of the symmetrical and boundary- 
layer types, the author has also made more attempts in these cases. In¬ 
deed, it has been shown that in these cases the flaw is always unstable for 
sufficiently large Reynolds numbers t whether the velocity curve has a point 
of inflection or not. The curve of neutral stability 

c,{a, R) ^0 (3.1) 

may belong to either of the types shown in figure 1. When the velocity 
curve has no point of inflection, the two asymptotic branches of the curve 
have the common asymptote a = 0 (Fig. 1 a). When there is a point of 
inflection, one branch has the asymptote a = 0, while the other has the 
asymptote a === a, > 0 (Fig. 1 J). These results are in agreement with 
those of Rayleigh, ToUmien and Heisenberg cited above. 




FIOXniE 1 (a) FIGURE 1 (b) 

General nature of the curve of neutral stability. The dotted curve is a 

curve of stability given by Synge. 

Simple general formulae have also been derived to express the exact 
forms of those asymptotic branches in terms of the velocity curve. The 
fact that these two asymptotic branches join together to give a maximum 
a and a minimum R (instead of going to infinite a) can be inferred from a 
criterion of Synge.® It states that there is always stability (Cf < 0) if 

(qRy < ( 2 qi * + l)(4of® + l)/a*, q *« max. |te>'(y)I. (3.2) 

Indeed, the minimum value of the Reynolds number on the neutral curve 
marks the beginning of instability and is therefore very important. Ac¬ 
cordingly, the following approximate formulae have been derived for the 
evaluation of this minimum value: 
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R 




: i wi p' 

' \ ~ J ‘ ’ symmetrical profiles, (3.3) 


) 


25w[ 


R — —j-i, for boundary-layer profiles, 


(3.4) 


where w'l is the value of w'(y) at = 0, and c is given by 


TTWj 


, w(y)w''{y) 


W{y)\ 


“ ” 0.6 at w{y) = c, 
« 


(3.5) 


In these dimensionless expressions, the velocities are referred to the xnaxi- 
nmm velocity and the lengths to the distance from » 0 to = 1. Com¬ 
plete numerical calculation of the curve Ci{a, K) ^ 0 has been carried out 
for the plane Poiseuille flow and tlie Blasius flow. The results are in gen¬ 
eral agreement with figure 1 (a). For the channel, the critical Reynolds 
number is found to be 16,000 as defined in terms of the maximum velocity 
and the width of the channel; for the boundary layer, it is found to be 400 
as defined in terms of the free-stream velocity and the displacement thick- . 
ness. The result in the latter case is in better agreement with Tollmien's. 
original calculation^ than with Schlichting’s later one.* The maximum 
value of a is even larger than Tollmien’s value, while Schlichting’s value is 
smaller. 

4. Physical Interpretations and Concluding Discussions .—We shall now 
try to understand the phy.sical mechanism underlying the above results. 
Generally speaking, the investigation in an inviscid fluid brings out the 
r61e of pressure and inertial forces. The subsequent investigation of viscous 
forces will then settle the stability problem of a real fluid. 

Equation (2.1) is the equation of vorticity. This suggests that tlie con¬ 
dition Tt/*' « 0 in Rayleigh-Tollmien’s criterion means an extremum of vor- 
ticity of the main flow In fact, the physical mechanism can be 

understood by following this line of thought. Let us regard the field of flow 
as vorticity distribution in parallel layers, and imagine a disturbance con¬ 
sisting of the interchange of two fluid filaments in two different layers. 
These fluid elements will retain their original vorticities, and will therefore 
be present in layers with vorticities different from their own. It can be 
shown that these filaments will then be pushed back to their original layers 
if the vorticity gradient of the main flow has the same sign.'* The flow is 
therefore stable. Indeed, if we consider an excess concentrated distribution 
of vorticity y) (a **vortex* ^ upon a small region of a given field of vor¬ 
ticity, f'o(y), then the vortex is accelerated with an average acceleration 


' - i //'”'* , y)to'(y)dxdy 


( 4 . 1 ) 
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in the direction of the positive 3 ^-axis, where T is the total strength of the 
vortex, v(x, y) is the ^-component of velocity due to it, and the integration 
is taken over the whole field of flow. A consideration of the sign of F and 
to^iy) will then substantiate the above statements. Thus, the stability in 
an inviscid fluid as governed by inertial and pressure forces can be discussed 
in terms of the gradient of vorticity of the main flow. 

Another interpretation of the significance of the gradient of vorticity is 
to be found from Kelvin’s '‘cat-eye” picture of a flow with neutral dis- 
ttirbance.^* If we consider the vorticity of fluid elements along a closed 
stream line in that picture, we see that such a flow patteni is not possible 
without diffusion of vorticity by viscous forces, if the gradient of vorticity 
is finite at the critical layer where w — c. 

This consideration immediately leads to a simple method of visualizing 
the extent of viscous forces in controlling the stability of fluid motion. If 
we consider the diffusion of vorticity from the critical layer for a period T 
of a neutral disturbance, the effective distance covered would be of the 
order of u being the kinematical viscosity. The ratio of this dis¬ 

tance to that between the critical layer and the solid boundary can be 
easily shown to be 

. - (4.2) 

where z ^ is directly related to the argument of the Hankel functions 

of Section 2, being the value of 7 ; at y = yj. This parameter s has the 
value 0.7 at infinite Reynolds number on the lower branch of the neutral 
curves of figure 1. It decreases to about 0.5 at minimum Reynolds number 
and further decreases to zero as R becomes infinite along the upper branch. 
Referring to those figures, we note that for small values of s (small viscos¬ 
ity), the effect of viscosity is essentially destabilizing, since an increase of 
Reynolds number gives more stability (cf. Heisenberg's criterion of Section 
3). For large values of 5 (large viscosity), the opposite is true. The physi¬ 
cal mechanism can be described in the following way. It is known that the 
destabilizing effect is caus^ by phase shifts of the disturbance, which tends 
to build up its shear — pM V (u', p' being the components of velocity of the 
disturbance, and p the density of the fluid). This, in turn, transfers the 
energy of mean flow into that of small oscillations. The stabilizing effect 
is due to dissipation. Now, for small values of s, we may think of the flow 
as having two thin viscous layers, one at the wall, the other at the layer 
where w ^ c; the effect of dissipation is relatively unimportant, and the 
resultant influence of viscous forces is destabilizing. When s exceeds 0.5, 
these two layers may be regarded as having joined each other into one vis¬ 
cous region; the effect of dissipation becomes imjportant, and the resultant 
influence is stabilizing. 
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The viscous forces upset the decisive nature of an extremum of vorticity 
for the determination of the stability of the flow of a real fluid, as one can 
see from a comparison of figure 1 (a) (no extremum) and figure 1 (^) (with 
extremum). Thus, there is no drastic change in the stability characteris¬ 
tics of a boundary layer as the pressure gradient changes from a slightly 
positive value to a slightly negative value (as one would expect if one tries 
to apply Rayleigh-Tollmien's criterion to a real fluid). However, the ap- 
I>earance of the point of inflection in a velocity curve does indicate an in¬ 
crease of instability. It can be shown, by using (3.3), (3.4) and (3.5), that 
the critical Reynolds number will be decreased. Also, for a given Rey¬ 
nolds number, the range of wave-lengths of unstable disturbances will be 
increased. For a boundary layer with adverse pressure gradient, a further 
indication of increasing instability is given by the decrease of w[. Indeed, 
as w[ —► 0, the approximate formulae (3.4), (3.5) give 1, R 0. This 
is, of course, an extrapolation of those formulae, but the conclusion stands 
in qualitative agreement with the usual tiotion that the flow would be vio¬ 
lently unstable in such a case (separation). 

5. Transition to Turbulence, —Finally, we want to touch briefly the ques¬ 
tion of transition to turbulence. A linearized theory of hydrodynamic 
stability is of course not quite adequate to account for such a phenomenon. 
But if we allow our theory to be extrap6lated to the beginning of non-Iinear 
effects, and assume the subsequent development into turbulence to be very 
rapid, there is the possibility of determining approximately the Reynolds 
number of transition. For flow in boundary layers, it is interesting to note 
that the disturbance in the free stream has an isotropic nature in two di¬ 
mensions. There may be therefore the possibility of introducing the re¬ 
sults of the theory of instability in boundary layers into 'faylor’s theory of 
the transition Reynolds number,® which appears to be quite successful 
when the transition is caused by the turbulence in the free stream. 

The author wishes to express his sincere gratitude to Professor Theodore 
von Kdrm4n for suggesting this problem and for his invaluable help 
throughout this work; to Professor Clark B. Millikan for helpful sugges¬ 
tions and for using some of his unpublished notes, from which much inspira¬ 
tion and suggestion has been derived; to Professors P. S. Epstein, H. Bate¬ 
man, Dr. Hans W. Liepmann and sev'eral of his friends for many valuable 
discussions and suggestions. 

* The present article is a brief report of some results contained in the author’s disser¬ 
tation approved by the Califoniia Institute of Technology for the degree of Doctor of 
Philosophy. 
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<*Tietjens, 0., ZeUs. Angm. Math, MecK 5,200-317 (1925). 

• Tollmien, W., 0^tting$f Nachrichten^ 21^44 (1929). 

• Schlichting, H., Ibid., 181-208 (1933). 



324 


PHYSICS: G.D.BIRKHOFF 


PftOC. N. A. S. 


• Taylor, G. I., Proceedings of the Fifth JnterfuUional Congress for Ap^iei Mechanics, 
Cambridge, Mass., U.S.A. (1938), pp. 304-310, especially equation (45), p. 307. 
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The cotiolusion that the plane Poiseuille flow may be unstable with respect to certain 
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• Squire. H. B.. Proc. Roy, Soc, London, Al42y 621-628 (1933). 

• Kayleigh, Lord, Scientific Papers, Vol. 1, pp. 474-487, 
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Rayleigh's treatment of this problem using broken linear velocity distributions has 
been denounced by Heisenberg, but his proof of the necessary condition is acceptable, 
except for the modification to be discussed below. 

The fact that an element with excessive vorticity is accelerated toward the region 
of higher vorticity was recognized and suggested to the author by Th. v. K6rm4n in con¬ 
nection with the theory of vorticity transfer in a fully developed turbulent flow. 

Kelvin, Lord, Math, Phys, Papers, Vol. 4. pp. 186-187. 


FLA r SPA CENTIME AND GRA VITA TION 

By George D. Birkhoff 

* 

Department op Mathematics, Harvard University 
Communicated September 7, 1944 

If one admits that physical events take place in a 4-dimeiisional space- 
time continuum (an idea abandoned in current quantum-mechanical the¬ 
ory) there are three interesting possibilities: classical space and time; 
flat or electromagnetic space-time; curved space-time. The appropriate 
corresponding mathematical languages are, respectively, those of 3-vec¬ 
tors, 4-vectors and 4-ten8ors. 

In a certain sense the flat space-time, characteristic of the so-called special 
theory of relativity, is just as absolute as classical space and time, since the 
codrdinates /, Xy y, z require exactly 10 arbitrary constants for their com¬ 
plete specifleation in both cases. But, in the framework of flat space-time, 
the fundamental electromagnetic equations of Maxwell and Lorentz lose 
the artificiality which they possess in classical space and time. 

The initial attempts to incorporate gravitational phenomena in flat 
space-time were not satisfactory. Einstein turned to the curved space- 
time suggested by his principle of equivalence, and so constructed his gen¬ 
eral theory of relativity. The initial predictions,, based on this celebrated 
theory of gravitation, were brilliantly confirmed. However, the theory has 
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not led to any further applications and, because of its complicated mathe¬ 
matical character, seems to be essentially unworkable. Thus curved space- 
time has come to be regarded by many as an auxiliary construct (Larmor) 
rather than as a physical reality . 

In my opinion, the failure of the early attempts by Nordstrom and 
others to develop a theory of gravitation in flat space-time is to be at¬ 
tributed to the fact that a fundamental theoretic requirement was over¬ 
looked/ namely, that the distitrbance velocity in matter must be that of 
light. 

With this requirement in mind, I have recently been led to a very simple 
theory of gravitation in flat space-time, concordant with all known gravi¬ 
tational phenomena and free of arbitrary constants. This theory was pre¬ 
sented first in veiy brief form in 1942 at Tonanzintla, Mexico, and has been 
developed further in a Note in these Proceedings,^ Furthermore, atten¬ 
tion is to be directed to a Note by A. Barajas,* called forth by a review of 
H. Weyl, and to an article by A. Barajas, C. Graef, M. Sandoval Vallarta 
and myself, taking up the new theory from the physical point of view.® A 
very significant application of the theory to the two-body problem by Graef 
will be published shortly.* 

Unfortunately, the foundation of the theory has not so far been ade¬ 
quately presented in its philosophic, postulational and mathematical as¬ 
pects. My colleague, Professor Barajas, and I are planning to publish an 
extensive article remedying this deficiency. 

The aim of the present Note is to present briefly these foundational con¬ 
siderations as I see them. It is especially necessary to do so in order to 
avoid further misunderstanding of the new theory. For example, Weyl 
says very recently,® referring to my theory : “Their [i.e., ‘the field equa¬ 
tions'] most general static centrally symmetric solution involves 3 arbitrary 
constants a, 6, . From the present standpoint this is a serious disadvan¬ 

tage of B.“ His assertion is wrong since the general exact solution for the 
gravitational potentials hij is 


where r stands for radial distance, is the familiar Kronecker 5, 
and the mass m is the single arbitrary constant which enters. This 
exact solution plays in my theory a r61e analogous to that of the 
Schwarzschild solution in the theory of Einstein. Weyl has overlooked the 
salient fact that the central body is composed of the basic “perfect fluid.'* 

The proposed theory of gravitation in flat space-time may be character¬ 
ised as follows in its fundamental features; 

1. In the 4-dimensional framework of flat space-time, matter is regarded 
as ^ occupant of certain tubular regions made up of the worldlines of 
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identifiable points. Point-particles are abandoned once and for all, except 
as a limiting possibility. 

Thus there is a duality of matter and space-time in my theory, whereas 
the monistic concept of space-time conditioned by matter prevails in Ein¬ 
stein's theory. Whichever point of view is destined to figure in ultimate 
physical theory, it seems the part of obvious common sense to explore both 
possibilities fully. 

The simplest available form of matter in flat space-time is that charac¬ 
terized by a certain stream 4-vector y* of space type, i,e., with 

p2 = - (1,2)2 _ _ (t;4)2> 0; 

here p is the scalar length of the 4-vector Or, alternatively, we may 
think of matter of this kind as characterized by a density p and a velocity 
4-vector where = pw’ and 



The principle of local causation is taken to hold for an isolated portion 
of this kind of matter, as embodied in the differential equations: 


where t == x = y = x^t z = and where F* are taken to be rational 
and integral in the partial derivatives involved. These four differential 
equations assert that the time rates of change of the components of the 
stream vector are functions of these components and their space rates of 
change, being rational and integral in the latter. 

The requirements of the underlying language of 4-vectors, based on the 
Lorentz group, then indicate as the only available possibility, when referred 
to instantaneous rest codrdinates p, v* «= ty* » 0): 




•i ^ ^ 

These equations involve a pair of arbitrary functions F(j>), G(p). 

By appropriate normalization of the scalar p (that is by multiplicative 
modification of the 4-vector v‘) the preceding equations may be expressed 
in the normal form 



a*“ 

- 


0 


- p(p)g*^ 

aa 1, wm &{ot j. Here there ap- 


where 
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pears only one arbitrary function This normalized density p is de¬ 

termined up to a unit of magnitude, while the scalar ^(p) is determined 
up to an additive constant. 

2. It is granted that free equilibrium is possible for a certain equilibrium 
density, po>0, i.e., that a possible state is v* = tV provided only that we 
have 


wy - - {v^^Y ^ 

Because of the thoroughgoing analogy of the equations obtained with those 
of a homogeneous adiabatic fluid in classical physics, it is natural to assume 
that along a free boundar>^ we have always p = po, and furthermore that at 
collision p takes on the same value on both sides of the common boundary 
until separation occurs for p — po subsequently. 

At this stage the behavior of a collection of freely moving portions of this 
“fluid" has been completely specified, whether or not collisions occur. The 
equations involved present a more familiar aspect if the velocities arc- 
introduced, with 


This type of equations has always been taken to be appropriate for a gen¬ 
eral homogeneous adiabatic fluid in flat space-time. The symmetric tensor 
has been called the energy tensor; p, the density; and the pres¬ 
sure. 

3. Such a fluid has the property that a certain divergence vanishes: 

Oar ' 


This ensures that the 3-dimensional integral 

over the rest-volume is invariable.® 

Keeping in mind the hydrodynamic analogy, it appears to be absolutely 
essential to suppose that this divergence vanishes under all conditions. 
Otherwise the fluid might undergo a full cyclic return to a set of initial 
velocities without a cyclic return of densities, such as is always observed 
to occur with ordinary matter. This requirement means that we have al¬ 
ways 

* a*- — 

4. There is, however, a fundamental theoretic difficulty in the theoretic 
employment of the gmeral adiabatic fluid. In fact if two portions of the 
fluid collide with oppositely directed velocities nearly equal to that of light 
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(ly the equations of motion will break down if the disturbance velocity of 
the fluid is less than that of light. Since it is physically inadmissible that 
this velocity v (relative to rest coordinates) exceed that of light, we are led 
to require that this velocity, namely, 

V ™ y/dpl(dp — 

equals that of light, so that at all densities dp/dp ™ V 2 * 

Thus we obtain by integration the only physically allowable constitu¬ 
tive equation p = p/2. The corresponding special form of the general adi¬ 
abatic fluid is called the perfect fluid. 

As far as this determination of is concerned, we might have written 
more generally p = + c, and so have obtained an additional term of 

the form in This modification would not affect the equations of 

motion, however. Rea.son will be given later on for the special choice made 
of c ~ 0 in fixing completely the energy tensor 

For the perfect fluid the invariable integral reduces to the simple form 

J'y/pdv 


where dv is the 3-dimensional rest volume. 

The perfect fluid may be looked upon as the counterpart in flat space- 
time of the homogeneous adiabatic incompressible fluid in classical space 
and time, which has infinite disturbance velocity. Physically speakitig, the 
perfect fluid is very nearly incompressible and thus possesses very nearly 
invariable mass J'pdv. 

If electricity of density <r be attached to the perfect fluid, the ratio 
O'/ a/p, called the substance coefficient, remains forever constant along any 
worldline. 

In what follows the perfect fluid is regarded as the single primordial form 
of matter, 

5. Suppose now that the perfect fluid, with energy tensor 

= v¥ - ^/2{VaV*')g*^ ( 1 ) 


is not free but is subject to body forces. Formally, the suggestion is obvious 
that we define a force vector/* by means of 


5r“ 




where because of the postulated invariance of the integral 

f Vpdv (3) 

we have 


fj/* & 0 


( 4 ) 
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Thus the force vector is required to be identically orthogonal to the 
stream (or velocity) vector. It may be recalled that the acceleration vector 
along any worldline has the same property. 

In view of the identity (4) it is clear that/^ cannot be independent of the 
vector vK For the case of electrically charged matter p is known to be 
linear homogeneous in the 4-vector v* and identically orthogonal to it. For 
the gravitational forces it is the simplest possible hypothesis to assume that 
in a purely gravitational fieldis homogeneous and quadratic in and 
proportional to p. We write therefore in that case 

f = (s) 

f * 

where the components of the tensor are functions of .v, y, z de¬ 

fined throughout space.'time. 

Without going into any detail it is to be stressed that this is the most 
natural assumption which can be made about the manner in which p de¬ 
pends on the stream vector vK This is especially the case in view of the re¬ 
versibility of gravitational phenomena in time, 

6. At this stage of our genetic account of the theory under consideration, 
in full accordance with the tradition of the past, il will be supposed to begin 
with that non-gravitational forces, such as electrical forces, need not be 
considered in gravitational problems. This hypothesis is justified by the 
more complete form of the theory given in the Note already alluded to.^ 
For the case of a rest system the x, y, z components of the gravitational 
forces take the form 

/jr ~ ft, - P<p\u fi - P^h (•'>') 


with/( “ 0 of course. 

In the corresponding Newtonian situation the force components are: 


“ "dx' 


fo - 


fz - P 


dz 


where g is the Newtonian potential defined by Poisson’s equation 


4. 


— 4irp, or 0 in empty space, 


together with the requirement that g is finite (or vanishes) at infinity. 

By formal analogy one is led to require that are linear homogeneous 
in the first derivatives of the gravitational potential defined by means of an 
appropriate Poisson equation. 

A very simple possibility would be to set up a scalar gravitational poten¬ 
tial h defined by 

bfi Sw® by® bjs® 


SirT, or 0 in empty space, 
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where we have written 


T == g^T’^ = p/, 

for the contracted energy tensor. However, with this form of it is not 
possible to fulfil the vital condition of orthogonality, embodied in (4). 

The alternative, equally simple, hypothesis from the formal point of view 
is to take as the analog of the Poisson equation 





HtT or 0 ill empty space, (6) 


with the additional requirement that are finite (or vanish) at infinity. 
The gravitational potential hi) thus introduced is a symmetric tensor of the 
second order. No essential limitation is introduced by use of the special 
numerical factor Sir on the right. 

It is now readily seen that the same condition of orthogonality (4) leads 
to the following uniquely determined form for the gravitational force vec¬ 
tor/^: 

f ^ 

\ bofi bx* 



The theory has now been completely formulated for the limited form in which 
only gravitationai forces enter. It may be extended so as to include electrical 
and atomic forces in a natural and interesting manner (see reference 1 and 
Section 11 below). In the limited but important form now under consider¬ 
ation, with use of the usual tensorial subscript and superscript notation, the 
theory is embodied in the pair of equations 







b% j 


SirTi^t or 0 in empty space, 



where is given by equation (1). 

At this stage it is dear why it was natural to take the undetermined con¬ 
stant c in to be 0. Otherwise we should have had 


and we should obtain as the Poisson equation for the limiting case p « 
inside of the fluid, 





fi 




« - STCgi^, 


which seems inappropriate unless c is 0* 


0 , 
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On the basis of the theory thus obtained it is found that isolated bodies 
have a static, centrally symmetric distribution, and that a collection of 
spherical bodies move with very high approximation according to the 
Newtonian law of gravitation, relative to a convenient rest system, 

7. Let us now turn to the case of a static, centrally symmetric distribu¬ 
tion of the perfect fluid. It is not difficult to determine the radial distri¬ 
bution of the density but for our present purposes it suffices to observe 
that we have precisely (r, radial distance), 


P' - Vap(r)5«, 

Our extended Poisson equation takes the form 


dx^ dy^ bz^ 


4,rp{r)Bij, or 0 in empty space. 


Here, of course, the boundary of the (spherical) distribution occurs for some 
value Tq of r where p(ro) = po. Thus we find as the exact solution for the cen¬ 
trally symmetric case 


hij ^ ^ Si) 

in empty space (r > ro), involving, as the single arbitrary constant, the 
mass m of the fluid. 

In this way we obtain the gravitational potentials around a static, 
centrally symmetric body like the Sun. These potentials are not obser\'- 
ably affected by random atomic motion. 

8. Now consider a comparatively small approximate sphere of the per¬ 
fect fluid, forming in the limit a kind of ideal particle of mass 0. First, we 
have essentially p » throughout, so that we may write 

dr^ 


with high approxitnation, since (4) yields with similar approximation 


dx* 


0 . 


But we have 


^ ^ d*x* 

d*“ " di " 


(ds* » dl* - d*» - dy* - dt*) 


along the worldline of the ideal particle, so that we may write 
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dr>" d^x £)r*“ d*y dT*“ dH 
~ '^ds^' dx“ ~ ^ds^' ^ds*' 

Thus there are obtained tht differential equations of motion for a com¬ 
paratively small body which moves in the field of a larger central body. 
These lead to essentially the same result for the perihelial advance of a 
planet and for the bending of a light photon in the field of the Sun as does 
the theory of Einstein. 

Furthermore, if we assume that the Planck formula 

E hv 

determines the frequency of radiation u, tlie result of Einstein for the 
**red shift*' in light reaching the Earth from the Sun is obtained. Inas¬ 
much as the precise mechanism of radiation is unknown, it seems more cor¬ 
rect to employ this basic formula, than to give an explanation in which 
the light-carrying photon plays no r61e, such as is afforded by the Einstein 
theory, 

9. A real test of the availability of the new theory in other directions 
is afforded by the problem of two or more bodies. 

As a first approximation to this problem, it is natural to consider the 
limiting case of n "ideal particles" of masses mu w* . . . respectively, 
obtained by taking the equilibrium density po to be very large. It is 
clear tliat in the neighborhood of each particle Pi of mass W|, the corre¬ 
sponding gravitational potentials should have a principal part 



in instantaneous rest coordinates. 

Graef has already shown (see references 3 and 4) that the calculations 
involved can be effectively carried out in the case of two bodies of masses 
mi and Presumably his method can be extended to the case of more- 
than two bodies. Furthermore it should be possible to investigate in a 
similar spirit all of tlie fine-structure corrections to the Newtonian theory 
which He within the limits of observation. 

10. In Order to generalize the theory so as to admit cosmological terms 
one has only to write the Poisson equation in the form 

S - Si - V - 

where K is the small cosmological constant. This really means that we 
allow a form of energy tensor containing the term — cg^ previously indi¬ 
cated, with c « — K/8ir small but not 0. 

The conditions at have then clearly to beJightened to the form that 
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hi^ becomes regularly infinite to the second order at infinity, in which case 
it is concluded that for a uniquely determined space-time origin we have 

hij = h*j + ~(t^ - ~ z*)gi, 


where h^j satisfy the previously indicated form of the Poisson equation and 
boundary conditions. In this case there is obtained an expanding uni¬ 
verse, about the space-time origin / = x = y = J3: = 0in the flat space-titne 
under consideration. 

11. In the general case there is an electromagnetic 4-potential satis¬ 
fying Maxwell’s equations, and an atomic potential ^ constant along every 
worldline. This leads to the cotnplete theory with (covariant) force com¬ 
ponents : 


/f == P 


dx* 




ac ,0 

— ~ f ]u ir 
Ox^ / 



where the terms corresponding to atomic, electric and gravitational forces 
are homogeneous of degrees 0, 1 and 2, respectively, in the velocity vector, 
and are linear homogeneous in the first partial derivatives of the corre¬ 
sponding potentials and respectively. 

It will require further mathematical investigation in order to determine 
the serviceability of this conjectural theory in the domain of atomic phys¬ 
ics. I have x^reviously indicated how an equation much like the Schrddinger 
wave equation may be obtained on the basis of the atomic potential 
However, my attempt was based on a background of curved space-time, 
and I had not then realized that the potentials must all be of zero dimensions, 
so that I used in place of pbyp/bxK 

12. Professors Barajas, Graef, Sandoval Vallarta and I are examining 
further these and other physical problems in the light of the new theory. 
Meanwhile, it seems clear that the theory promises well and deserves 
careful study because of its striking simplicity, completeness and mathe¬ 
matical consistency. Furthermore, as will be seen from what precedes, 
the theory is independent of all ideas of curved space-time and of the 
corresponding Einstein theory. 

No doubt, in view of the substantial successes of the Einstein theory, it 
is worth while to attempt to reflect that theory on to flat space-time, and so 
to obtain a degenerate theory, which in a certain sense is only the shadow 
of a shadow. However, the objections made by Barajas^ to the form of de- 
generate theory considered by WeyP seem to be substantially valid.* 

As far as I can see, the Einstein principle of equivalence (“that inertia 
and gravitation are one,“ Weyl, loc. cit.) is at bottom a mathematical 
principle signifying only that certain equations in the Einstein theory are 
linear homogeneous in the density of matter— o. fact just as true of the 
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theory of gravitation here proposed as of the general theory of relativity. 
To me there is only the following mathematical fact in the comparison of 
the basic points of view of the Einstein theory and my own: in his theory 
there is no underlying framework of independent variables x, y, z valid 
throughout space-time, such as are present in the theory based on flat 
space-time. The real question is whether or not the theory based on such 
special coordinates is simpler and more useful for the description and pre¬ 
diction of the physical facts. This is not a question to be decided by a 
priori considerations. What is required is rather a study of the new theory 
and its physical applications. 

^ BirkhofE, G. D., "Matter, Electricity and Gravitation in Flat Space-Time," these 
PROCBEDINOS, 20, 231 (1943). My lecture at Tonanzintla is about to appear under the 
title "EPConcepto de Tiempo y la Gravitacion," Boletin de la Soci^dad Matemdtica 
MHicaniXt 1, No. 4 (1944). 

* Barajas, A., "Birkhoff's Theory of Gravitation and Einstein*s for Weak Fields,” 
these Proceedings, 30, 54 (1944), 

* Barajas, A,, Birkhoff, G. B., Graef, C., and Sandoval VaUarta, M., "On Birkhoff’s 
New Theory of Gravitation," Physical Review, 56, 138 (1944). 

* In vol, 1, No. 5 (1944) of the Boletin de la Sociedad Matemdtica Mexicana. 

^ Weyl, H., "Comparison of a Degenerate Form of Einstein’s with BirkhofPs Theory of 
Gravitation," these Proceedings, 30, 206 (1944). 

* See for instance, Birkhoff, G. D., Relativity and Modern Physics, Chaps. VII and XI, 
Cambridge, 1923, 1927, 

^ The velocity of light r is 1 since the lightsccond is regarded as the unit of distance. 

* Cf, two notes in these Proceedings, 13,160,165 (1927). 

* In his Note Barajas is more than fair to the “degenerate theory", which, strictly 
speaking, is no more usable than is the early Nordstrdm theory. See M. Wyman, Math. 
Rev. 5, 218 (1944). Since all of the relativistic theories of gravitation take the classical 
Newtonian theory as prototype, the formal resemblance between them is inevitably 
considerable. This fact is stressed, for example, in my article, Newtonian and Other 
Forms of Gravitational Theory, Scientific Monthly, 58> 49 and 136 (1944). It is to be 
looked upon as the source of the formal resemblance between Einstein's general theory 
of relativity, based on curved space-time, and my own theory, based on flat space-time, 
which Weyl refers to. 
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EXPERIMENTS ON SEX UAL ISOLA TION IN DROSOPHILA , IIL 
GEOGRAPHIC STRAINS OF DROSOPHII^ STURTEVANTI 

By I'm. Dobzhansky 

Department op Zoi^Locy, Coi^tiMBiA University 
Communicated September 28, 1944 

When females of different geographic strains of the same species are 
confined with males of one of these strains, the matings may occur either 
at random or preferentially, one kind of females being inseminated more 
frequently than tlie other. Relatively slight mating preferences have 
been obserx'^ed in Brazilian and Guatemalan Drosophila wiUistoniy^ and some 
quite striking preferences have been found in Brazilian, Guatemalan and 
Mexican strains of D, pro saltans.^ Most of these intra-specific mating 
preferences arc one-sided; greater proportions of females of one than of 
the other strain are inseminated by males of both strains. Data reported 
in the present article show, however, that two-sided preferences for homo- 
gamic matings, which are, in general, characteristic of interspecific crosses, 
occur also within the species D. sturtevanfi Duda (« D. biopaca Sturtevant). 

The strains of Drosophila sitirievanti came from Tamazunchale, state of 
>San Luis Potosi, Mexico (obtained through the courtesy of Professor J. 
T, Patterson), Quirigu4, Guatemala (obtained through the courtesy of 
Professor A, H, Sturtevant), Belem, state of Par6, Rio de Janeiro, Federal 
District, and Bertioga, state of SSio Paulo, Brazil. The flies from all these 
strains are morphologically similar, intercross readily and give rise to 
fertile Fi and F% progenies. 'Phe technique used in the experiments with 
D, siurievanti is identical with that used for D. prosaltans^^ except that D, 
siurlemtUi females are dissected on the sixth or the seventh day after the 
making of the crosses. Sexual activity in this species starts late, in fact 
later than in other species of Drosophila with which the writer is familiar. 
Before the sixth day scarcely any females are inseminated, but on the 
eighth day only few remain not fertilized. The tubular (ventral) re¬ 
ceptacle in D. sturlemnti is an extremely long tube, much longer than the 
body, tesembling a skein of wool that is twisted, as a whole, into paired 
spirals lying on both sides of the vagina. Live spermatozoa can be seen 
in sorntf but usually not in a]l» coils. The* large but transparent chitinous 
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spermathecae are, in itisetninated females, only partly filled with a tangled 
mass of spenn. 

The data are summarized in table 1, In every one of tlie 20 crosses a 
positive isolation index has been obtained, which suggests that males of 
all strains inseminate more of their own females than of those of other 
strains. The statistical significance of the obst^rved deviations from 
random mating is measured by the values higher than 0.0 (corre¬ 

sponding to the 0.01 probability level) have been observed in 10 crosses, 
and values smaller than 2.7 (corresponding to the 0.10 probability level) 
in only 5 crosses. The highest isolation indices are found in the crosses of 
strains from the two geographically most remote localities (Tamazunchale 
in Mexico and Bertioga in Brazil), hut localities nearly as remote (Tama¬ 
zunchale and Rio de Janeiro) fail to show statistically significant isolation 
indices. Strains from geographically relatively close localities may either 
interbreed at random (Rio de Janeiro and Bertioga) or may disj)lay a con¬ 
siderable isolation (Tamazunchale and Quirigud). Strains which show no 
isolation from each other (Rio de Janeiro and Bertioga) may behave very 
differently with respect to other strains (Tamazunchale, Belem, or Quiri- 
gud). 


TABJ.K J 

Numbers of Females DiSvSected (n) and Per Cent Carrying Sperm (%) in Various 

Crosses of Drosophila sturtevanti 


vbmalbs 

Tamazunchale, Quirigud 
Tamazunchale, Quirigud 
Tamazunchale, Belem 
Tamazunchale, Belem 
Tamazunchale, Rio 
Tamazunchale, Rio 
Tamazunchale, Bertioga 
Tamazunchale, Bertioga 
Quirigud, Belem 
Quirigud, Belem 
Quirigud, Rio 
Quirigud, Rio 
Quirigud, Bertioga 
Quirigud, Bertioga 
Belem, Rio 
Belem, Rio 
Belem, Bertioga 
Belem, Bertioga 
Rio, Bertioga 
Rio, Bertioga 


homooamxc 


HAt,K» 

n 

% 

Tamazunchale 

194 

60.3 

Quirigud 

104 

46.2 

Tamazunchale 

111 

64.1 

Bclcni 

m 

06.1 

Tamazunchale 

104 

52.9 

Rio 

124 

61.3 

Tamazunchale 

116 

73.9 

Bertioga 

108 

58.3 

Quirigud 

106 

48.1 

Belem 

94 

64.3 

Quirigud 

90 

66.6 

Rio 

116 

60.0 

Quirigud 

99 

49.6 

Bertioga 

106 

69.4 

Belem 

160 

66.6 

Rio 

98 

66.3 

Belem 

101 

60.5 

Bertioga 

91 

41.8 

Rio 

106 

61,9 

Bertioga 

101 

60,6 


HHTBMUGAMIC 
» % 


ISOLATION 

INDBX 

192 

37.0 

21.0 

0.24 

107 

24.3 

11.1 

0.31 

109 

32.1 

10.7 

0.26 

82 

41.6 

9.5 

0.22 

112 

46.4 

0.9 

0.06 

130 

49.2 

3.7 

0.11 

104 

36.6 

32.6 

0.36 

108 

24.1 

26.2 

0.42 

97 

26.8 

10.9 

0.30 

99 

24.2 

18.3 

0.38 

96 

43.8 

3.2 

0.18 

113 

36.4 

6.0 

0.17 

103 

32.0 

6.4 

0.21 

100 

26.6 

23.7 

0.38 

167 

49.0 

1.4 

0.06 

106 

39.6 

14.6 

0.24 

100 

39.0 

2.7 

0.13 

88 

31.8 

2.0 

0.14 

106 

60.0 

0.1 

0.02 

106 

48.1 

0.1 

0.02 


The situation found in D. sturtevanti is different from those in D, willi- 
stoni^ and D. prosaltans.^ In D, sturtevanti the rule seems to be that strains 
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from different regions show incipient sexual isolation—preference for 
homoganiic matings and aversion from heteroganiic ones. Random mat¬ 
ing is the rule in /). mllisloni^ but both Guatemala and Brazilian males 
have in some crosses inseminated preferentially Brazilian females. In 
D. promltans there is a ''hierarchy’' of strains correlated with their geo¬ 
graphic origin. Both northeni and southern males inseminate preferen¬ 
tially northern femalc\s; thc-refure, in some crosses homogamic matings 
are more common than heten^gamic ones (positive isolation indices), and 
in other crosses heteroganiic matings are more frequent (negative isolation 
indices). I'hc strains from Guatemala and Brazil show, however, a mutual 
aversion to interbreeding. D, nelmlosa vSturtevant is another species in 
which preferences for homogaiuio as well as for heterogamic matings are 
observed. vStrains of this spmes coming from state of vSan Luis Potosi, 
Mexico (kindly furnished by Professor J. T. Patterson), and from Belem do 
Pard, Brazil, have been used. Phe experiments on D. nehulosa were ar¬ 
ranged exactly like those on D. prasalUins and D, sHirtemnti; the dissec¬ 
tions have been made on the fourth <lay after the crosses. A summary 
of the results is given in table 2, It is evident that when Brazilian and 
Mexican females are kept with Brazilian males, Brazilian females are 
inseminated preferentially; but when Mexican males are used there seems 
to be also an excess of insenhnations of Brazilian females (a negative 
isolation index which is not quite significant statistically). 


TABl.a 3 

Numbrrs of Females DisswcxEn («) and Per Cent Carryino Sperm (%) in Crosses 

OK Drosophila nehulosa 


Pi£MA1.ttS 


IIOMOOAMIC 
« % 

HKTEfrROGAUlC 

n % 

X* 

lAOLATlON 

INDBX 

Mexican, Brazilian 

Brazilian 

120 

78.0 

133 

41.4 

37.1 

0.31 

Mexican, Brazilian 

Mexican 

113 

42..'i 

113 

S.'i.S 

4.0 

-0.14 


Two types of preferential mating have been observed in J.)rosophila. 
They are sexual isolation proper unci one-sided mating preferences. Strains 
A and B are said to be sexually isolated if males of A mate cliiefly.with A, 
and males of B chiefly with B females (positive isolation indice.s). If the 
mating preference is one-sided, A males mate more frequently with A than 
with B females (positive isolation index), but B males show either no 
prefereJice (isolation index close to zero) or u preference for A females 
(negative isolation index). Situaticjiis iiitennediate between true sexual 
isolation and one-sided mating preference occur. Theoretically, two strains 
may also show consistent preferences for heterogamic matings (negative 
isolatioti indices), but this lias never been found in experiments. 

Sexual isolation reduces the rate of gene exchange between the popula¬ 
tions concerned; when the isolation is complete the gene exchange is 
altogether excluded. Sexual isolation is found, as a rule, in interspecific 
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crosses. Rudiments of sexual isolation have been found also within a 
species, c.g., in crosses between certain strains of miranda,^ D, slurie- 
vanti and D, prosaltum from Brazil and Guatemala,® One-sided mating 
preferences are known in most geographic races of Z). prosedtanst in D, 
Willisfoni^ and in D. nebulosa. Such mating ])refereiices do not render 
the gene exchange impossible, because at least one of the two populations 
would continue to receive an inflow of genes from the other. 

Since hybrids between two forms, each of which possesses a weU-balanced 
genotype, may be ill balanced or unfit for survival, reduction or cessation 
of the gene exchange between populations may be adaptively important. 
Genetic variants which reduce the rate of tlie gene exchange may be 
favored by natural selection in populations exposed to hybridization. 
Reproductive isolation would be strengthened by natural selection until 
complete suspension of the gene exchange is attained. The development 
of all forms of reproductive isolation, including sexual isolation, between 
populations which have diverged sufficiently to make compromise geno¬ 
types unfavorable may be initiated and furthered by natural selection.* 
On the other hand, MuUeri* has pointed out that impediments to gene 
exchange may arise accidentally, as concomitants of the process of diver¬ 
gence of genetic systems. 

These two suggestions tnay be complementary rather than conflicting. 
It is well known that natural selection operates with the genetic variants 
present in populations, but cannot create such variants. The variants are 
bound to arise, in a sense, accidentally, through mutation and recombina¬ 
tion. The one-sided mating preferences of the kind observed in Z>, pro* 
saltans would not, even if the geographic races involved were exposed to 
hybridization, constitute a barrier to gene exchange. Such mating pref¬ 
erences may, however, serve as raw materials from which true sexual 
isolation could develop by addifioil of genetic variants making the aversion 
to heterogamic matings mutual instead of unidirectional. Incipient sexual 
isolation is, indeed, found between strains of D, prosalUms from Brazil and 
Guatemala. Incipient sexual isolation is widespread among geographic 
strains of D. siurtevanti, but it is still neither strong enough to be a serious 
obstacle to gene exchange, nor ordered into a balanced system of isolation 
correlated with geography. One-sided mating preferences are very likely 
by-products of physiological racial differences, not necessarily related to 
the mating reactions. True sexual isolation develops if one-sid^d mating 
preferences are added up and coordinated by natural selection. 

The great diversity and complexity of structures and habits connected 
with the search for mates, nest building, courtship and copulation in many 
groups of animals is very impressive. These structures and habits are often 
not only surprisingly complex but also constant within and characteristi¬ 
cally different tmtween species. Their origin in evolution seeins difficult 
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to explain. Their orderly complexity makes accidental origin extremely 
improbable. Natural selection would seem to be incapable of building 
them because of the apparent lack of adaptive value in most of these 
structures and habits. Darwin’s theory of sexual selection was a partially 
successful attempt to resolve this difficulty, but the competition for mating 
postulated by tlie tlieory is relatively seldom observed. It is, therefore, 
desirable to keep in mind the jiossibility that species specific courtship and 
mating habits and associated structures may ser\^e as “rec^ignition marks’^ 
of the specific identity.^ If so, these habits and structures may possess 
adaptive \’alue as integral parts of the mechanism of sexual isolation, and 
for this reason may be developed by a process of sedection. Such a modi- 
fication of the theory of sexual selection would, it seems, avoid most of the 
difficulties confronted by its original, Darwinian, version. 

It should also be kept in mind that the ])rohlein of sexual structures and 
habits which seem to be devoid of adaptive significance is only a part of 
the broader problem of the origin in cvcilution of the so-called “neutrar’ 
characters in general. It is customary to suppose that neutral characters 
become established in evolution because of being physiologically corre¬ 
lated with some adaptively important, although less readily perceptible, 
characters. Unfortunately, the ])ostulated correlations can only seldom be 
demonstrated to exist. For some neutral characters a reasonable alterna¬ 
tive would be to suppose that they function as recognition marks of the 
species during the courtshif> and mating processes, and, are, therefore, 
susceptible of modification and development by selection. 

The assistance of Miss Irene Markreich in conducting the experiments 
is gratefully acknowledged. 

Summary, Geograj^jhic strains of D, slurtevanii show incipient sexual 
isolation. The extent of this isolation is, however, variable and is not 
strictly correlated with the geographic origin of the strains; some strains 
corning from remote localities show less aversion to interbreeding than 
strains from less remote localities. The origin in evolution and the bio¬ 
logical functions of the sexual isolation proper, as well as of other forms of 
preferential mating, are discussed. 


5 Dobr.hanisky, Th., and Mayr, E,, these Proceewnos, 30, 238-244 (1944). 

^ Dobashaiisky, Th., and Streisinger, G., Ibid., an article appearing in this issue. 
« Dobzhansky/Th., and Koiler, P., Biol. Zentr., 58, 589-607 (1938). 

* Dobzhansky, Th., Amer, Natur.^ 74, 312^21 (1940). 

* Dobzhansky, Th., Genetics and the Origin of Species, New York, 1941. 

« Muller, H. J., Biol Reviews, H, 2G1-280 (1939). 

’ Muller, H. J„ Biol. Symposia, 6 , 71-125 (1942). 

* Mayr, E., Systemaiics and the Origin of Species, New York, 1942. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. IL 
GEOGRAPHIC STRAINS OF DROSOPHILA PROSALTANS 

By Th. Dobzhansky and G. Streisingkr 

Department op Zo6looy, Columbia University, anp The Biological Laboratory 
OF THE Long Island Biological Association, Cold Spring Harbor, N. Y. 

Communicated September 28, 1944 

It has been shown ^ that when males of Brazilian strains of Drosophila 
willistoni are confined with females of their own and of other Brazilian 
strains, the females are inseminated at random. But when Brazilian or 
Guatemalan males are kept with mixtures of Brazilian and Guatemalan 
females, there is a tendency for a greater proportion of the Brazilian than 
of the Guatemalan females to be inseminated. A more complex system of 
sexual preferences, which exists within the species D. prosaltans Duda 
(=*/?. seUata Sturtevant), is described in the present article. 

Strains of D, prosalians coming from the following localities (Fig. 1) 
have been used: Huichihuayan, state of San Luis Potosi, Mexico; Chil- 
pandngo and Zopilote Canyon, state of Guerrero, Mexico; Guatemala 
City, Guatemala; Belem, state of Pard, Brazil; Bertioga and Iporanga, 
state of Sdo Paulo, Brazil. The strains from Mexico and Guatemala 
were obtained through the courtesy of Professors J. T. Patterson and A. 
H. Sturtevant. The Brazilian strains were collected by the senior author. 
All seven strains intercross readily, produce fertile hybrids, and doubtless 
belong to the same species. Yet the peculiar chromosome structure found 
in the South-Brazilian strains (Bertioga and Iporanga)® is absent in the 
strains from Belem, Guatemala and Mexico, which have V-shaped X’s 
and Y’s, one pair of V-shafied autosoines, and one pair of rod-like auto- 
somes. Furthermore, in the Mexican strains the basal bands on the ab¬ 
dominal tergites are broader, lighter in color and sharper in outline than 
those of the Brazilian ones;® the Guatemala strain is intermediate in this 
respect and closer to those from Brazil than to those from Mexico. Finally, 
under the conditions of the experiments, sexual activity in the Mexican 
strains starts on the second day and in the Brazilian strains on the third 
day after hatching from the pupae. 

A slight modification of the experimental techniques used for Z>. wUlis- 
toni^ was followed in the work with D, prosalians. Ten freshly hatched 
females of each of two strains—i.e., twenty females in all-—^are placed in a 
vial witli ten freshly hatched males of one of these strains. The right wings 
are clipped in one class of females and the left wings in the other, or else in 
one class a wing is cut and in the other left intact. The vials are kept at 
24V8*^C. for about 3 days, where cultures with Mexican mates are con¬ 
cerned, or for 4 days if Brazilian males arc used. The females are then 
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dissected, and their seminal receptacles are examined for sperm. The 
vials in which too few or too many (less than 20% or more than 80%) 
of the females are inseminated are discarded (such vials are infrequent). 
The tubular (ventral) receptacle in D. prosaltans is a very long tube, re¬ 
sembling a skein of wool that is folded, as a whole, into the shape of an M. 
Live spermatozoa lying parallel to the axis of the tube are easily seen. The 
spherical chitinous spermathecae contain a tangled tnass of sperm in which 
only some moving tlireads can be seen."* If a female is killed while in coitu 
or shortly thereafter, the spermathccae and all but the proximal gyres of 
the tubular receptacle are free of sperm, but a viscous ejaculate is found in 
the vagina. 

A summary of the data is presented in table 1. Numbers of the females 
dissected and percentages of them found inseminated are given for the 
homogamic (i.c., inseminated by males of the same strain) and the hetero- 
gamic (i.e., inseminated by males of the foreign strain) combinations. 
The X" s for the observed differences between the frequencies of the homo- 
garnic and the heterogamic matings, and the isolation indices^ are also 
included, It is evident at a glance that preferential mating is the rule 
rather than an exception when different geographic strains of D. pro¬ 
saltans are brought together, and that strong preferences for homogamic 
matings (positive isolation indices) as well as for heterogamic matings 
(negative isolation indices) are common. Taking the 0.05 or 0.01 prob¬ 
ability levels (corresponding to x‘^’s of 3.84 and 0,04) as the limits of signifi¬ 
cance, we find that 35 or 34 out of the 42 crosses made give results deviat¬ 
ing from randomness of mating. Significant positive isolation indices are 
found in 23 or 24, and significant negative ones in 11 crosses. 

The relationships observed can be described most simply as follows. 
The geographic strains examined fonn a hierarchic series: Chilpancingo ^ 
Zopilote > Huichthuayan > Guatemala > Belem > Iporanga ^ Bertioga. 
If males of a strain higher up in this series are confined with females of the 
same strain and of another strain lower down in the series, the frequency 
of homogamic trtatings exceeds that of the heterogamic ones, making the 
isolation index positive. But if males of a “low” strain are kept with a 
mixture of females of their own and of a “higher” strain, the frequency of 
heterogamic matings exceeds that of the homogamic ones, and the isolation 
index is negative. This regularity was found in 36 out of 42 crosses; the 
exceptions are discussed below. 

Chilpancingo males always inseminate more of their own than of foreign 
females. This preference* is very strong in mixtures of Chilpancingo with 
Bertioga and Iporanga females, a little less strong in mixtures with Belem, 
Guateinala and Huichthuayan, and least strong in mixtures with Zopilote 
females. It may seem surprising, however, that, with the exception of the 
Zopilote males which show no preference, males of all other strains in- 
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TABLE I 

Numbers of Females Dissected (n) and Per Cent Carrying Sperm (%) in Various 


Crosses of Drosophila prosaltans ^ 

UOMOUAMIC UBTfiltUOAMIC ISOLATION 



MALES 

n 

% 

n 

% 

X* 

IMUKX 

Chilpancingo, ZopUote 

Chilpancingo 

m 

88,3 

65 

60.0 

12.8 

0.19 

Chilpanciugo, Zopilote 

Zopilote 

91 

57.1 

90 

50.7 

0.0 

0.00 

Chilpancingo, Huichihiia' 

yan 

Chilpancingo 

72 

95.8 

70 

32 9 

61.7 

0.49 

Chilpancingo, Huichihua- 

yan 

Huichihuayan 

48 

31.2 

47 

87.2 

30.8 

-0.47 

Chilpancingo, Gualemala 

Chilpancingo 

GO 

96.7 

63 

28.6 

60.7 

0.54 

Chilpancingo, Cnateniala 

Guatemala 

93 

40.9 

106 

71.7 

19.3 

-0.27 

Chilpancingo, Belem 

Chilpancingo 

91 

89.0 

m 

26.7* 

70.5 

0.54 

Chilpancingo, Belern 

Belem 

111 

27.0 

102 

74.5 

47.9 

-0.47 

Chilpancingo, Bertioga 

Chilpancingo 

48 

91.7 

48 

6,2 

70.0 

0.87 

Chilpancingo, Bertioga 

Bertioga 

103 

17.5 

lit 

65.8 

51.0 

-0.58 

Chilpancingo, Iporanga 

Chilpancingo 

57 

100.0 

57 

14.0 

85.9 

0.75 

Chilpancingo, Iporanga 

Iporanga \ 

85 

36.3 

89 

67.4 

18.0 

-0.31 

Zopilote, Huichihuayan 

Zopilote 

71 

71.8 

72 

34.7 

19.7 

0.36 

Zopilote, Huichihuayan 

Huichihuayan 

105 

26.7 

114 

69.3 

39,7 

-0.44 

JSopilote, Guatemala 

Zopilote 

G5 

75.4 

59 

18.6 

40.1 

0.(50 

Zopilote, Guatemala 

Guatemala 

67 

28.4 

75 

58.7 

13.0 

-0.35 

Zopilote, Belem 

Zopilote 

4G 

95.6 

42 

26.2 

45.5 

0.57 

Zopilote, Belem 

Belem 

U2 

49.1 

113 

61.1 

3.2 

-0.11 

Zopilote, Bertioga 

Zopilote 

77 

72.7 

76 

19.7 

43.3 

0.67 

Zopilote, Bertioga 

Bertioga 

105 

32.4 

108 

67.6 

26.4 

-0.35 

Zopilote, Iporanga 

Zopilote 

50 

92.0 

53 

32.1 

38.8 

0.48 

Zopilote, Iporanga 

Iporanga 

82 

26.8 

80 

70.0 

30 .1 

-0.46 

Huichihuayan, Guatemala 

Huichihuayan 

92 

71.7 

92 

38.0 

21.1 

0.31 

Huichihuayan, Guatemala 

Guatemala 

79 

36,7 

80 

48.7 

2.6 

-0,14 

Huichihuayan, Belem 

Huichihuayan 

86 

77.9 

82 

13.4 

70.1 

0.71 

Huichihuayan, Belem 

Belem 

106 

67.6 

UK) 

30.0 

16.8 

-0,31 

Huichihuayan, Bertioga 

Huichihuayan 

74 

58.1 

74 

17.6 

25,8 

0.64 

Huichihuayan, Bertioga 

Bertioga 

100 

32.0 

96 

61.0 

7.1 

-0.23 

Huichihuayan. Iporanga 

Huichihuayan 

76 

81.6 

75 

48.0 

18.7 

0,26 

Huichihuayan, Iporanga 

Iporanga 

100 

33.0 

95 

46.3 

3.1 

-0.16 

Guatemala, Belem 

Guatemala 

103 

55.3 

102 

10.8 

46.5 

0.67 

Guatemala, Belem 

Belem 

99 

65.6 

106 

16.0 

36.0 

0.66 

Guatemala, Bertioga 

Guatemala 

61 

64.7 

51 

11.8 

30.2 

0.69 

Guatemala, Bertioga 

Bertioga 

78 

66.7 

80 

41.3 

10.2 

0.34 

Guatemala, Iporanga 

Guatemala 

50 

60.0 

52 

11.6 

26.2 

0.68 

Guatemala, Iporanga 

Iporanga 

164 

tK).4 

156 

38.7 

14.9 

0.22 

Belem, Bertioga 

Belem 

122 

53.3 

116 

36.2 

7.0 

0,19 

Belem, Bertioga 

Bertioga 

91 

41.8 

94 

21.3 

9.1 

0.33 

Belem, Iporanga 

Belem 

94 

46.7 

94 

60.0 

0.3 

-0.04 

Belem, Iporanga 

Iporanga 

85 

43.6 

80 

41.2 

0.1 

0.08 

Bertioga, Iporanga 

Bertioga 

70 

42.8 

67 

38.8 

0.2 

0.05 

Bertioga, Iporanga 

Iporanga 

90 

61,6 

108 

48,1 

3.8 

0.12 
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seminate Chilpancingo females iu preference to females of their own 
strains. The preference is exhibited most strongly by males from Ber- 
tioga, which give a negative isolation index as low as -“0.58. 

Zopilote flies are about equivalent to Chilpancingo, but tlie positive as 
well as tlie negative isolation indices tend to be lower where Zopilote flies 
are concerned. Huichihiiayan males prefer their own females to those of 
Guatemala, Belem, Bertioga and probably Iporanga, but inseminate 
Chilpancingo and Zopilote females in preference to their own. Hiuchi- 
liuayan females placed with Chilpancingo and Zopilote are discriminated 
against by males of the latter strains, but are preferred by Guatemala, 
Belem, Iporanga and Bertioga males in the presence of their own females. 

Guatemala and Belem strains behave somewhat differently from those 
discusst^d above. As might be exj^ected from the position of the Guatemala 
strain in tlie hierarchic series, Guatemala males inseminate their own 
females preferentially in mixtures with Belem, Bertioga and Iporanga, but 
prefer foreign females in mixtures with Chilpancingo, Zopilote and probably 
Huichihuayan. But Guatemala females are not inseminated by males of 
any strain in jireference to females of their own strain. Belem, Bertioga 
and IfK^ranga males, which stand lower in the hierarchic series than Guate- 
mala, inseminate a greater proportion of their own than of Guatemala 
females; Chilpancingo, Zopilote and Huichihuayan males do likewise. 
There is, consequently, a true sexual isolation -that is, a reciprocal aver¬ 
sion -between the Guatemala and the Brazilian strains, and if flies from 


Guatemala and Brazil were mixed the mating.s would be mostly liomo- 
gamic. As shown above, there is no reciprocal aversion between Guate¬ 
mala and Mexican strains, or between Mexican and Brazilian strains, Mexi¬ 
can females being always preferred. The Belem strain seems to behave in 
a manner similar to the Guatemala. In accordance with the jwsitioii of 
tliis strain in the hierarchy, Belem males give negative isolation indices 
in mixtures with Mexican and their own females, but positive isolation 
indices in mixtures with Bertioga females. However, Bertioga males 
placed with Bertioga and Belem females inseminate the former preferen¬ 
tially, Matings occur more or less at random in mixtures of Belem and 
Iporanga, or of Bertioga and Iporanga flies. 

The hierarchy of sexual preferences of strains of Drosophila prosaltans 
is clearly correlated with the geographic origin of these strains (Fig. 1). 
The three highest strains all conje from Mexico, which is the northern 
limit of the distribution area of the species. The two lowest strains are 
from southern Brazil, and the intermediate strains from Central America 
and from equatorial Brazil, Strains from localities geographically close to 
each otlier are more or less similar (Chilpancingo and Zopilote, Iporanga 
and Bertioga). 

The discovery of negative isolation indices, which signify that matings 
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between representatives of different strains arc more frequent than be* 
tween those of the same strain, was unexpected. Since sexual activity 
starts sooner after hatching of the flies from the pupae in Mexican than in 



Huichihuoyon f 

V ^*ATorno2unchoIe 

ChilponangoA ) 

>pi 


Guotemoli 



FIGURE 1 

A*map showing^the localities in which strains of D. prosaUans and D. siuriMfUi have 

been collected. 


Brazilian strains, it seemed possible that the results obtained in our experi¬ 
ments, in which flies of the same chronological age are placed .together, 
reflected merely the difference in biological age of the flies. Indeed, females 
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tnay become more sexually receptive as they grow older, and therefore 
older females may be inseminated in preference to younger ones. To 
test this possibility, Brazilian females were kept for two days on 
abundant food but without males, and then placed in vials with freshly 
hatched Mexican females and freshly hatched males of either kind. The 
females were dissected and examined as usual. The results arc sum¬ 
marized in table 2. The rate of insemination clearly does not depend upon 
the age of the females alone, although the isolation indices in table 2 are 
lower than those for the carres[)onding crosses in table 1. 


TABLB 2 

Numbers of Females Dissected (w) and Per Cent Carrying Sperm (%) in Crosses 
IN Which Brazilian Females Were Older Than the Mexican Ones 



MA).BS 

IIOMOt3AlltC 
n % 

HBTBItOOAMIC 
« % 


tWUTtOH 

INDBX 

Chilpancingo, Berliogu 

Chilpancingo 

133 80.5 

130 

25.7 

80.8 

0.62 

Chilponcingo, Bertioga 

Bertioga 

09 34.8 

71 

06.2 

13.8 

-0.31 

Chilpancingo, Belem 

Belem 

41 53.7 

40 

80.0 

5.3 

-0.20 


Summary,- The strains of D. prosaltans form a graded series with respect 
to their sexual preferences, and this seriation corresponds in a general way 
to the geographic origin of these strains. When northern (Mexican) males 
are kept with a mixture of northern and southern (Brazilian) females, more 
of the former than of the latter are inseminated, lii similar experiments, 
the southern males also inseminate more northern than southern females. 
Females of the strains from Guatemala and from equatorial Brazil are 
discriminated against by South-Brazilian males in favor of females from 
the Soutli-Brazilian strains. 

* Dobzhansky, Th., and Mayr, K., thest Prockedinos, 30, 238-244 (1944). 

* Dobzhansky, Th., and Pavaa, C., Ibid., 29, 308-376 (1943). 

* 7'his external difference is not suflicient to distinguish the Mexican and the Sauth- 
Braziiian flies in all cases. Young Mexican flies have the .same “faded-out** appearance 
as the older Brazilian flies, the **bright*' coloration characteristic of the Mexican race 
developing only gradually with age. It does not seem advisable at this time to recognize 
the Mexican race taxonomically by attaching to it a Latin name, 

* This condition, and the fact that the opening of the sperniathecal duct is provided 
with a brush of chitinous needles protruding into the cavity of the spermatheca, suggests 
that the sperm .’Stored in it is not used in fertilization of eggs. It seems possible that the 
function, in Drosophila, of the sperm in the chitinous spermathecae is to stimulate the 
development of the eggs in the ovary .through a hormone-like mechanism. 

* Stalker, H. D.. Genetics, 27, 238-257 (1942). 

< It should be stressed that expressions like "preference'' and "discriminatieMi" are 
used merely to avoid circumlocutions. Our data show merely the frequencies of insemi- 
nation of females of different strains, and it is not known whether these frequencies 
depend upon the behavior of males, of females or of both sexes. 
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MENDELIAN INHERri'ANCE OF ADAPTIVE ENZYMES 

IN YEAST* 

By Carl C\ Lindegrkn, S . Spiegelman and Gertrude Lindegrkn 

The Henry vShaw School op Botany and the Department of ZoOlogv, Washington 

University 

Comniuiiicated September 13, 1944 

Introduction. Our previous analysis^- ^ of the mechanism of jjalacto- 
zymasc production in Saccharomyces cerem.siae revealed that it is an 
adaptive* enzyme. The existence of unadaptable strains indicated 
that the initiation of enzyme synthesis was genetically controlled. The 
adaptation time for each specific strain was reproducible under standard 
conditions. Wliile the genetic composition determines the initiation of 
enzyme synthesis, the quantitative level of enzyme in the cell below the 
maximum deptnids on an interaction between the specific fermentable 
substrate and tlie cytoplasm. It was thus of some interest to examine the 
adaptability of the progeny of two species differing in the possession of an 
adaptive enzyme. 

5. iKilidiis and 5. mandshuricus both possess the ability to ferment 
iiielibiosc. Hybrids between tliese forms and other fermenting and non¬ 
fermenting yeasts led Winge and Laustsen^ to state that “the presence of a 
specific enzyme is dominant to its absence in all the instances studied.“ 
They made matings by placing two spores in contact with each other. 
This method has the disadvantage that one cannot characterize the haplo- 
phase parents since both of the original spores are consumed in the mating. 
Furtliermore, the genetical mechanism was not analyzed, since the pheno¬ 
types of the segregants from the hybrids were not examined. Finally, 
as will lx? shown here, melibiozymasc is an adaptive enzyme, hence Winge 
and Lauslsen's observations concerning the dominance of fermentative 
capacity need not imply a genetic basis. It is conceivable that hybrids 
of fermenting by non-fermenting strains may all be fermenters simply 
because they all carry 50% fennenting tyjie cytoplasm (with its enzymes). 

In the present experiments, the progeny of a hybrid between 5. carls- 
hergensis and S, cerevisiae and other related progenies were examined. 
S. carlsbergensis can adapt to inelibiose fermentation while 4$’. cerevisiae 
cannot. The liybrids were produced by mixing haplophase cultures ac¬ 
cording to a method recently described.^ Since only part of the culture 
is needed for the mating, the remainder can be used to determine the 
characteristics of the parent strain. Portions of the clone-culture are 
also available for back-crossing or mating to other clones of interest. 

Methods ,—One liter of the basic medium contained the following sub¬ 
stances: 2 g. autolyzed yeast extract powder, 3 g. Bactopeptone, 1 g. 
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(NH4)aS04. 0.133 g. K 2 PO 4 , g. KH2P04, 0,25 g. MgvS04. 0.125 g. 

CaCla^ 1 cc. of ^0%, sodium lactate. Plight per cent eerelosc was added to 
grow crops of yeast for adaptability test. Solid medium was made by 
adding 30 g. of agar to the above. A 12 % solution of Eastman melibiose 
containing less than 0 . 01 % of other fermentable carbohydrate w^as sterilized 
by Seitz filtration and added to the basic (carboliydrate free) medium to 
j)roduce a solution containing 4% melibiose. 

Test for Ability to Ferment Melibiose r All 175 cultures were characterized 
according to their ability to ferment melibiose by the standard inverted 
tube technique. These tests were run in duplicate and over 90% of the 
cultures were held for a period of more than 30 days when the results were 
recorded. Many repetitions were made, also in duplicate, with uniformly 
identical results. TJie presence or absence of gas production is recorded 
in figure 2 by the signs + and —, 

In using the inverted tube method, part of a clone is seeded into the 
broth containing melibiose as the carbohydrate source and allowed to 
grow. Since every mutation in a haplophase population becomes func¬ 
tional itnmediately, a jx>sitive test tiiight not mean that the original clone 
possessed the fermentative capacity. Selection of a mutant produced 
during growth in the melibiose solution may have occurred. To 
exclude this possibility, these data were supplemented by duplicate tests 
of 12 critical cultures using Warburg manometers. A portion of the 
original clone was seeded into ordinary cerclose broth. After 48 hours’ 
incubation, the resultant growth was centrifuged and washed twice with 
il//15 KHiiPOi, It was then resuspended in M/lb KH 2 PO 4 . Melibiose 
was added in sufficient amounts to make a 4% solution. Under these 
conditions, selectkm is ruled out since no division takes place during the 
exposure to melibiose. If a stationary population exposed to melibiose 
acquires the ability to ferment the sugar, it can only be due to an inter¬ 
action between the existing cells and the sugar. Samples were taken at 
intervals and tested for tlie ability to evolve CO 2 under anaerobic condi¬ 
tions. Fresh melibiose was always added to the suspension at tlie be¬ 
ginning of each determination to insure the presence of excess substrate. 

It is highly improbable that a growing haplophase population kept in 
contact with cerelose (glucose) will acquire the ability to ferment melibiose 
because conditions would act against the selection of a melibiose-fermenting 
mutant. However, it is conceivable tliat a haplophase culture capable of 
fermenting melibiose grown for a long time on glucose might lose the 
ability to ferment melibiose by the selection of a non-fermenting mutant. 
There were no instances of this type during the present study, indicating 
that the melibiose fermenting genes are very stable. In all cases the 
results obtained with the inanometric method agreed with those yielded 
by the inverted tube procedure. 
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Adaptation Times. —For accttrate determinations of adaptation times, 
it was fonnd^ that the R, Q., which could be followed continuously by the 
two vessel method,*' could be used. When the R, Q. reached a value of 
1.8, tlie culture was considered adapted since this meant a Qcoi value of 
100. This was checked by flushing tlie KOH free cup with nitrogen after 
the R. Q. had exceeded 1.8 and measuring the Qcoa value. All measure¬ 
ments were taken at 30.2the temperature at which the suspensions were 
incubated with the substrate. The vessels were shaken at a rate of 100 
oscillations per minute over a 7*cm. arc. The nitrogen used to displace 
the air in nieasuretnents of anaerobic COa production was passed over hot 
copper to remove any traces of oxygen. 

The Adaptive Nature of the Mdihiose-Fer^nenting Enzyme.~To determine 
whether or not S. carlshergensis is able to fenuent mclibio^ immediately 



Graph showing adaptive nature of mclibio.se 
fermentation by S. carlshergensis. 

or only after a period of adaptation, phosphate suspensions of 48-hour, 
cerelose-grown cultures were placed in Warburg vessels with melibiose in 
the sidearms. After flushing with nitrogen, the melibiose was tipped. 
In no case was CO 2 evolved immediately or subsequently within 8 hours. 
However, if similarly prepared suspensions were incubated in air in the 
presence of melibiose and samples tested at intervals for anaerobic COj 
evolution, measurable rates were found within 100 minutes, indicating 
that the enzyme-system necessary for melibiose fermentation is formed 
rapidly only after aerobic incubation in the presence of the substrate. 

Figure 1 gives a representative curve of Qco, values after various periods 
of incubation. Four such tests were made in duplicate of the original 
cultures of 5. carlshergensis with the same results. Eight separate deter- . 
niinations of the adaptation times of this culture were made and an average 
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value of 167 * 10 minutes was obtained. It is clear from these experi¬ 
ments that the ability to ferment melibiose involves the formation of an 


Saccharomyccs cerevisiae Saccharomyces corlsbergensis-f 



adaptive enzyme. It differs in no essential way from the galactozymase 
activity previously studied. As in the case of galactose fermentation, 
cells whi^ have been adapted to ferment melibiose lose this ability when 
removed from the substrate and have to be readapted to use it fermenta- 
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TABLE 1 


Fermentation op Melibiose by Proouny of Various Crosses between Sac- 
c}iaromyct$ cerei>i$iae (Melibiose —) by Saccharomyces carhhergensis (Mblibiosb -f-) 


Difloiu 

Phiinotvpk 
OF PtPLOIO 

Phmnotvp»« of 
COPULANTS 

No. OF 

Ascus 

A 

— Spc 
B 

IRR- 

c 

D 

S. carlsbergensis 



Cl 








Co 

4 

4 

4 





C6 

+ 

4 

-"-I-- 

+ 

S. cerevisiae 

— 


Lk5 

— 

— 

— 


Hybrid I 


— X "f~ 

1 

4 

4 

4 

4 

(Lk6B X CIA) 



2 


4- 


4 




3 

4 

.4 


4 




4 

+ 

4 

— 





5 


4 






6 

4 

— 

4 

4 




7 



4' 





8 

4 

— 

+ 

— 

Hybrid 11 


— X -f 

1 

4 

4 

* 


(Lk5B X Hybrid I-IA) 



2 


— 

4 





3 

4~ 

— 






4 




— 

Hybrid III 

+ 

+ X + 

1 

4“ 

+ 



(Hybrid MA X MD) 



2 

4* 

4* 

4 





3 

+ 

4 

4 

4 




4 

4” 

__ 

4 

4 




ii 

4 

4 

4 





6 


4 

4 

4 

Hybrid IV 

d- 

- X + 

1 

4- 


-- 


(Lk5C X Hybrid I-ID) 



2 

4- 

— 






3 

— 

— 

4 





4 

+ 


4 

— 




5 



— 

4 




6 




4 




7 

— 

4 

4 

— 




8 

+ 

4 


— 

Hybrid V 


- X - 

1 





(Lk5C X Hybrid IV-7U) 



2 

— 


— 


Hybrid VI 

4- 

4* X " 

1 

4- 

4 

4 

4 

{CIA X Hybrid IV-7D) 



2 

II 1 ~ —- 1 nr Jii 1 ■ • 1 

— 

4 

+ 



Four spores were remaved from each ascus and designated arbitrarily as C, D, 
Pluses and minuses in these columns indicate that the spores, respectively, femiented 
or failed to ferment melibiose. 

A blank space indicates that the spore failed to produce a viable colony. 
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tively. This adaptive behavior was true not only of the original 5. 
carhbergensis, but of all the haploid and diploid progeny which were 
tested, although the adaptation times varied. Wherever a clone is indi¬ 
cated as positive, it only showed that character after aerobic incubation 
in the presence of melibiose. None could ferment it on immediate contact. 

Mmdelian Segregation of the Adaptive Enzyme. —Figure 2 is a pedigree 
indicating the characteristic progeny of a hybrid between S. cerevisiue 
(mel “■) and S, carlsbergensis (mel +), which are listed in detail in table L 
Four single ascospore cultures (Lk5A, B, C, D) were isolated from a single 
ascus of S, cerevisiae. Each one was haploid and all failed to adapt to 
melibiose fermentation. Several asci of S. cathhergensis were also 
dissected, but in these early experiments only one spore pet ascus survived. 
Each of these was adaptable. Two asci from S. carlsbergensis dissected 
later, gave eight cultures (C5A, B, C, I), and CbA, B, C, D) each of which 
proved adaptable. 

Hybrid I was an interspecific hybrid (cerevisiue by carlsbergensis Lk5B X 
CiA) made by mixing melibiose + and melibiose ■“ haplophase cultures. 
Three diploid cells isolated from this culture were all capable of femienting 
melibiose, confirming the results of Winge and Laustsen. Eight asci were 
dissected from the interspecific hybrid and all the haplophase progeny were 
tested for the ability to ferment melibiose. The haplophase cultures from 
three asci all fermented melibiose. "I'wo asci produced three + and one 
— culture. One ascus produced two + and two — cultures. The fact 
that in some cases more than two of the haplophase segregants from a single 
diploid nucleus fermented melibiose indicates that more than one gene is 
involved. 

Hybrid II was produced by back-crossing positive haplophase culture 
I-IA to a negative haplophase culture from 5. cerevisiue. A regukur Men- 
delian segregation of the progeny shows that I-IA carries a single gene 
capable of controlling melibiose fermentation. 

Hybrid IV was made by back-crossing positive haplophase culture 
I-ID to a negative haplophase culture from 5. cerevisiue. In this case a 
regular Mendelian segregation again shows that a I-ID also carries a single 
gene. 

Hybrid III was produced by mating I-IA by I-ID. Analysis of hybrids 
II and in has proved that each of these cultures carries a single gene con- 
trolling melibiose fermentaticfii. If these genes are alleles, all the haplo¬ 
phase progeny of the hybrid should ferment melibiose. Two of the 20 
haplophase segregants failed to ferment melibiose, proving that the gene 
carried by I-l A is riot an allele of the gene carried by I-l D. Therefore, the 
original culture of S. carlsbergensis contained two different non-allelic loci 
controlling melibiose fermentation. 

Hybrid V was made by back-crossing negative haplophase IV-7D to a 
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negative haplophase from S. cerevtsiae. Six haplophase progeny from 
two asci were all negative. 

Hybrid VI was made by back-crossing the same culture (IV-7D) to a 
positive haplophase of 5. carlsbergensis. Six of seven haplophase progeny 
fermented melibiose, while one failed. This finding together with the 
results obtained in Hybrid V confirms the fact that CIA possesses two 
genes controlling melibiose fermentation. 

Summary and^ Conclusions —S, carlsbergensis and its haploid segregants 
can adapt to melibiose fermentation while S. cerevisiae and its haplophase 
progeny cannot. Data obtained from 175 progenies of the interspecific 
and of related hybrids are consistent with the view that 5. carlshergensis 
contains two pairs of dominant genes, each of which controls the production 
of an adaptive enzyme. The gene initiates the synthesis of a melibiose 
fermenting enzyme complex, providing melibiose is present. S, cerevisiae 
is homozygous for the recessive alleles. 

* Aided by a grant from Anheuser-Busch, Inc., St, Louis, Mo. 

* Spiegelman, S,, Lindegren, C. C., and L. Hedgecock, these Proceedinus, 30, 13“23 
(1944). 

* Spiegelman, S., and Lindegren, C. C.» Ann. Afo. Botan, Garden^ 31,219 -233 (1944), 

* Karstrom, J., Ergeb. Enzymforsch.^ 7, 350-376 (1937). 

* Witige, O., and Laustsen, O., Compt. rend, iravaux lab, Carlsherg^ sfrie physiologique 
22, 337-352 (1939), 

* Lindegren, C. C., and Lindegren, G., these Proceedings, 29, 306-308 (1943). 

* Lindegren, C. C., and Lindegren, G., Bot. Gaz,, 105, 304-316 (1944). 

^ Lindegren, C. C., and Lindegren, G., Jour. BacU^ 40, 405-419 (1943). 

* Spiegelman, 8. in ms. 

* Pixon, M., Manometric Aietkods^ Cambridge, 1934, 122 pp. 


APOMIXIS, IN GUA YULE 
By Kathbrikb Esau 

Division of Botany, College of Aoriculture, University of California 

Communicated September 25, 1944 

The literature on the morphology of reproduction in guayule (Par- 
thenium argentatum Gray) indicates that many irregularities occur in the 
development of the seed in this species. Thus Khkwood* observed no 
division of the megaspore mother cell but in some preparations he found 
* Vhat appeared to be vestiges of a non-functiohal spore.’^ He suggested, 
therefore, that, at the most, the megaspore mother cell divided once before 
the 8-nucleate embryo sac was formed in the **ttsual manner.” In her 
studies on the female gametophyte of guayule, Kokieva* listed a series 
of features that are usually taken as indications of parthenogenesis; 
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however, she was unable to prove that this phenomenon occurred in 
(fuayule, Dianowa, et al:,^ also denied the existence of parthenogenesis in 
P, argenlatum and other species of this genus. 

The plants of P. argentatum that were used in the present study were of 
the 30~ and 72-chromosome types. (Details regarding the origin of this 
material are to be published later.) The development of the female 
gainetophyte and embryo differed in relation to the chromosome numbers. 
The 3()-chroniosonie plants were largely, if not entirely, sexual; the 72- 
chromosonie material was predominantly apomictic. 

Table 1 illustrates the difference between the 3G- and the 72-chroinosoine 
types with regard to the early development of the embryo sac. The figures 
in this table are based on an examination of young ovules ranging from 
70 to about *100 microns in height. The youngest t>vules showed mega- 
spore mother cells enclosed within a nucellus that was still protruding 
beyond the integument; the oldest ovule was one with a tetranucleate 
embryo sac associated with a disintegrated nucellus and with an integu¬ 
ment that completely enclosed the embryo sac and projected beyond it in 
the micropylar region. 

The 3f)-chromosonie material showed many megas]>ore mother cells in 
different stages of meiosis (item 3, table 1). Dyad and tetrad formation 
followed meiosis. (items 5 and 0, table 1). Most of the uninucleate embryo 
sacs and many of the binucleate ones were associated with crushed mega- 
spores. Sooner or later after the enlargement of the functioning mega¬ 
spore the nucellus was destroyed. In the 72-chromosome material the high 
percentage of megaspore mother cells (items 2 and 3, table 1) and par¬ 
ticularly of resting megaspore mother cells (item 2, table 1) indicated 
that the gametophyte formation proceeded slowly. The megasp<.)re mother 
cells were of different sizes; some w^re so much enlarged that they were 
comparable to the uninucleate embryo sacs and were associated with a 
crushed nucellus (item 4, table 1). Views showing tetrads or crushed 
megaspores were few. 

The occurrence of the relatively large, uninucleate structures associated 
with no crushed megaspores, but frequently with a disorganizing nucellus 
indicates omission of meiosis; conversely, the presence of megaspores 
(whether degenerating or not) is an evidence of preceding meiosis.* Judg- 
ing by the items 4 to 6 in table 1 omission of meiosis is rare in the 36- 
clu'omosome plants used in this study but is common in the 72-chromo¬ 
some plants. This evidence is strengthened by the observation that most 
of the megaspore mother cells in the 36-chromosomc material were in some 
stage of meiosis/ whereas most of those in the 72-chromosome plants were 
, resting (items 2 and 3, table 1). 

Thus apomixis in guayule involves apotneiasis of the type of generative 
apospory^^ in which the megaspore mothesr cell does not form tetrads but 
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directly develops into a uninucleate embryo sac with a diploid number 
of chromosomes. Since the apomictic 72-chroniosome material showed 
some meiosis also the apospory in gua)aile may be termed faculiative, 
Kirkwood* apparently noted this phenomenon in guayule but did not 
realize the significance of his observation. 

The percentage of apospory in the 72*chromosonie material can be 
rotighly estimated from items 1 to 7 of table 1. Items 2 and 4 may be taken 
as indications of aposf)ory and items S and 5 to 7 as evidences of ineiosis, 
(Some of the megaspore mother cells in item 2 would probably have under¬ 
gone meiosis; on the other hand, not all divisions in item 3 were identified 
as meiotic.) With these assumptions there was 74.2% of apospory in the 
72-ehromosome material. This figure agrees well with the percentages of 
maternal types (61.6 to 95,2%) that were observed by Powers and Rollins® 

TABLK 1 

Comparison of thk 36- and 72-Cmromosome Types of Guayxjee Plants with Regard 

TO Embryo-Sac Formation 

36-chkomo!»omk 72 * cm k<jmosom k 


iTWwr 

NUHNRR 

1 

o 

3 

4 


5 

6 

7 

8 
9 

10 


DBSCKlPTIfJN OF THK ITBM 

Number of ovules examined 
Per cent of resting megaspore mother cells 
Per cent of dividing megaspore mother cells 
Per cent of “uninucleate embryo sacs'with 
disintegrating nucelius and no crushed 
itiegaspores 
Per cent of dyads 
Pet cent of tetrads of megaspores 
Per cent of uninucleate embryo sacs with 
crushed megaspores 
Per cent of binucleate embryo sacs 
Per cent of tetranucleate embryo sacs 
Per cent of degenerated embryo sacs 


TYPR 

rvPH 

75 

400 

1,3 

5.5,5 

21,4 

12.0 

1.3 

7.8 

5.4 

1.7 

34.6 

7.0 

8.0 

' 1.3 

8.0 

12.2 

20.0 

1.8 

0 

0.7 


** These are enlarged megaspore mother cells. 


in tlie F* generations of several P, argeniatum Gray 9 X F. incanum 
H.B.K. c? crosses. The same authors found no such apomictic reproduc¬ 
tion when 36-chfomosome plants were used as female parents and the 
present data suggest less than 4%^ apospory in similar plants. 

Generative apospory leads to the formation of an “unreduced game- 
tophyte“ with a diploid egg cell capable of giving rise to an embryo without 
fertilization. The occurrence of such embryo formation in guayule was 
checked by comparing pollinated and non-polKnated material from 36- 
and 72-chromosome plants. (The emasculations and pollinations were 
carried out by Dr. Reed C. Rollins of the Special Guayule Research Proj¬ 
ect, U.S.D.A.) The achenes from the non-poUinated flowers of a 36- 
chromosome plant contained no embryos; open pollinated plants of the 
same type contained embryos, usually associated with developing endo- 
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sperm. Non-pollinated 72-chromosome plants contained embryos in 
most ovules, but the lack of pollination reduced the percentage of ovules 
in which the endosperm was developing and either reduced or completely 
inhibited the development of full-size embryos. In the pollinated and non- 
pollinated 72-chromosome plants there was a distinct lack of relationship 
between the early development of the embryo and that of the endosperm. 
The morphologic evidence on the beneficial effect of pollination upon 
efnbryo and endosperm development in the 72-chromosome material 
agrees with the data of Powers and Rollins*^ showing that pollination is 
necessary for the production of viable seed in the apomicts of guayule. 
The obvious conclusion is that in conjunction with the generative aposfiory 
unreduced pseud ogam occurs in the apomictic types of guayule. 

' Kirkwood, J. B.. Anier. Kev. Trap. Agri., 1, 193 206 (1910). 

' Kokieva, E,. Jour. Hot . V.R.S.S., 17, 72-99 (1932). 

* Diaiiowa, W. J.. Sosnowetz, A. A., and Steschiiia, N. A., Beih. Bot. Cenlralb., S3, 
294-308 (1935). 

' Kidlandcr, C. L., .S'wwvA Bot. Tidskr., 31, 425-429 (1937). 

■■Stebbins, G, L., Jr., Bot. Rev., 7, ,'■>07-542 (1941) 

" Powers, LeRoy, and Rollitis,'Reed C., Manuscript submitted to Jour. Amer. Roc. 
Agron. 


A METHOD IN RATIONAL DIOPHANTINE ANALYSIS 

f 

By E. T. Bbll 

Oaufornia Institute of Ti?chnoixx;y 
Commumcated September 25, 1944 

L The method furnishes rational solutions of a rational diophantine 
system when such solutions exist. By rational substitutions the system is 
reduced to a multiplicative system, which is completely solvable either in 
integers or in rational numbers. If the substitutions are birational, the 
complete integer or rational solution of the original system is obtained. 
When the substitutions are not rationally reversible, the method furnishes 
a partial solution of the original system; and this solution is rational in a 
certain necessary and sufficient number N of independent free parameters, 
the number being determined by the system. The obvious geometrical 
analog is the parametrization of a rational variety in space of a given 
number of dimensions; and the necessary and suflficietit number N' of 
independent parameters is readily determined in any particular instance. 
That the arithmetical problem may be radically different from its geometric 
analog is suggested by the fact that, except in almost trivial systems, 
N 3 ^ N\ For example, N' may be 9 while the corresponding N may exceed 
40 million. 
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Although partial solutions are scarcely in the modern spirit of diophan- 
tine analysis, they sometimes imply by-products of interest in other parts 
of the theory of numbers. To cite an older instance, S. Ryley*s* striking 
theorem (1825) that every rational number is a sum of three rational cubes, 
appears as a consequence of a partial solution of a very special ternary 
cubic diophantine equation. Geometrical considerations® have accounted 
for the success of Ryley’s ingenious devices, which amount algebraically 
to the rational substitutions mentioned above. Actually, the special 
ternary cubic equation in question is replaced by a multiplicative system, 
whose complete vsolution is obtainable by the present method. But this 
solution is not the complete solution of the original equation, as the multi¬ 
plicative system is not equivalent to the equation, an auxiliary restriction 
being introduced in order to reduce the equation to the multiplicative type. 
Similarly in all applications of the method to mixed additive and multi¬ 
plicative systems; and the chief interest of the necessarily incomplete 
solutions is probably in their possible by-products. The method proposed 
is general and strictly elementary, and may be regarded as an alternative 
for the more recent applications of algebraic geometry to the arithmetic 
of rational varieties. It will suffice here to illustrate it by two examples, 
of which the first is the ternary cubic equation underlying Ryley’s theorem. 

2. To solve 


(f + »? + f)* w 

in rational numbers rj, where rf, m are given rational numbers, the 
equation is reduced to the multiplicative type by assuming tliat + m 
is a product of linear homogeneous functions of the indeterminates (, n, 
This is equivalent to adjoining an auxiliary equation. A sufficient ad¬ 
junction (one of an infinity) is essentially Ryley’s, 

* 

drf^^ as tw, 

which reduces the equation to the multiplicative type 

dnl'iS + 0 ^ + V + f)*i 

which is of the form 


dxyz « tt*. 

For simplicity let d, m be integers. (If d, m are merely rational, the multi¬ 
plicative equation is of the type axyz » bu^ with a, b integers such that 
(a, 6) « 1. The resolution is similar to that of the equation discussed, 
but the intermediate fonnulae involve more parameters.) The complete 
solution of the multiplicative equation is found in the uau^ way; 
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X « ayiZiXt^xz^x^^, 
y « bx^z^yryi^yt^, 
z ^ cxiyiZi%%^, 
u = pxiX2X9yiyiyiiZiZ2Z3t 

in which the letters with suffixes are free parameters, and 

a diddsdi'^t, 
b ^ dddd\H, 
c dddd^^tf 
p diddHddhddidddw^ 

in which / is a free parameter and du -. ., dw are any integers such that 

d “ diddd^dddiHi^di^di{^^. 

For given d the number of sets {du ...» </io) is finite and all sets may be 

found non-tentatively by solving a set of linear equations. With the 

above values of x, y, z we have 

f + n + f = n = iv, f y, { + f == 2; 

whence i = s — y, ?? *= x, f = y, subject to the condition 

X + z ^ u. 

The auxiliary equation is now 

dxy'^ s=r tn. 


Values of the free parameters in x*» y, z must be chosen so that the last 
two equations have rational solutions for two of the parameters in terms 
of the others. In this particular instance, s,. Zt are given immediately in 
the required form. (When such is not the case, if any of the parameters 
in the solution of the multiplicative equation occur with copriine exponents, 
an obvious replacement of these parameters by suitable powers of them¬ 
selves, reduces the equation of condition and the auxiliary equation to the 
present special case.) On substituting the values of Zu thus obtained 
into Xi y, s, w* and then the resulting values into the expressions { =» s — y, 
etc., for Tit f we get a rational parametric solution of the given ternary 
cubic. 

The solution may be greatly simplified by absorption; if certain of the 
parameters appear only as the same function of themselves wherever they 
occur, this function is no more general than a single free parameter, and 
may be replaced by one parameter. Here the absorption rxJK;t*X8*yi*ys*M 
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and the change in notation X followed by the substitution of fxd for 
X, where ^ free parameters, gives the solution in the form 

D SS5 a^bM + cmB^f 

^ ^ -- D^)/abdpeD\ 

7) - niaW^dp^yD\ 

f = D/ahdpe, 

where d, m are the given (integer) constants of the equation, and a, b, f, p 
are as stated above. For each set (r/i, . . ., dm) there is a solution f, 17 , f, 
and the number of such sets is finite. The identity abed ~ is useful in 
verifying the solution. 

The vsiniplest set of values for the dj is rfj = 1, f > 1. For these 

a = b — d'^ty c = /, p — dt. Hence, with t = </>0, there is the special 
solution 

F + m; 

V - fnd'^4>yF^, 
f - 

in which <^> is a free parameter/- 

3, The auxiliaiy' equation reducing a given equation to the multi¬ 
plicative type may render the equation algebraically reducible. Thus 

{x + y)(y + s)(s + x) — dxyz = m, 

with the auxiliary equation m = dyz^ reduces the given equation to 

v 

+ (x + az)y + == 0 , a s 1 — d, 

on discarding a factor which yields only trivial solutions. For rational 
solutions, it is necessary and sufficient that the y-discrimmant of this 
equation be a square, 

(x + — 4xz =* w*. 

The last is a multiplicative equation, 

(x + as + + az --- w) ^ 4xs, 

of which a particular solution is given by 

X + as + w 
X + as — w « 


X *“ a4>$ 

z « 
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with (Xj fi, B, <t> free parameters. There are thus two solutions, 

w = (a“ — 2a(i + a0'^)O/{a — jS), 

X = «(« — afi)$/{a — |3), 

s == po, 

y — a^)/{a — /3), or -“a0. 

Imposing the auxiliary restriction on either of these, we get the rational 
solution of the original equation, 

a: ™ ~m{m- + add^)dB'^(m + dB^), 
y = 

Z — By 

in which a ^ ] — d and ^ is a fr(‘c parameter. 

1 Dickson, L. K., History of the Theory of A'uttiherSy Vol. 2, 1020, pp, 720-729. 

2 Richmond, H. W., Proc. Land. Math. Soc.y 21 (2). 401-409 (1922); Jour, Land. Math. 
Soc.y 17, 190-199 (1942). Mordcll, L. J., Ibid,, 194-190. Richmond’s papers contain 
references to the history. 

* Tills solution appears to be distinct from those in the literature. However, it is not 
always easy to prove that formally distinct parametric solutions are nunierically distinct. 


GROUPS INVOLVING A SMALL NUMBER OF SETS OF 

CONJUGA TE OPERA TORS 

By G. A. Miller 

Department of Mathematics, University of Illinois 
Communicated October 9, 1044 

The identity constitutes a set of conjugate operators of every group. If 
a group G involves only one other set of conjugate operators all of its other 
operators are of the same order and hence it is a prime power group. Such 
a group always involves at least one invariant operator besides the identity 
and hence it results that G is then of order 2. If G contains three and only 
three sets of conjugate operators and is abelian it is the group of order 3. 
If it is non-abelian it cannot be a prime power group because a group of 
ordpr p being a prime number contains at least + p — 1 sets of con¬ 
jugate operators whenever it is non-abelian, as we proceed to prove. 

Suppose that G is a non-abelian group of order p being an arbitrary 
prime number. The central quotient group of G is known to be non-cydic 
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and hence it is at least of order and the central of G is known to be at 
least of order p. If the central of G is of order p and the central quotient 
group of G is of order p^ then each of the non-invariant operators of G is 
commutative with exactly p~ operators of G and the number of these non- 
invariant operators of is p^ p. The number of the sets of conjugate 
non-invariant operators of G is therefore />® — 1 and the number of the sets 
of conjugates of the invariant operators of G is />, therefore the number of 
the sets of conjugate operators of G is then + /> — 1. 

It has now been proved that every non-abelian group of order p being 
a prime number, contains exactly + p — 1 sets of conjugate operators. 
We proceed to prove that every other non-abelian group of order p"* con¬ 
tains more than p'-^ + p — 1 sets of conjugate operators, so that the fact 
that a group of order p*^^ has p- p — 1 sets of conjugate operators is a 
characteristic property of the non-abelian groups of order p^. This fact 
results almost directly from the fact that the number of the sets of con¬ 
jugate operators of a group is always larger than the number of the sets of 
conjugate operators in its quotient group with respect to any one of its 
non-identity invariant subgroups. 

From what precedes it results that the smallest number of sets of con¬ 
jugate operators in a prime power non-abelian group is five and that the 
two non-abelian groups of order 8 are the only prime power groups which 
separately contain exactly five sets of conjugate operators. It therefore re¬ 
sults that if a group contains exactly three sets of conjugate operators 
and is non-abelian its order is divisible by at least two distinct prime 
numbers and when its order is divisible by exactly two distinct priiqe num¬ 
bers it must be solvable. It must therefore contain an invariant subgroup 
of prime index and this index could clearly not exceed 2. The order of this 
invariant subgroup must be 3. That is, the group of order 3 and the non- 
cyclic group of order 6 are the only groups which satisfy the condition that 
all their operators appear in three and only three sets of conjugates under the 
group. 

To simplify some of the consideration which follow it may be desirable 
to formulate here the theorem that if a group G contains an invariant sub¬ 
group of prime index p which involves c sets of conjugate operators then the 
number of the sets of conjugate operators in G cannot be less than p + 
(c -- 1 This theorem results directly from the fact that in the quotient 
group there are at least “ 1 sets of conjugates and the number of the sets 
of conjugates in G resulting from the operators In the given invariant sub¬ 
group cannot be less than (r — l)/p -f* 1. In the case of the theorem at the 
close of the preceding paragraph p ^ 2 and ^ * 3. 

The only abelian groups which separately contain exactly four sets of 
conjugate operators are the two groups of order 4. It follows from the 
theorem noted above that if a group G is of prime power order it cannot 
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contain exactly four sets of conjugate operators. If its order is divisible 
by two and only two distinct prime numbers it involves an invariant sub¬ 
group of prime index since it is solvable. This index is either two or three. 
If it is two, the order of the given invariant subgroup is odd, for if it were 
even two of the four sets of conjugates operators in G would be composed 
of operators of order 2 and hence all the ojK*rators of odd order in G would 
be conjugate under G, 

This invariant subgroup of index two could not be of order (i since the 
symmetric group of this order is a complete group. It therefore results 
that the given invariant subgroup of index two under 6' is the group 
of order 5 and G is the dihedral group of order 10. When the given 
invariant subgroup is of odd prime index under G it must he of index 
three and G is the tetrahedral group. That is, if a group involves exactly 
four sets of conjugate operators it is one of the two groups of order 4 when it is 
abelian and when it is non-abelian it is either the dihedral group of order 10 or 
the tetrahedral group. The latter group is simply isomorphic with the alter¬ 
nating group of degree four. 

If a group contains exactly five sets of conjugate operators and is abfdian 
it is the group of order 5. It was noted above that when a non-abelian 
prime power group contains exactly fiv'c sets of conjugate operators it is one 
of the two non-abelian groups of order S, It should be emphasized that 
when the order of a group is divisible by a prime number p the number of 
its sets of conjugate operators cannot be less than the number of different 
orders of the divisors of p and — 1 for the different such prime numbers. 
This theorem results directly from the fact that the group of isomorphisms 
of the group of order p is cyclic. Hence it results that if a group contains 
exactly five sets of conjugate operators its order cannot be divisible by a 
larger prime number than seven. 

If the order of such a group is divisible by seven and contains only one 
subgroup of order 7 it is the dihedral group of order 14 or the semi-meta- 
cyclic group of order 21. In both of these cases the order of G is di¬ 
visible by two and only two distinct prime numbers. In general, if its 
order is divisible by two and only two distinct prime numbers it must 
be solvable and hence it must contain an invariant subgroup of prime in¬ 
dex. This index can obviously not exceed three and when it is three the 
corresponding invariant subgroup cannot be non-abelian since its central 
quotient group would then b^non-cyclic and of order 4. It could not be 
the non-twelve group of order 24 since this group contains seven sets of con¬ 
jugate operators. 

The preceding considerations were greaUy simplified by the fact that we 
were generally dealing with solvable groups. When the number of the sets 
of conjugate operators is five we can no longer assume that G is always sol¬ 
vable since the simple group of smallest composite order contains exactly 
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five sets of conjugate operators. This group is of order 60 and is known to 
be simply isomorphic with the alternating group of degree five. One of the 
earliest workers in group theory, E. Galois (1811-1832), noted already that 
this group is simple and many of its other properties have received much 
attention since then. 


SOME THEOREMS IN FINITE FIELD THEORY WITH APPLTCA-^ 

TTONS TO PERM ATS LAST THEOREM 

By H. S. Vandiver 

DRrARTMKNT OF PURE MATHEMATICS, UNIVERSITY OF TbXAS 

ComiHunicatod September 25, 1944 

The first result we shall consider is as follows: 

Theorem I. If the relation 

• + ao “ 0, (1) 

with coefficients in a finite field, F, has exactly k solutions x in F, and such 
that ^ 1, then the cyclic matrix 


ao 

ai. 



Uo • 

» * * * » 

• ' — 8 

ax 

aa. 

* m Ct'f) 


is of rank w “• ife. 

For a finite field of order p, a prime, and for w = p — 1, this result is 
due to Konig,* As our result may be proved by following closely the steps 
in the argument employed by Kronecker^ (replacing {p — 1) by (p’^ — 1) 
and == ] by .v’” = 1), for proving Kdnig’s theorem, the details of the 
proof will not be given here. 

Dickson,- by extending a theorem due io Hurwitz,* obtained the fol¬ 
lowing: 

Let fix) be a polynomial, and let F be a finite field of order p"^ which includes 
the coefficients. Then the number N of distinct roots of f{x) » 0, which 
belong to the field of order p”, satisfies the relation 

+• 1 ^ Co -f C, + Ca, + . .. (mod p), 
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where s ^ — 1 and 

f{xY ^ Co 4* Ci.v + CaX* + . . . 

For n = 1, this becomes the Hurwitz’** theorem. 

We shall find it convenient to set up some results which are obtained 
by modification of the ideas of Hurwitz and Dickson. In the result just 
mentioned, Dickson generalizes Hurwitz's original notions by asking the 
number of solutions in any finite field which includes the coefficients of the 
original equation. We may go in the other direction and ask what solution 
our equation has within certain subsets of elements in the finite field 
F{p^) which includes the coefficients. For example, consider the poly¬ 
nomial,/(x), with coefiknents included in a and suppose that p is a 

primitive root of — 1 in F(/>”); — 1 0(inod a). Let our equation be 


fix) = 0, 


(3) 


and consider 


e ’ (1 - fip) 

I m (» 


(4) 


This obviously equals, in the finite field, the number N of distinct solutions 
of equation (3) which lie in the set 

1 2 O “ 1 

1 , P, P^ . . . P . 


To simplify equation (4), write 

Cl + CiX + .... 

We note that 


a — 1 

E p"- = 0; 

A - 0 
a — 1 

E p'* = 

h mO 


s ^ 0(niod a)f 


s ss 0(mod a). 


so that equation (4), using equation (5), gives 

JV « a — a(Co + Cfl + C^a + ...)» 

in the field. 

The above method may be further extended. Let 


(5) 


(fi) 


(7) 


f(xu Xs, .*>,xj « 0 


( 8 ) 


where F(py is. any finite field including the coeflTicients. Further, let 
be a primitive root in the F(p^) of ^ xf* » 1; 
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— 1 ^ 0(mod <ti), 

% J j 2 | •••>«( w# 

We now seek all the distinct sets of solutions of (8) for Xi, , x„, which 

are in the field F(p”) and which are also included among the p*'s. If is 
this number, then we have 


Nn - Z(1 “ (Ji^U (9) 

where the summation extends over all the expressions obtained by letting 
Xi range independently over each of the elements 

I* Pii P^i» • • • » P» I 
r I f 2 , >»• f 


Set 

X2t • • • > Xfi') ” tfji * • *1 3^2 * ■ 

where the coefficients C are in F(p*^), When Xi ranges over the p/s; i = 1, 
2 t *,., n, we obtain, using equation (6) 

^ j f(.Xii X^f . * * » • • • I 

where the summation on the right extends over all multiples e[ai of a\ 
which are included among the eis, all multiples eio* of Oz included among 
the 62 St and so on, for all the values of ^ 1, 2, ..., w. Hence equation 
(9) becomes 

Nff id *“ d(1-9) 

where 

A « na«, 

f -1 

We then have 
Theorem IT If 

f(Xit X2t . . ., * 0 

is a polynomialt p^ is the order of any finite field F{p^) iitcluding the coefficients 
of ft and N„ is the number of sets of solutions {xu Xz, ..., jc„) such that each 
Xiti ^ 11 2 t . .Ut satisfies in the F{p^), the equation » I, where 
0 {mod Oi), IheHt in the fieldt N^t is given by equation (10). 

We now obtain various applications of Theorems I and II to the theory 
of finite fields and to Fermat’s last theorem, In another paper* the writer 
obtained the criteria 
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+ + + ... =.0(niod/>) (11) 

for the solution of 

^ 0 (f2) 

where I is an odd prime, y ^ 0 (mod 0 J /) = 1, /> is a prime, (/>, /) = I, 
(xyZf />) = !, and where, if p is a prime ideal divisor of p in the field ^(f), 

f then 

^ iV(p) -- 1 

--- 

and p belongs to ati exponent which is prime to /; 5 = 1, 2, 1; 

y/x = i. Here also, as usual, 



ii b > a. 

Applying Theorem I of the present paper to the relation (2) of our former 
paper^ we find that the matrices ( 11 ) and (lla) of the latter are of rank 
S c - 2. Also if ixyz, 1) « 1 then (11) and (1 la) are of rank S c - 6 for 
p sufficiently large 

The criteria of Kummer for the solution of equation (12) in case I are 
as follows: //(-"/) is any of the quantities x/y, y/x, z/x, x/z, y/z, z/y, then 

^ 0(mocl l)\\ 

/p„ 2 (/) ^ 0(mod /); 

« I - ^ 

n *= 1,2, ..., —- — 
where V 2 > Vso> etc., are the Bernoulli numbers and 

/a(0 =® ^ + * . • + (^ ^ 1)* 

If j — 2« — 1, tlien we examine the relation 

f^{i) ^ 0(raod p), (14) 

The above values for t show that this relation holds also for 1//, (1 ■*' 

1 — 1/(1 — /) after using x + y -h z ^ 0(mod /). (Note that 

/ is here used in a different sense than in equation (11).) These six quan¬ 
tities are incongruent modulo I unless /— 1, +2 or — V* ur /* -^ / + 1 ® 
0. The lost combination is known to be inconsistent with equation (13) 
and the first holds only if 2'"^ l(mod If equation (14) holds for 
six incongruent values then the cyclic matrix 
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r 2 \..(/ - ly 

(/ - - 2y 


12" 3"... l"t 

is of rank g / — 9, since relation (14) is satisfied by / ^ 1 and / ^ 0, 

and none of these lead to six incongruent values of /, modulo /, in fact / ^ 1 
is impossible from equation (12), and also f 0 by hypothesis. 

We now apply Theorem II to the equation 

au^ + ti;”* + 1=0 (15) 

where abuv 9^ 0^ me ^ — 1, p prime, and seek the number N of its 

distinct solutions (w*", r”) in a finite field F(p*^) including a and b. Here two 
solutions (w"*, v^) and (w7» ^* 1 ) are regarded as the same if and only if 
tt'” = and V*” = Then Theorem II gives 

N = E (1 - (m + bp» + (16) 

Alt A* 


where pi and p 2 each range independently over the distinct roots of 
in f^(^”). Now, if f == p” — 1 — /t, then 


{api + 6p2 + 1)^""^ — Xa (^Pi + 

/(•« 0 


since 


('■')■ 


(^l)^mi>d^) 


Also 


(api + 1)^* = 




Applying the last two relations to equation (16) gives 


iV = c* 


E E (M 

i-Or-O VC/ 


in the held. This reduces to a bit simpler form by noting that the term 
on the right corresponding to ife *= 0 is' c*, so that 


N -c^ E E 

km I ,-0 VC/ 


( 17 ) 
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If n = 1, that is, the quantities a and b correspond to residue classes modulo 
p, then we may write 


N 



(rc) P) 


Let now a ~ b ^ 1, and n = 1, then equation (17) gives the result that N 
in equation (18) is now the number of solutions (w, v) of 


u*** + z;”* + 1 ^ 0(mod p) (19) 


where {uv, p) — 1; p = 1 + cw, which is related to Fermat’s last theorem. 

Return now to the consideration of equation (15). If we write [h, k\ 
for the number of distinct sets (.v, /) such that 


in F{p”), r being a primitive root of F, it is known that® and 

m - 1 

E 0] = c - 1 

* * 0 


E [i,n = c 


t = 0, 1, 2, ., w “ 1; j == 1, 2, . . w — 1. Hence ff, j] § c. For 

n = 1, then c < pt and we have 

Theorem III. The number of sets of distinct integral solutions («”*, w”*) of 

au^ 4‘ bv*'* + 1 ^ 0{mod p) 

where a and b are integerSy p is prime; (abuVy p) = 1; m odd; p — 1 ^ me; 
is the least residue, ^0, of 


Vt 

rt 

-c- 2 - 

fc <** 1 






modulo p. 

1 Raussnitz, Math, and Naturw. Berichte aus Ungarn, 1,266-276 {1882“1883); Rados, 
Jour. fUr Math,, 99,268-260 (1886); Kron<5cker, Vorlesungen ilber Zahlentheorie, 1,389- 
416 (3901), including additions by Hcnsel (Krouecker refers to Kdiiigs' theorem in 
several places there as “sehr elegante*' and “wichtige"). For other generalizations, see 
numerous references in Dickson's History of Theory of Numbers, vol. 1, pp. 226-233. 

^BulL Amer. Math. Soc., 14 , 313 (1907-1908). 

*Archiv. Math. Phys., 5 (3), 17-27 (1903). 

* Proc. Nat. Acad. Sci., 28, 144 (1942). 

* Mitchell, Ann. Math., 17 , 165 (1916). The trinomial equation (16) has been ex- 
tensfvely studied. See references cited here by MitcheU, as well as Mitchell, Ann. 
Math., 18 , 120 (1917). Dickson, Am. Jour. Math., 57 , 391, 463 (1936); Trans. Amer. 
Math. Soc., 37 , 363 (1936). 
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ON TRINOMIAL CONGRUENCES AND FERMATS LAST 

rUEOREM 

By H. S. Vandiver 

Dhpartjient of Ptoe Mathematics, University op Texas 
Communicated September 25, 1944 

In another paper’ we obtained two theorems (numbered I and II) con¬ 
cerning finite fields, obtaining therefrom explicit expressions for the number 
of sets of solutions of certain equations which were applied, in special cases, 
to Fermat's last theorem. The present article deals with other results 
along these lines which involve trinomial congruences* 

Applying Theorem III of F to Theorem IV of another paper* of the 
author’s we obtain: 

Theorem I. If it is possible to find a prime p such that p ^ 1 + cl; I an 
odd prime such that 



is divisible by p and c ^ 0{mod 1) then 

^ 0 ( 2 ) 

has no solution if {xyz^ /) «= i. 

Consider 

* 

au*” + btf** + 1 ^ 0(mod p) (3) 

where all the symbols represent integers [ahuv, p) ^ p prime. This 
gives 

{au^ + 1)^ ^ (•"■l)W^(mod p), 

^ (““l)^i^^(niod p)t 

using Fermat’s Theorem and wc «= p 1. Expansion of the left-hand 
member gives, again using the theorem just mentioned, 

(,: +(^ 1 j).-.---+ 

fft#"* + ©(mod p) 



A 


s m a* +1 + 


where 
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We now apply Theorem I of the first paper to eliminate m"* and we find 

a Cl a^Ci. . 

a^Ca. 5 C 0 aCj 

.... 0i 


modulo p, where 



but this criterion looks much more complicated than the condition in 
Theorem III of F. 

We shall now present still another method for attacking equation (3), 
which is due to the late H. H. Mitchell. 

If ^ == then in the field k{d) an ideal prime factor of (p) is 

(6 — V, p) = |), where r is a primitive root of p in the rational field. Then 

w”* Si. i- c^''(mod p) 

<*)^(mod p) 

where w «= and for some r and Hence equation (3) becomes 

at/ + b/ 4* 1 ^ ()(mod p). 

Now take the norm of the left-hand member of this in /fe(co); since said 
norm is rational it follows that 

N{ai/ + bi/ •+■ 1) ^ 0(mod p), (4) 

The left-hand member is now independent of p and /. It is clear then that 
unless we have an r and s such that this quantity reduces to zero then 
equation (3) is impossible for sufficiently large values of p. For the case 
a « 6 1, it is known that there is an r and s such that 

4" “h 1 

vanishes, if and only if c 0 (mod 3)» Also 

4* + ij S (^^1 + + I 

^ 1 4 " 1 4 “ 1 

^ 3 

or 

* 

jjV(a.' + + 1)1 i 

♦ 

^(c) being the indicator of c, whence the result, due to Mitchell,* 
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Theorem II. If c is a given integer ^ 0{mad 5), afid there is a prime p 
such that p = 1 + me and 

P > 

then 

^ I ^ 0(inod p) 

has no integral sohitions iu, v); (wz?, /?) = 7. 

It is known that (Dickson^) equation (3) is always satisfied in integers 
if p = 1 + me, m is prime and 

P ^ (m ■“ l)^(m 2)® + Cm 2 

The question as to the congruence (5) having solutions or not for a prime p 
of the form 1 + me, which does not satisfy the last inequality or that given 
in Theorem II, is, in general, one of the great mysteries of number theory. 

Employing Theorem II of this paper together with Theorem IV of an- 
othex paper^ we find 

Theorem III. If c is a given even integer ^ 0 {mod 3) and it is possible 
to find two primes I a?id p such that /> = 7 + cl; I > c; and p > then 

x‘ + y + s' = 0 

is impossible in integers, xvith (xyz, /) « 7. Here ip{c) is the indicator of c, 

* These Prockedings, 30, 302-307 (1944). This paper will be referred to as F. 
a Ann. Math., 27, 5C (1926). 

* This theorem and proof were communicated to me verbally by Prof. Mitchell. This 
happened some lime in the year 1926, if I recall correctly. So far as I know he never 
published this material. 

* Jour.fiir die Heine u. Angew. Math., 135, 134-141, 181-88 (1909). 


ON THE INTEGRAL EQUA TIONS OF CONTINUOUS DYNAMICAL 

SYSTEMS 

By W. H. Ingram 

New York, N. Y. 

Communicated July 6, 1944 

7. Introduction ,—The dynamical systems are the one-dimensional ones 
considered recently’ and are governed by the vector equation 

rix, t ): - f)a(f) dk (1) 

Of 

* 

in which the components of T: are the codrdinates, velocities and internal 
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forces of the system and where g is the matrix of the Green's functions 
and a the matrix of the conservative parameters (inertial and elastic 
coelBcients), 

If the variables are sei)arable, as it is necessary to suj)pose, there exist 
relations of the form T,*(x, /) = Wiix)Ti(t), i = 1,2, . .w for the com¬ 
ponents of the vector in equation (1) and if we define Btj by the equation 

fJ'Kuix, = BijWiix) 


in which Kij is the element of get — 3C(jc, f) in the fth row and jth column, 
then the time factors are components of the vector T: which satisfies the 
equation O^T: ~ in which (B = This equation in T: has the 

solution 7": = provided C: and m satisfy the equation fid&C: — C:. 
When a solution for C: of this equation exists, the substitution CiWi(x) — 
into equfition (1) gives the integral equation 

RU{x): = 


in which Z is the constant diagonal matrix’^ fbe determination 

of the fi'Sf U{x): and ju. On the hypothesis that the /x’s are distinct, a 
necessary and sufficient condition that the variables be separable is that the 
B*s be constants. 

This integral equation and its associate, written in the form 

Mx): = -ifix) x)di (2) 

where 3C is in general a non-symmetric niatric kernel, are to be found, in 
effect, in Fredholm’s classic paper® but, as is well known, development of 
the theory has remained seriously incomplete, when the kernel is not re¬ 
stricted to be symmetric, and notably in directions admitting any aphoristic 
geometrical restatement of the results. In this regard the theory of 
equation (2) is in remarkable contrast to the theory of the conjugated pair 
of equations 

«(*) “ mm. Hx) - K fMmu x)di 


of Erhard Schmidt* which has a complete analogy in the abstract theory 
of Hilbert space but, nevertheless, slight and insignificant contact with the 
differential equations of dissipative elastokinetics. 

Directly connected with the differential equations of such dynamical 
systems and their adjoint equations, on the other hatid, is the adjoint pair 
of integral equations 

Y{X ): - om Yi ^): -Z{x) = x)di 

studied by Birkhoff & Longer* who obtained formal results of a kind 
indicated by the theory of tlie affine transformation of an n-dimensional 
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space into itself and among them the bilinear exj)ansion 9(^» j) ” 
9?SXrFfy)(A:) V = Mr' ‘ for the Greek’s matrix and equivalent to 

the expression 3C(x% y) — i)fwXr1>(r)(x) :*'l'(r)(>') for the kernel JC. . 

There is evidence that there exists an important class of kernels the 
members of which either have this expansion or their iterates have a similar 
one. Tn fact, the representation for the iterated kernel 


y) = 


JT 

Mr 



is known to be valid in the cases of the vibrating string and of the electrical 
transmission line, in the usual cases where the Careen’s function satisfies 
the equation drG(Xf y)/dx“ — 0 , and for the non-symmetric kernel in the 
integrtd equati(.)n for the thermo-mechanical motions of an elastic rod® 
with 5 — 1. It is known thiit the scries converges absolutely and uniformly 
in both vtu'iables to the kernel or iterated kernel with 5 = 1 if the kernel 
is symmetric, continuous and positive definite (Mercer), with .v — 2 if the 
kernel is symmetric and cotitinuous (Erhard Schmitlt). The series is also 
known (Garhe/ Mercer*^) to converge to a non-syimnetric kernel of the 
form K(Xt y) = o(.v)^(.v, y) for k{x, y) "allgeinein’* or for Kix, y) *'com- 
pletely symmetrisable” under certain conditions, 'I'he modal numbers of a 
real, symmetric and segmcntally continuous kernel are either finite in 
number or enumerably itifnntc and converge to oo® and the same is true 
for the non-sytumetric and otily segmeiitally continuous matric kernel of 
the. electrical transmission line. In fact, the literature of integral equations 
and of elastokinetics would api)ear to contain very few. if any •examples 
where the modal numbers have or could have any finite cluster point. 

In view of this evidence it is obvdous that the class of kernels for which 
equation (d) is in some sense valid and for which the modal numbers have 
no finite cluster pf>int is sulliciently extensive and important to warrant 
such steps forward as are possilile on the basis of these properties even 
although the elusive problem of characterization of the class remains 
unsolved. The step essayI'd in the following paragraphs is in the direction 
of a more exfilicit determination of the modal vectors and numbers. 


Notation. The noUilion used in this imper is a modification of that of IHrkhoff & 
l^atiKcr. A line or row vector (vi, v>:, ..., ?'«) is written 'V but a column vector of elements 
Ui, i 1,2, .. ,, « is written u:. 'Phe inner product of a row vector and a 
column vector u: is wriUeu vu: and the outer product (UiVi) is an « X « matrix with 
the element UiVi in the /th row andjth column and is written ui^v. Script letters denote 
n X n matrices. As powers of the kernel matrix JC do not occur in the work, the r-fold 
iterated integral 

fJ’J'J ’... faXix. {,).. .*:({„ y)dit (J{,.. .di, 

h written simply y). 
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2. Detenninafiov of the Modal Vectors and Numhers ,—The method for 
the coinputation of the hrst modal mnulnT and functi(jn of any real sym¬ 
metric kernel first j^iveii by Erhard Schmidt and the extension of the 
method by Koch to the cases of the second, third, ,. . modal number and 
function in succession have been still further generalized by Ingrand to 
the case of a vector integral equatirai with noa-symmetric matric kernel. 
Noteworthy stcj>siu this generali/atiou are the recogniticai of the existence 
of possible differences in phase among the various coinjanients of any 
modal vector T(x, /):, the simultaneous computation of the and 
the matric concepts invoh ed mid the algebraic problem which is the end- 
product of the method. Certain sulheieut conditions for the convergence 
of the gerieralizetl jiroeedure are now eonsidere<l. 

The relations of orthogonality 


=•- 0 Hi 7^ Hi 


(4) 


between the modal functions are first derived from exiuation (2) in the 
ufsual way: the last eituatiou is a matter of agreement. 

Lemma: If the series is sei^mentwise tmiforndy and 

boundedly convergent {xvith respect to y) to .TfC'(:v, y) for every fixed value of x 
on a ^ X ^ b and for some mifural number s, if S(:\:): is any iniegrable vector 
orthogonal to *^( 2 ) (:r), , . but not to and such 

that ^ ff'^'{r)(y)'^(y)-<^y C07werg€s absolutely, and if the modal finmbers can 
be enumerated in order of increasing modulus and have ho finite accumulalion 
point, then the vectors 


r(x) •• = y)m ■ 'ly. .• = yWiy) : dy 


are either constant multiples of one aitd the same function of x or become so 
as s CO. 

Proof, The first step is to make it clear that both sides of equation (3) 
may be multiplied by S(y): and integrated term-by-tejrm with respect 
to y so as to give 

“ fa^\x>y)'Z{y)\dy == 5R^x;t/I>(,)(?c):, = ff'^r{y)&{y)\dy 

an equation in which the series converges. This result follows from the 
definition of a unifonrily and boundedly convergent series and from the 
fact that a segmentwise uniformly and boundedly convergent series of 
terms which are functions of y may be nmltiplitxl term-by-term by any 
integrable function and integrated term-by-term to give the integral of 
the product of the sum limit multiplied by tlie function. 
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It is to be noted next that the modal functions are bounded since the 
kernel is bounded from the definition of the Greenes matrix and because 
is naturally bounded- (but possibly discontinuous at any number 
of points) and accordingly any modal function which is finite for one value 
of X is fiinite for all values on a ^ x ^ b. If M: is a vector of positive 
elements such that l^(r)i(^)| ^ ah h then the last equation becomes 
the inequality 

irwl: $ + |X.V.+i| + ...}. 

But by hypothesis + r^+i + . - - converges absolutely and the moduli 
of the X^s form a decreasing sequence and tend to zero as a limit for 5=1 
and tend to zero faster for 5 > 1. For sufficient^ large s, therefore, the 
first non-zero tenn can be taken as an approximation to the series with an 
error for any value of a: as small as desired short of zero. It follows that 
and : arc both aj)proxiinately proportional to the same real 

vector 5RX^r/l>(^)(A:): which ia seen to be a diagonal matrix times the real 
vector 

The lemma just proved justifies a procedure for a more explicit determi¬ 
nation of the iTuxlal functions and numbers. If, in conformity with the 

_ # _ 

equation (BT; = T: satisfied by the time factor in the variables of equation 
(1), the substitution T,(x, /) = €®^cos (wf — Pi)Ui{x) is made, then equation 
(1) takes the form with, as before m a + iw, 

^(x): = Sf7(x):, 8 = 1^7 fhe lemma, f)S(€): df gives, 

at least approximately, the components , ^(r)»W each 

to within a constant factor. It follows directly, if, as a matter of notation 
^{x ): = W{x): — iX{x )that there are the at least approximate equations 

Wiix) - vmx). Xiix) = tii tan ^Kx) (5) 

where rft is a constant factor and in which all quantities are real when* as 
is always possible, S(x): is taken real. Substitution of these expressions 
into equation (3) gives 

vmix) = aivjfj'Kuix, mmdi 

+ wS’/J tan fyX:Kij{x, 

mtmrnKx) « 

+ o&t), tan 0 )faK 4 i{x, 

a system of 2 w equations in the unknowns a, w, tn, ...» 17 #, tan ft, tan ft, 
..tan ft. whien «ind axe multiples of the 

same function of x:, all f and j, i.e., when 
with pa a constant, then there is the system of 2« equations 
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rii = tan ft- 

m tan ft = —uSpi/ih + a^Pijtu taxi fij 

IV 

to be solved for a, w, ihft n — 1 ratios i/./iyi and « — 1 of the /S’s and in 
which the p's are known and one jS is arbitrary. The ultimate validity of 
equation (7) is ensured when < ... and the m's have no finite 

accumulation point and the p*s are constants for then any error in equation 
(5) tends to zero as r “► <». 

The constancy of the p's is connected with our fundamental assumption 

that the variables in equation (1) can be separated. Obviously, if the 

B's of the Introduction are constants then any /x must be a constant and 

the corresponding T : cannot be a function of x. The constancy of the 

B's is also a necessary condition for any T: to be a function of / only. For 

let 3 — [T^ : Tz . .. , r^:] be a matrix of the fundamental solutions of th^ 

» _ 

equation CBT": “ T:. By hyx)othesis, the solutions of the equation 
det(M<ii — J?) “ 0 are distinct so that det 3 0. Hence (B = 3(3)*^ and 

no element of (ft can be a function of jc. As has been seen in the proof of 
the lemma, approximately proportional to so that the 

ultimate constancy of the p's follows. When the variables cannot be 
separated, there are no modal functions and numbers. 

The system (7) obviously is a linear one in the unknowns ?yi, iy 2 » . • •» 
vfftf vi tan fii, Vi tan ft, .. ,tVn tan and so the problem may be expressed 
as that of solving the vector system 



a(?v* "b “ ’I* 



in which, as a matter of notation, U » vi tan ffi and (P » ipij)* Real 
values of a and w therefore exist which will reduce the rank of the matrix 



to 2n “ 2. The explicit formulae for the unknowns wliich accomplish this 
reduction in the case n = 2 have been applied to the case of the electrical 
transmission line.' The discussion is summarized in the following theorem. 

Theorem 1. The hypotheses are (1) the modal numbers for equation (2) 
occur only in conjugate complex pairs such that miMj < MsMa < ... and have 
no finite accumtUalion point, (2) y) can be expressed, for some s, as a 
finite, sum or as a stepwise uniformly and boundedly convergent series of the 
form (3), (3) S{x): is a linear combination of ^(,)(5f):, ... or has 

an absoluidy and uniformly convergent representation in terms of these func¬ 
tions. The conclusions are, with E(jc) : taken real, that there exist real values 
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of a and o> which will reduce the rank of ^ to 2n — 2, that such values are 
at least approximately the real and imaginary parts, respectively, of the modal 
number for the equation (2) and that the corresponding solution of the 
eqtmtion (•??, = 0 with one element each of the vectors taken arbitrarily 

gives, in the equations 

y)S(y ): dy, X^r)(x ): = Ir)/«*3C’(*. y)H(y): dy 

the modal function :. 

3, The Subsidiary Modal Determinant, —Suppose there is a solution 
4>(jc): of equation (2). Then with a diagonal matrix of complex 

numerical elements is also a solution provided only that the columnar 
contraction iV: of SR be a solution of the equation fjL<SsN: = iV: in which 
the elements of (B arc defined by the equation “ JSiA(^) 

equivalent to the definition in the Introduction. In fact, every solution 
of the equation fx^N\ = for ^ and corresponding N: gives a solution 
of equation (2), the proof being by contradiction. 

If, instead of ^{x):, we take SRi^(jc); such that 9li: is any one of the 
solutions of the subsidiary equation /iCBiV: *= N: and such that u' is the 
corresponding modal number and suppose : to be a modal vector 

having the modal number m*' not necessarily the same as either or 
then reasoning parallel to that just given shows that the vector (NNi ): 
which is the columnar contraction of satisfies the equation 

: and so the set of Dl’s have closure under multiplication. 

Theorem 2. If #(x): is any modal vector, then 9T:4>(a;) : is also a modal 
vector as, more generally, is 9 H 1 SR 2 • •. : provided merely that the 

are the diagonal forms of any of (he solutions of the equation /xCBA^: » N\, 

The modal numbers for the dl's are among the roots of the equation 

detiuG^ — » 0 . 

* 

» Phil Mag, 30, 16 (1940); Bull. Amer. Math. Soc., 48 , 153 (1942). 

* A diagonal matrix of elements an , a„ is designated |ad» 

* Fredholm, Ivar, Ada Math., 27, 371 (1903) 

^ Schmidt, Erhard, Math. Anmlen, 63, 461 (1907); in the notation of Stone, Linear 
Transformations in Hilbert Space, 1932, Schmidt’s equations are. written ^ — TV, V ■“ 
7'V. and 3 * is called, following Schmidt, the “adjoint” of T. 

* BirkhofT 8r Langer, Proc. Amer, Acad. Arts Sci., 58, 61-128 (1923). 

* Kneser, Inte^ralgleichungen, 2nd ed., 1922, pp. 199-212. 

' Garbe, Math. Annalen, 76, 638* 542 (1914-1915). 

* Mercer, Proc. Roy. Soc. Land., A97, 412 (1920). 

» E, Schmidt, Math. Annalen, 63, 446 (1907). 
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THE MECHA NISM OF BIOLUMINEISCENCE 
By William D. McElroy and Robert Ballentine 

Physiological Laboratory, Princeton University, and Dbpartmbnt of ZoOlogy, 

Columbia University 

Communicated November 3, U)44 

Bioluminescent organisms offer unexcelled opportunities for an experi¬ 
mental attack on mechanisms of energy liberation and utilization in bio¬ 
logical systems. Although the production of light by living organisms is of 
widespread occurrence, an actual demonstration of the essential com¬ 
ponents of the chemical systems involved has been made in members of 
only five of some twenty-one groups of luminous forms which have so far 
been investigated.* From these five an enzyme, luciferase, and its sub¬ 
strate, luciferin, have been separated. Although similar substances have 
not been demonstrated in other organisms, such as luminous bacteria, it 
is assumed that the basic reactions of all bioluminescence involves an 
enzymatic reaction, in the presence of oxygen, between a “luciferin ' and 
its complementary enzyme, a “luciferase." Only from the crustacean, 
Cypridina hilgmdorjii, have quantities of partially purified components of 
the luminescent reaction been isolated. The detailed study of the nature 
of the luminescent reaction itself has been limited to this isolated system. 
Consequently the recent quantitative formulation of inhibitor action in 
luminous bacteria® has rested u^wn the transfer of the properties of the 
demonstrated luciferin-ludferase system of Cypridina to the bacterial 
luminescent system. The general importance of this inhibitor theory is 
further reason for making every effort to understand more thoroughly the 
mechanism of light production. 

Prop«fii$$ of tk€ Cypridina Luminescent^ System. —Any mechanism for 
the bioluminescent reaction in Cypridina must be compatible with the 
following experimentally determined properties of this system. 

(a) Luciferin undergoes two oxidative reactions. One of these is a 
reverable nonduminescent oxidatimi-reduction with an of + 0.26 v. 
at pH 7.0.® The second is the following irreversible degradation of the 
side chain on the luciferin molecule: 
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RCOCH 2 OH RCOOH^ (1) 

The latter is involved in the luminescent reaction proper and accounts 
for the over-all irreversibility in the isolated system. 

Both the light-producing and the non-luminescent reactions show 
the same series of changes in the absorption spectra. The first change 
observed is a shift in an absorption maximum at 430 to 470 m^Lt. 'Fhis 
is followed by a disappearance of the 470 ttifx- band. These changes occur 
over 100 times more rapidly in the luminescent than in the non-luniinescent 
oxidation.^ 

(r) Luciferin contains a ketohydroxy side chain and a hydroquinone 
ring s>^tein/ probably in either the anthraquinone or naphthaquinone 
series.^ Nitrogen, sulfur and halogen are absent from the molecule.^ 

(d) The emission spectrum of luminescence reveals peaks at 4750 A. 
and 5600 A * These peaks correspond to energies of 59,400 and 50,000 cal, 

(e) There is a release of phosphate during the luminescent reaction. 
This is correlated with the presence of acid-labile phosphate in the luciferin 
preparation.^ 

Except for point (e) the properties here listed have been known for some 
time. Nevertheless, as will now be shown, no over-all reaction scheme has 
yet been proposed as the explanation of the bioluniinescent phenomenon 
which is consistent with all these properties. Following an analysis of the 
various schemes, we shall propose a hypothesis which not only is in agree¬ 
ment with all known properties, but which promises to be of service in 
devising new attacks <.m the problem. 

Kinetic Interpretation of Bioluminescence ,—Numerous studies on the 
kinetics of the bioluminescent reaction have led to the formulation of the 


following mechanism 

LH2 (luciferin) + A (luciferase) ALHa (2) 

ALHa + V2O2 ALHaO ( 3 ) 

ALH2O A' (excited luciferase) + L (oxidised luciferin) + H2O ( 4 ) 

A^ —> A -f* ( 5 ) 


The essential feature of this scheme consists in the combination of lucif¬ 
erase and luciferin (£ 0 ' + 0.26, pH 7.0) followed by a direct transfer of 
two hydrogens to oxygen. In such a transfer the over-all free energy change 
is approximately 24,000 cal. This is msufhcient to account for the energy 
release on luminescence as demanded by the emission spectrum data (point 
(d)). Inasmuch as this scheme is baaed upon the analysts of the light 
emitting step, it fails to consider the posMble occurrence of '‘dark reactions'’ 
leading up to the final emission of light. Therefore it is not surprising that 
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the points enumerated under (a), (6), (c) and («) also remain unexplained 
by this scheme. 

Johnson and Eyring® have attempted an elucidation of tlie nature of the 
ludferin molecule and the transformations undergone in the luminescent 
reaction. According to them * ‘ludferin apparently contains both coenzyme 
(I or II) and a flavine prosthetic group, the former component providing 
a reductant, and the latter, after loose combination with its spedfic protein, 
comprising molecules excitable by oxidation/’ This hypothesis demands 
that the ludferin molecule possess a flavin component as an essential part. 
Contrary to Johnson and Eyring’s observations, the chemical data do not 
support this assumption. First, it has been demonstrated that doubly 
purified ludferin does not contain nitrogen.*® Second, independent of the 
nitrogen analysis, the flavin hypothesis is not in‘ agreement with the spec¬ 
troscopic data.*^ The three absorption peaks nonnally associated with 
known flavins are not to be found in the ludferin absorption spectrum. 
Further, it must be stressed that luciferin is initially in the reduced state 
(a), whereas the absorption bands of the flavin are characteristic of the 
oxidized molecule. Thus in the luminescent reaction the yellow color of 
ludferin disappears on oxidation rather than appearing {h) as would be 
expected if the substance were a flavin. Actually tlie absorption spectrum 
of luciferin shows a marked qualitative resemblance to certain naphtha- 
and anthraquinone derivatives.® Third, both Anderson and Korr place 
the redox potential near the hydroquinone-quinone system,* a value con¬ 
siderably more positive than those of known flavin systems. These data 
taken as a whole appear to invalidate the flavin hypothesis.*^ 

An explanation of the irreversibility of the luminescent reaction was also 
proposed by the same authors,® According to their scheme '‘the excited 
molecules radiate and are not destroyed but others failing to radiate are 
destit)yed by their absorbed energy.” Regardless of the specific structure 
of the luciferin molecule, their hypothesis, neverthdess, implies that those 
molecules which emit light are reducible to luciferin again by simple re¬ 
duction. But such a reversible oxidation is not experimentally demon¬ 
strable, and it has been shown that the luminescent reaction involves an 
irreversible degradation (Eq. 1). 

Proposed *'Dafh Reaciims'* in the Luminescent Reaction .—The direct 
oxidation of two hydrogen atoms of glucose makes available 57,340 cal.;® 
however^ from what is known of stepwise oxidation in biological systems it 
is doubtful that such a direct energy rdease is available for light emission. 
This essential energy requirement may well be provided by preceding 
*'dark reactions** involving the degradation of the ketohydroxy side chain 
(Bq. 1) which is ah essential step ih the Ituninescent reaction. The pathway 
of this degradation may be postulated, in its amplest form, to occur by the 
Mlowing reaction st(^ (R represents the ring structure): 
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RCOCH 2 OH RCOCHO + 2H (6) 

RCOCHO + H 2 O RCOCOOH + 2H (7) 

RCOCOOH RCHO + COa (8) 

RCHO + H 2 O RCOOH + 2H (9) 


The removal of the hydrogen on the ring structure is probably the last of a 
series of reactions which make the light emitting molecule “energy rich.” 
Calculations on the basis of analogous reactions which occur in cell oxida¬ 
tion*^ reveal that the energy release in the postulated series of reactions can 
be sufficient to provide the additional energy necessary for light emission. 

This postulated mechanism is in agreement with available chemical 
information about the luciferin molecule (r) and provides an explanation 
of the irreversible nature of the luminescent reaction in vitro (a). At the 
present time there is insufficient knowledge of the structure of luciferin to 
make possible detailed interpretation of the absorption spectrum. How¬ 
ever, the general nature of the luminescent and non-Iuminescent reactions 
as divulged by these si>ectral measurements does not contravert this 
mechanism. As has been pointed out earlier, the reversible oxidation 
of luciferin is presumably an oxidation-reduction of the ring structure.* 

The absorption spectrum data suggest that the luminescent and non- 
luminescent reactions go through the same reaction chain. The question 
then arises as to how the energy from the side-chain oxidation is preserved 
to satisfy the energy requirements for light emission. From what is known 
of energy transformations in biological systems one might suspect that 
phosphate is concerned. If this is the case, the difference between the 
luminescent and the non-luminescent reactions would be tliat between 
phosphorolysis and hydrolysis. In the former the energy would be* pre¬ 
served as phosphate bond energy^* whereas in the latter the energy would 
be lost as heat. The luminescent reaction here postulated is essentially a 
reversal of tlie reactions which have been proix>sed to take place hi photo¬ 
synthesis.** With such a mechanism, equations (3) to (5) of the kinetic 
scheme would be valid. The postulated series of reactions would merely 
replace equation (2). 

Rekast of Phosphate on Luminescmce. —^As^ming the above mechanism, 
luciferin preparations might well contain measurable quantities of some 
“energy rich" phosphorylated molecules. As will now be shown, an add- 
labile phosphate is readily detected in the luciferin preparation available to 
us.** Although it is difficult to rule out the possibility that the phosphate 
released was not actually present as a contaminant^ the fact that phosphate 
is released {vide infra) during the luminescent reaction supports the coa^ 
elusion that luciferin does indeed contain “energy tidi“ phosphorylated 
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groups. The experimental data upon which these remarks are based may 
be presented as follows: 

( 1 ) Acid-labile phosphate. Doubly purified Cypridina luciferin, pre¬ 
pared by the method of Anderson,^* was kindly supplied by Dr. A. M. 
Chase. One milligram of dry ludferin was dissolved in 15 ml. oi 1 N 
hydrochloric acid. Aliquots were hydrolyzed at 100®C. for 7 and 30 
minutes. Phosphate was determined by the method of Berenblum and 
Chain.Inorganic phosphate initially present was 3.5, 3.7 y/mg. lucif¬ 
erin preparation. This increased to 23.8, 24.5 7 /mg. at 7-mmute hy¬ 
drolysis. On 30-minute hydrolysis 22.4 7 /rag. was found. Hydrolysis 
under hydrogen for 7 minutes yielded 22.8 7 /ing. 

( 2 ) Phosphate release on luminescence. I'o 1.5 ml. of the above lucif¬ 
erin solution which had been brought to pH 7.4, 0.1 ml. of luciferase solu¬ 
tion was added. The reaction was stopped by the addition of trichloro¬ 
acetic when the major portion of light emission had taken place ( 2 V 2 
minutes). A control was ruti by adding trichloroacetic acid prior to the 
addition of the enzyme. The initial inorganic phosphate was found to be 
9.4 7 /mg. luciferin preparation. After the luminescent reaction the in¬ 
organic phosphate had increased to 18.8 7 /mg, luciferin preparation. 

‘ The numerous studies on bioluminescence are discussed by E. Newton Harvey, 
Living Light, Princeton University Press, Princeton, 1940. 

• See Johnson, F. H., Eyring, H., and Kearns, W., Arch. Biochem,, 3, 1-31 (1943). 

• Korr, I. M., Jour, Am, Chem. Soc„ 58, 1060 (1936); Anderson, R. S., Jour. Cell. 
Comp. Physiol,, 8, 261-276 (193C); Harvey, E. N., Ann. Rev. Biochem., 10, 631-652 
(1941). 

^ Chakravoriy, P. N., and Ballentine, R., Jour, Am. Chem. Soc., 63, 2030 (1941). 

• Chase, A. M., Jour. Cell. Comp. Physiol., 15, 169-172 (1940); Jour. Biol. Chem., 
150, 433-446 (1943). 

• Eymers, J. G,, and van Schouwenburg, K. L., Enzymol., 1, 107-119 (1936). 

^ This paper. 

• Chance, B., Harvey, E. N„ Johnson, F., and Milliken, G., Jour. Cell. Comp. Physiol., 
IS, 196-216 (1940). 

• Johnson, F., and Eyring, H,, Jour. Am. Chem. Soc., 66, 848 (1944). 

w The previously reported analysis for nitrogen* was of sufficient sensitivity to detect 
between 3-5 per cent nitrogen. This would mean that if the luciferin preparation was 
more than 20 per cent pure, a positive nitrogen test should have been obtained on the 
above flavin hypothesis. 

Data from other sources and unpublished observations on the correlation of flavin 
and luminescence in living systems would Indicate that a flavin Is probably concerned in 
the Tes 3 mthe 8 is of the luciferin molecule once It has been oxidized during luminescence. 
Doudorofl, M., EmymoL, 5, 239-243 (1938); Brooks, G., Compt. Rend., 210, 228-230 
(1940); Ball, E. G., and Ramsdell, P. A., Jour, Am. Chem. Soc., 66,1419-1420 (1944). 

Kakkar, H. M,, Chem. Rev., 28, 71-178 (1941). 

'• Llpmann, F., Advances in Eneymology, Vol. X, 99-162 (1941). 

Ruben, S., Jour, Am^ Chem. Soc,, 6S, 297-281 (1943); Emerson, R. L., Stauffer, 
J. Fm and Umbreit, W. W., Am. Jour. Boi., 31,107-120 (1944). 

V In testing for add-labile phoa^hate in the purifled preparations it was assumed that 
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the organisms were preserved under such conditions that some of the ludferin was par¬ 
tially oxidized and consequently remained “energy rich.'* 

^ Anderson. R, S., Jour. Gen. PhysioL, 19, 301-306 (1936). 

Berenblum. I., and Chain. E., Biochem. Jaur.t 32, 296-208 (1938). 


ON THE 2HEORYOF THE TENSION OF AN ELASTIC CYUNDER 

By F. D. MxnmAGHAN 

DBPARTBfBNT OP MaTHBMATICS, ThB JOHNS HOPKlNS UNIVERSITY 

Communicated October 20, 1944 

a 

In the accepted theory of the stretching of an elastic cylinder by a uni¬ 
form traction in the direction of its axis, it is assumed that the cylinder 
which is granted to be elastically isotropic when the applied traction is 
zero, remains elastically isotropic after the traction is applied. We do not 
hold this assumption reasonable and we present here a theory of the 
traction of an elastic cylinder in which allowance is made for the lack of 
isotropy caused by the applieti traction. Since we have very little de¬ 
finitive experimental knowledge of the effect of stress upon the elastic con¬ 
stants of a medium, our theory must be qualitative rather than quantita¬ 
tive. We take the point of view of our previous note^ and so do not attempt 
to relate the energy of deformation to the (remote) unstressed state but, 
rather, consider merely the change of energy as we pass from any strissed 
position of the mediiun to a neighboring position in which the stress has 
been changed by an infinitesimal amoimt. 

Taking our s-axis parallel to the axis of the cylinder, we assume that the 
stress is a uniform traction parallel to this axis so that the only non¬ 
vanishing component of the stress tb:isor is 7^ and we shall denote this 
simply by T, When 7’ is changed to T H- 37" any point (x, y, z) of the 
cylinder will be displaced to (f, i;, f {x + ^,y + 6y,z + Sz). We foHow 
the classical theory in assuming that Sx is a function of x alone, that Sy is 
a function of y alone and that 6z is a function of z alone. This is only a 
rough approximation to what actually hap})ens, since it implies that straight 
lines parallel to the axis of the cylinder are deformed into such and that 
plane cross-sections are deformed into such. As a consequence of this 
assumption the strain matrix e is diagonal with components €„ * 

* 53y/^; e„ « bSz/bz (infinitesimals highri* than the first order 
being neglected). We denote by p the density the medium when under 
traction T and by ^ the energy of defonnatkm per unit mass when the 
traction is T + ST. In order to connect T + tT; arid e we expand a 
function of the strain-components as far as tenns of the second order. The 
first order terms in this expansion reduce to sinoe the stress, when 
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« 0, is a uniform traction T parallel to the r-axis. The second order terms 

are complicated by the fact that the medium is not assumed to be, when 
under the traction T, elastically isotropic. It is, however, insensitive to 
rotations around the s-axis and so the second order terms are of the form 


Va{(^ + “ 4 /i72 + ote„^ + + 2ye„{eyt + 

where /i * «** + h “ + «««** + 1*1 writing down 

this expression we have availed ourselves of the simplification introduced 
by the fact that the strain matrix e is diagonal. The stress matrix, when 


the strain is e, is given* by where P is the matrix 

&({» t)/d{x, y, z) and we must call attention to a point of some signi¬ 

ficance. When the initial state (from which e is measured) is unstressed, 
there are no linear terms in the expansion of and, hence, no constant 
terms in the matrix d(fxt>)/be. We may, therefore, since we are confining 

our attention to first order infinitesimals, replace 1 + - by 1 and P by the 

P 

unit matrix in the expression furnishing the stress matrix; this stress 
matrix is, accordingly, correctly given by the famUiar expression 5(p^)/de, 
But this procedure is not valid when p4> contains the linear term Te^f, for 
then the third diagonal element of the matrix d(p^)/de contains the con¬ 
stant term P. 

Since we have assumed P to be diagonal, d(p^)/de is diagonal and our 

stress matrix, when the strain matrix is s, appears in the form ( 1 + ^) 

d d \ p/ 

(£ + 2e) “ (1 /i)(£ + 2«)'^(p0), where E is the unit matrix. 

In order that the stress matrix be a uniform traction parallel to the s-axis 
we must have Syy «« — v where ^ « (X + 7)/2 (X + m + /9) and 


5(p0) 


thenar 


{ 


(X + 2p *1“ a T) — 


(X + t)(x + 7 - r) 
X + p + /S 


Si 


Since e. 


die/ ds is independent of z we have e„ » Sz/z and so we obtain on integration 


log-r « yj^{(X + + $)dT/[(K + M + 0)O< + 2/» + « + 7') — (X + 7) 

^ (X + 7 - D] 

where L is the length of the cylinder when it is free from traction. In 
order to perform the integration we must know X, n, a, y as functions 
of T. Let us assume, as a first approximation, that they are linear: 

+ ffiT, a ■■ aT, ^ bT, y cT 

(a, 7 are zero when T ■■ 0 sinoe we assume the medium to be isotropic 

when free from stress). Then the denominator of the rational fraction 
whidi is to be integrated is the quadratic function Q(T) ■» .<4 + ST + CT* 
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where A = /uo(3Xo + 2juo); -B =* Ao(3w + fl + J'*"2c + 2) + iUo(3^ + 4w + 
a H” 26 4“ 1); C = Z(3w + ct4*6 — 2<; + 2) + (w + b){2pt + o + 1 ) — 
c{c — 1 ). If Q{T) has a positive zero To then log {z/L) —► od as T —► To; 
in other words the medium cannot support a traction greater than To. 

If we disregard the effect of the traction T upon the elastic constants we 
have to set /, m, a, 6 , c all zero. We find 

J * 11 + (1 + 

where <r — \/2(\ + m) is Poisson's ratio and £ = m (3X + 2/a)/(X + m) is 
Young's modulus. 

We remark in conclusion that an explaimtion of the yielding of the elastic 
cylinder under traction may be given without making the drastic hypothesis 
that the strain matrix is diagonal. The quadratic terms in the expansion 
of p<f> are now 

VsKX + 2 m) — Afxh + — e^y^) + 2yett{exx + OJ 

where T% ^ 4 * 4 “ ***” and the xy 

component of the stress is 2 (m — 0 )^ 3 cu* other words, the transverse 
rigidity of the cylinder is m “ ^ instead of m (which would be its value if 
the cylinder were elastically isotropic). As M the medium becomes 
Hquid-Hke in the sense of inability to support a (transverse) tangential 
stress. This may indicate why the cylinder suddenly thins at a certain 
point along its length. 

1 These Procebdinos, 30, 244^247 (1944). 

• Mumaghan, F. D., Amer. Jour, 59, 236-260 (1937). 


THE SYNAPSIS OF 7HE SEX CHROMOSOMES OF DROSOPHILA 
MIRANDA IN RELATION TO THEIR DIRECTED SEGREGATION 

Bv R. H. MacKnioht and Kenneth W. Cooper* 

W;m. G. Kbrckhoff Laboratories op tub BionootcAL Scibncbs, California 
Institute of Technology, and Dbpartbcbnt op Biology, Princeton University 

Coxninunicated October 23,1944 

Dobzhansky^ was the first to make a genetic and cytological study of 
Drosophila miranda. He concluded, among other things, that “the species 
has two distinct X chromosomes, X^ and XK .. . The X^ and Y chromo¬ 
somes form a bivalent at meiosis. The chromosome remains unpaired 
.. . the X* passes at the first division to the same pole with the XK The 
nature of the mechanism insuring this determinate disjttuction is un- 
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known/' MacKnight^ * further investigated the genetics and cytology 
of the species, and found evidence of partial homology between Y and X*, 
KoUer^ studied spennatogenesis in a different geographic race of Z>. 
miranda as well as in the original strain, and in hybrids between these. 
Referring to certain hybrid material in which he thought abnormal chromo¬ 
some behavior had been induced by high temperature, KoUer concludes 
that *‘In a few instances chromosome configurations suggesting the as¬ 
sociation of the X^V bivalent with X^ were observed in the hybrid." He 
figures several such configurations. Referring, however, to the pure 
races and to the hybrids when not heat treated, he states, “The position 
of the single X^ varies within the spindle.., (it) lies off the equator, but it 
has been found not infrequently amongst the autosomal bivalents.” 

A cytological study of the first spermatocyte division has been made, 
using males of a stock descended from the Olympic-1 strain collected by 
Dobxhansky, as well as males of the strains known as Whitney-60 and Big- 
Basin-2.® It has not been possible to confirm Dobzhansky's conclusion 
that X^ remains unpaired, nor Kolier's that the jxjsition of the single A* 
varies within the spindle. Rather a configuration consisting of two rod- 
bivalents, a dot-bivalent, and a sex-chromosome multivalent has been 
found in each of eighteen cells in Ol5rmpic-l males, while no cell showing 
X^ unsynapsed has been encountered (see Fig, 3). 

The results are essentially the same for males of Whitney-60 and Big- 
Basm-2. At late diakinesis and prometaphase less tlian 5 per cent of the 
figures of cysts favorable for study are undecipherable or questionable, the 
remainder showing imequivocal sex chromosome trivalents (Figs. 1 and 2). 
At first metaphase roughly 16 per cent of the cells cannot be deciphered, 
but a free X^ was found only eight times in a total of 239 completely 
analyzable raeiotic complements, the remaining 231 configurations giving 
imequivocal sex chromosome trivalents (Fig. 4). In each of the eight 
exceptional cases it is probable that X^ had precociously disjoined from an 
antecedent XX^Y trivalent.® Furthermore early anaphase (Figs. 5 and 
6 ) consistently show X^ and X^ alike disjoining from F, In only one of 
46 cases of mid or late first anaphase was X^ found at the equator as de¬ 
scribed by Dobzhansky; 44 of the remaining figures showed X^ and * 
dose to the pole opposite that toward which F progressed, while in one 
case X^ could not be identified. 

Although the precise nature of the assodation between X\ Y and X^ 
has not been determined, the observation of synapsis between them makes 
it unnecessary to bdieve that D» miranda is one of those few organisms 
which accomplish the directed segregation of chromosomes not in contact 
at metaphase. Directed segregation of three or more chromosomes which 
do come in contact at metaphase is not uncommon, occurring in Oenothera, 
D(Uura, Humulus, Tenodera and numerous other organisms. Listing D. 
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miranda with these does not explain the phenomenon, which remains one 
of the most unaccountable features of chromosome behavior. The tenta¬ 
tive explanation offered by MacKnight’ for some of these organisms is evi¬ 
dently not applicable to D, miranda. 

Grateful acknowledgment is made to Professor Dobzhansky for sug¬ 
gesting this species as an object of investigation to R. H. MacKnight. 
and for making the Olympic strain available. To Professor A. H. Sturte- 
vant we wish to express our joint appreciation for encouragement and 
advice. 

* John Simon Guggenheim Memorial Foundation Fellow. 

1 Dobxhansky. Th,. Genetics, 20, 377-391 (1935); sec also Jour. Genetics, 34,136*161 
(1937). 

* MacKnight, R. H., Genetics, 23, 168 (1938). 

» MacKnight, R. H., Ibid., 24,180-201 (1939). 

* KoUer. F. C.. Jour, Genetics, 38, 477h192 (1939). 

® Observations on the Olsnnpic-l strain were carried out solely by R. H. MacKnight. 
whereas Whitney-00 (derived from the same locality as KoUer*s **Whitney race”) and 
Big-Basin-2 were independently studied by K. W. Cooper, The latter strains were 
kindly made available for investigation by Prof. A. H. Sturtcvant. 

* Unpublished observations of Dr. Hans Ris of Johns Hopkins University lead to an 
identical conclusion, namely, a sex chromosome trivalent is normally formed in the 
spermatogenesis of D. miranda. 

f MacKnight, R. H,. CoUectm 15, 171 (1940). 


EXHJkNATION OF FXOURBS 

Stages of the first meiotic division in the male of Drosophila miranda Dobzhansky 
showing the autosomal bivalents and the sex chromosome trivalent. 

Figure 1. diakinesis. K is a thick. V-shaped chromosome to one arm of which 
is synapsed. is a slender. V-shaped chromosome synapsed intersUtially with Y and 
in the vicinity of the kinetochore of Y. Figure 2. prometaphaae. The disposition of 
the elements of the sex chromosome trivalent is roughly the mirror-image of that of 
figure 1. Figure 3. metaphase showing two rod-bivalents (superimposed), a dot-bivalent 
and a multivalent. Figure 4. metaphase. The disposition of the elements of the sex 
chromosome trivalent mirror-images that of figure 1; one element of the dot-bivatent 
appears below the lower arm of Y. Figure 6. early anaphase. The sex chromosome 
trivalent is to the left and shows the Y (above) disjoining from X^ (to right, below Y) 
and X* (to left, below Y). Figure 6. early anaphase. The sex chromosome trivaUmt 
is to the left, with X^ (ultimate, to left) and X* (penultimate, to left) above. Y below. 

Figures 1,4 and 6 are of Whitney-dO. Figures 3 and 5 are of Big Ba8ln-2. Figure 8 
is ol (Mympk-l. The scale below figure 6 represents 10 micra and accompanies figures 
1*2 and 4r^. 
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VISIBLE EXPRESSION QF CYTOPLASMIC PATTERN IN THE 
DIFFERENTIA TION OF XYLEM STRANDS 

By EDMxnro W. Sinnott and Robbrt Bix>ch 


Osborn Botanical Laboratory, Yalb Univbrsity 


Communicated October 28, 1944 

In the differentiation of tissues during plant development, continuous 
series of cells undergo similar changes which distinguish them from ad¬ 
joining cell groups. Thus at the tenninal growing region of a stem the 
primary vascular bundles become differentiated in the midst of paren¬ 
chymatous tissue. Such changes occur along precise pathways which 
form a definite pattern, but what determines the course of these pathways 
is unknown. We may speak of a “field’* in which differentiation occurs, 
though this is little more than a descriptive term. Presumably the par¬ 
ticular cells which are to fonn a differentiated cell group first imdergo 
chemical or physical changes which are the precursors of visible morpho¬ 
logical alterations, but in most cases these are difficult or im{X)ssible to 
determine. The cells of plants, however, possess an important advantage 
in this regard, for in them, except in very small ones, the c)rtoplasm typi¬ 
cally is dispersed in a thin layer just inside a relatively heavy cellulose 
wall, and it is sometimes possible to observe in this thin layer some of these 
preliminary changes and thus to study differentiation in its very early 
stages. 

In the regions of normal differentiation cells at the meristem usually are 
small and rather densely c^oplasmic so that these changes are relatively 
difficult to observe. It is often possible, however, to induce specific types 
of differentiation in cells which are large, vacuolate and nearly mature, 
and thus to see much more clearly the early steps in the process. Thus 
by severing one or more already differentiated vascular bundles in the 
developing stem of a herbaceous plant, strands can be induced to develop 
in the parenchymatous tissues of the pith which link up the severed bundle 
with others and thus regenerate a functioning conductive system. Re¬ 
generation of this sort has been described by a number of investigators.^' * 
Such differentiation in its fundamentals is essentially like that which oc¬ 
curs in normal development, but for a study of the process it has the im¬ 
portant advantage that it is not complicated by growth of the tissues, 
since growth here has largely ceased before differentiation takes place. 

The writers have studied vascular regeneration in several herbaceous 
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plants, especially Coleus hybridus^ Where pieces of stem were cut out 
laterally in still enlarging intemodes, new strands were observed to 
develop readily in various places. Sometimes these linked up the 
severed ends of a bundle. Sometimes they connected one of these ends 
with another intact strand adjacent to it. Occasionally they were formed 
across the pith to a bundle on the other side (Fig. 1). 


In the development of such a strand, there ture several 
very early indications of the course along which dif¬ 
ferentiation will ocem. Among the essentially isodia- 
metric parenchyma cells iti the patli of the new strand, 
divisions often take place, and these are predomi¬ 
nantly parallel to the direction of the strand (Fig. 2) 
and ultimately lead to the formation of elongate vascular 
initials. Each division, as in all vacuolate cells, is 
preceded by the formation of a plate of cytoplasm 
(the phragmosome®) in the position of the future wall, 
so that in tliese cells tlie orientation of the cytoplasm 
must have been altered to conform to the axis of the 
new strand. 

Cytoplasmic changes occur in all the cells of the 
future bundle, but a clearer picture of them is to be 
seen in the development of the characteristic wall thick¬ 
enings in those cells which are to form the xylem. In 
most such cells the Hgnified secondary wall is formed 
in rings or spirals around tlie cell, or in a reticulate 
system with long, narrow pits. Many of the cells are 
vessels with pores or pore-like areas in their walls. In 
the elongated cells cut out of the basic parenchyma, 
these thickenings are much like the ones in typical pro- 
toxylem or primary xylem, and the rings or spirals 



FIGURE I 

Diagrammatic 
longitudinal section 
through internode 
of Coleus eight days 
after wounding, 
showing normal 
vascular strands 
(dotted) and re¬ 
generated connec¬ 
tion between them 
across the pith 
above the wound 
gap. 


run at right angles to the long axis of the cell. In those csises, how¬ 
ever, where the large, isodiametric parench3rma cells differentiate directly 
into xylem, the orientation of these thickenings shows an important rela¬ 
tion to the course of the strand. Figure 2 is of such a regenerative strand 
in which the xylem cells retain essentially the shape of the original paren¬ 
chyma. It is evident that even in the cells which are approximately 
square in section, the direction of these lignified bands tends to be at right 
angles to the course of the strand. Furthermore, the bands in one cell 
are directly opposite those in adjacent cells so that series of bands, ap¬ 
proximately equidistant, form sweeping, contqur-like (hirves passing across 
the whole cell group (Fig. 3). 


In this 8}rstem of bands, and often appearing as distortions or "eddies” 
in them, are pores. Their position is also related to the course of the 
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differentiating strand for they do not develop at the originally apical and 
basal ends of these cells but in such a position that the line of pores or pore- 
ike areas is parallel to the axis of the strand (Fig. 2). 

The significance of these facts becomes dear when the origin of the 
lignified bands themselves is understood. Many years ago Criiger/ Dip- 
pd^ and other observers who studied the genesis of such thickenings in the 
secondary walls of plant cells saw that along the course of what was to be a 
lignified thickening there is a band of densely granular cytoplasm. In 



FIOURB 2 


Enlarged portion of a rexeneratins xylem strand as shown in figure passing obliquely 
through pith parenchyma from edge of normal strand (right), showing pattern of lignified 
bands in walls and position of pore areas. Several parencbynm cells have divided« the 
new walls being parallel to course of strand (shown by arrow). Bight days after wound¬ 
ing. Camera lucida drawing, X 400. 

some cases this could be seen to be streaming. Such bands were still 
visible in the contracted protoplast of plasmol 3 rzed cells in whidh the walls 
had not yet developed thickenings. These facts indicate that there is a 
definite configuration of the C 3 ^opla 8 m which precedes but is mmilar to 
the configuration of lignified' thidcenings, and which is presumably related 
to their development. These important observations seem largely to 
have been overlooked by British and American cytologists and histologists. 
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The present writers have frequently confirmed their accuracy. Such 
bands of granulax c 3 rtoplasm are often difficult to see in the small pro- 
vascular cells in normal development, but are frequently demonstrable 
in the xylem of regenerating vascular strands. In many cases they con¬ 
stitute the first visible indication of what cells are to comprise the new 
strand and what its course is to be. Their later embodiment in the 
lignified cellulose pattern of the cell walls thusr povides a picture, so to 
speak, of the field in which the strand has differentiated. 

Evidently the first visible change in the cells which arc to form a new 
strand is a reorientation of 
the cytoplasm in them. This 
presumably occurs in all cells, 
but can be demonstrated par¬ 
ticularly well in those of the 
xylem, where the cytoplasm 
has a characteristic pattern of 
its own. This pattern, as 
described above, first expresses 
itself in a cytoplasmic sys¬ 
tem the polarity of which, as 
shown by its orientation, no 
longer conforms to that of the 
original parenchyma cells but 
to the direction of the new 
strand. Whatever forces de¬ 
termine the course and dif¬ 
ferentiation of this strand 
seem to do so by acting upon 
the living material of the cells 
out of which it is formed. 

The nature of these forces is 
yet far from clear, but the 
rhythmic cytoplasmic contour 
patterns which sweep across whole groups of cells perhaps have more 
than a superficial resemblance to certain configurations observed in col* 
loidal systems, such as Liesegaug rings,* or to the lines of force in an elec* 
trical field. The character of such configurations may therefore provide 
important “evidence in an analysis of the factors which control dif* 
ferentiation. 

Since such a pattern or field transgresses cell boundaries and involves 
many cells, an analysis of it must give particular attention to the re¬ 
lations which exist betweeen a cell and its neighbors. This is a problem 
which has attracted little attention from plant histolbgists and from 



PIOURB 3 


Portion of another regenerating strand show¬ 
ing three individual xylem cells the lignified 
bands of which form a continuous pattern. 
Camera lucida drawing, X 400. 
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cytologists generally, who have been primarily concerned with the char¬ 
acter and establishment of types of individual cells. Plant cells with their 
sculptured walls provide good opportunities to study such relationships. 
Thus in ringed or spiral elements of the protoxylem, observation readily 
establishes the fact that the lignified thickenings in one cell are directly 
opposite those in the next, as has been shown in the present paper. The 
fact that pit openings are opposite each other is the necessary result of such 
relationships. More complex examples of intercellular wall patterns 
extending in continuous series across many cells are those of the support¬ 
ing network (r4seau de soutien) in the cortex of orchid air roots, the wall 
thickenings of the anther endothecium in many plants, and the continuous 
series of division walls in such tissues as wound cork 7- Jn these cases 
and others it is clear that the cytoplasmic changes which occur in one cell 
during the process of differentiation are not isolated events but are part 
of a connected series of changes which involve a whole group of inter¬ 
related cells. A study of these relationships forms an important part of 
the developmental analysis of histological patterns. 

Summary ,—In the regeneration of a vascular strand in the pith, the 
cytoplasm of cells originally parenchyma but now destined to become 
xylem visibly assumes a new configuration which conforms to the course 
of the regenerating strand. These changes later express themselves in 
the development of characteristic lignified bands which thus make per¬ 
manently visible the cytoplasmic changes in the field of the regenerating 
strand. 

^ Simon, S., Ber, deulsch. hot, Ges., 26, 364-396 (1908). 

* Freundlich, H. F.. Jakrb. Wiss, Bot„ 46, 137-206 (1909), 

* Sinnott, E. W., and Bloch, R., Amer. Jour. Bot., 28, 226-232 (1941). 

< Crtiger, H., Bot. Zeii., 13, 601-613, 617-629 (1865). 

* Dippel, L., Abhandl. Naiurforsch. Ges. HalU, 10, 63-68 (1867). 

* KOster, E., Ober Zonenbildung in koUoidalen Medim, 2. Aufi., Jena (1931). 

^ Sinnott, E. W., and Bloch, R., Amer. Jouf. Bot.^ 28,607-617 (1941). 
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A GROWTH-DELA YING EFFECT OF ULTRA VIOLET RADIATION 

ON BACTERIAL VIRUSES 

By S. E. Lxtria 

BACTEmOl^OGICAL LABORArORlBA, INDIANA UNXVBRSlTy* 

Communicated October 20, 1944 

Ultraviolet and ionizing radiations are known to inactivate bacterial 
viruses (bacteriophages).^* ^ The inactivated virus no longer multiplies on 
sensitive bacteria or causes lysis. In the case of ultraviolet radiation, it 
has been found in some instances that the inactivated virus still retains the 
ability to be adsorbed by sensitive bacteria, and to interfere both with 
their viability and with their ability to support growth of active virus.* 
This residual property of irradiated virus is itself destroyed by higher doses 
of radiation. 

Radiation is supposed to produce mutations in viruses.* In the course 
of attempts to increase by irradiation the rate of occurrence of mutations 
affecting tlie host range of bacterial viruses,* we encountered a new type of 
physiological, non-hereditary effect of ultraviolet radiation, namely, a 
growth-delaying effect, which will be described in the present communica¬ 
tion. 

Bacterial viruses grow by infecting living bacterial cells of sensitive 
strains and multiplying inside tlie cells. After a fairly constant interval 
of time, the oells are lysed and liberate a large number of virus particles.® 
We can describe the process in terms of a series of parameters: rate of 
virus adsorption by bacteria; ‘‘constant period,^' i.e;, minimum interval 
between infection and lysis; “rise period,“ i,e., spread in the values of this 
interval for individual cells; “burst size," i.e., average yield of virus par¬ 
ticles per lysed cell. These parameters are easily reproducible under given 
conditions for each virus-host system. Methods for tlieir determination 
have been described in detail.^ 

The radiation effect with which we are dealing was discovered when we 
studied by these methods the growth of the fraction of irradiated virus that 
had survived ultraviolet irradiation. Filtrates of various bacterial viruses, 

, all active on a common host, Escherichia coU B, were irradiated in thin 
layers (average about 0.02 mm.) with ultraviolet light containing about 
80% of 2537 A. radiation. The virus surviving various times of irradiation 
was then titrated and, within a few minutes, growth experiments of this 
surviving virus were performed. Our conditions of irradiation, although 
not such as to eliminate all screening effects by components of the medium, 
were, however, accurate enough to give reproducible amounts of inactiva¬ 
tion. 

The three viruses studied, a, y and TT, are known to be unrelated on the 
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basis of serological and cross-resistance tests* Viruses a and T7 consist of 
small particles, virus y of large particles, as shown by electron micrography 
and x-ray sensitivity tests.*' ^ Upon ultraviolet irradiation, virus y proved 
the most sensitive, virus T7 more resistant, virus a very resistant. For 
the same percentage of inactivation, the relative doses for the three viruses, 
measured in time of exposure, were in the approximate ratios of 1:4:10. 

In the growth experiments using the virus surviving irradiation, ad¬ 
sorption by sensitive bacteria proved normal. When the constant periods 
were measured, however, they were found to be longer than for normal 
virus. The rise period was also longer than normal, whereas the burst size 
was normal. The values for the constant period are shown in table 1. 



IREAPfATlOH, 

MIN. 

■MSIDUAI. 
Acrmry, % 

CONflTANT PBAIOO OF 
OKOwm ON Siseh^ickia 
c^i B (in MimtnNT 
BNOTM AT 37®C.)> MIN. 

Vims A 

0 

100 

13 


1 

20 

18 


3 

2 

25 


6 

0.3 

31 

Virus y 

0 

100 

21 


0.5 

1 

24 

Virus T7 

0 

100 

13 


1 

7 

23 


5 

0.2 

28 




Rise period and burst size were only determined in a few cases, because it is 
difficult to run complete growth experiments with low initial virus titers. 
We had to avoid the use of concentrated virus suspensions, in order to ex¬ 
clude the possibility of interference effects from the inactive virus par- 
tides : all experiments were done with bacteria in excess of the total amount 
of virus (active + inactive). The increase in rise period, however, was 
dearly shown in all cases by changes in the slope of the growth curve of 
virus. 

As a whole, the effect appears to consist of a delay in virus liberation^ 
without change in virus yidd per bacterium. Not only is the minimum 
time for lysis longer, but the intervals between infection and lysis for 
individual bacteria are also more variable, as shown by the increase of the 
rise period. Both constant period and rise period are progressively more 
affected, for each virus, by increasing doses of radiation. 

Similar results were obtained if the irradiated virus was diluted and 
stored at 5^C. for one day between irradiation and the growth experiment. 
The effect proved, however, strictly non-hereditary: the offspring of the 
irradiated virus, when tested in its turn, grew on sensitive bacteria in the 
same way as normal virus. 
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It is seen in table 1 that the growth-delaying effect of radiation, while 
increasing with the dose of radiation, does not parallel the inactivation 
effect on the various viruses: for comparable amoimts of inactivation, 
growth delay is pronounced for the slowly inactivated viruses a and T7, 
barely evident for the very sensitive virus 7 . It appears that the growth- 
delaying effect is more closely related, for various viruses, to the total time 
of irradiation, that is, to the number of quanta absorbed per unit of volume. 
Since the delay effect must be brought about by the action of quanta which 
have not acted lethally, and since it is a typically progressive effect, in¬ 
creasing in intensity with increasing doses of radiation, one is led to con¬ 
clude that it results from a cumulative effect of ultraviolet quanta on the 
body of the virus particles. 

Upon further irradiation, these particles would then become inactivated. 
Inactivation is likely to be caused, not by the cumulative effect of a larger 
number of quanta, but by a single “effective hit," as is true in the case of 
ionizing radiation, and as seems suggested by Gates's results with ultra¬ 
violet light. ^ A discussion of the mechanism of inactivation is, however, 
beyond the scope of the present paper. 

The discovery of a physiological effect of non-lethal ultraviolet quanta 
on the particles of bacterial viruses raised an interesting question as to the 
occurrence of a similar effect for x-rays. It has been conclusively proved®* ® 
that in the case of x-rays nearly each “hit," that is, each elementary act of 
absorption of radiation in a particle of a bacterial virus, is effective in 
producing inactivation. A comparison of the “sensitive volumes" with 
the actual volumes of the particles shows that tlie ratio of hits to effective 
hits is not larger than 3:1 or 4:1, and is very likely close to 1 : 1 . Under 
such conditions, we should hardly expect any non-letfial effect of radiation 
energy absorbed by the particles, comparable to the effect described above 
for ultraviolet light. 

This expectation was proved to be correct in a series of experiments in 
which we exposed viruses a and 7 to doses of x-rays (200 kv.) sufficient to 
reduce their titers to 0.1-5 per cent, and then studied the growth of the 
surviving virus. In all cases the growth was completely normal: constant 
period, rise period and burst size were like those of non-irradiated controls. 
It is clear that no ddaying effect on growth is produced by x-rays, as 
expected in view of the high yield of inactivation by each act of absorption. 

The effect of ultraviolet light described in this paper is an example of a 
non*lethal> non-genetic alteration of virus particles produced by radiation. 
The change involved affects the time interval between adsorption of a 
virus particle by a sensitive host aifd liberation of new virus. It is im¬ 
possible to decide at present which of the various steps involved in the 
process leading to virus liberation is affected, whether it is the speed of 
paietration into the bacterial cell, or the rate of multiplication inside the 
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cell, or the reactions responsible for cell l 3 rsis. A delay in any one or more 
of these steps would accoimt for the result. It is worth recalling that non- 
lethal, growth-delaying effects of ultraviolet and ionizing radiation are of 
familiar occurrence in the case of bacteria, yeasts, protozoa and cells 
of higher organisms. The growth-delaying effect here described may well 
be the expression of the same phenomenon in bacterial viruses. 

The actual nature of the structural change causing growth delay is 
also open to speculation. Since bacterial viruses seem to be composed 
of nucleoproteins “a study of the effectiveness of ultraviolet light of 
different wave-lengths, differently absorbed by specific components of 
nucleoproteins, might throw some light on this question. 

In conclusion, it is seen that virus particles, in spite of their small size 
and probably simple composition, can undergo, under the influence of 
ultraviolet radiation, structural changes of various kinds. Of these, some 
affect the reproducing capacity of the virus; others even destroy the ability 
of the virus to be adsorbed by the host cells and to interfere with the 
growth of other virus particles; other changes may hereditarily affect soiiie 
of the properties of the virus particles; finally, changes of the kind here 
described alter only the rate of some reactions involved in virus reproduc¬ 
tion, in a strictly individual, non-hereditary manner. 

The growth-delaying effect of radiation, detected for bacterial viruses, 
may well occur with other groups of viruses. In most of t^em, however, 
such an effect would be difficult to detect, since only for bacterial viruses 
can we study an isolated step of growtli of a given group of virus particles. 
Radiation effects of this type may be of some relevance in the study of virus 
attenuation, partial neutralization, vaccine production and similar prob¬ 
lems. 

Summary .—Ultraviolet radiation, besides inactivating bacterial viruses, 
produces a delay in the growth of the surviving virus particles on a sen¬ 
sitive host; the delay increases with increasing doses of radiation. This 
effect is non-hereditary, and differently pronounced for different viruses. 
It appears to be due to the cumulative effect of tlie quanta absorbed by the 
virus particles before their inactivation. No similar effect was found on 
virus particles which had survived x-ray irradiation. This is explained by 
the fact that, for ionizing radiation, nearly each act of absorption by a 
virus particle is effective in producing inactivation: the surviving particles 
are likely not to have absorbed any radiation at all. 

• Part of the experiments described in this paper were done in the summer of 1944 in 

the Department of Genetics of the Carnegie Institution of Washington, Cold Spring 
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INCIDENCE OF METABOLIC CHANGES AMONG VIRUS- 
RESISTANT MUTANTS OF A BACTERIAL STRAIN 

By E. H. Anderson* 

Department of Biology, Vanderbilt University 
Communicated October 25, 1944 

It has long been known that a virus-sensitive strain of bacteria which is 
subjected to the action of a virus (bacteriophage) will give rise to a second¬ 
ary growth of organisms which will be specifically resistant to the virus 
causing the lysis of the parent strain.^ However, it was not until the in¬ 
vestigations of Luria and Delbrfick^ tliat the mechanism for the origin of 
virus-resistant bacteria was conclusively established. Their analysis of 
the distribution of the numbers of virus-resistant bacteria in a series of 
similar cultures of a virus-sensitive strain of Esclierichia colt validated the 
hypothesis that tlie resistant bacteria arise by mutation of the sensitive 
cells independently of tlie action of the virus. The virus, therefore, in 
destroying the sensitive cells serves as a selective rather than as a causative 
agent. 

In general, resistant mutants do not exhibit correlated colony, morpho¬ 
logical or metabolic characteristics which differ from tliose of the parent 
strain. In tlie majority of cases the only criterion by which a mutant may 
be distinguished from the original strain is by its altered reaction to the 
virus or viruses in whose presence it developed. In the case of the sen¬ 
sitive strain the virus particles are readily adsorbed onto the bacterial cells 
which, after a characteristic latent period, undergo lysis. The resistant 
mutant, on the other hand, is not lysed nor will it show any affinity for the 
viruses for which it is resistant. This resistance is a stable heritable 
character as is evidenced by the fact that the mutant will retain its specific 
resistance even when carried tlirough many subcultures in the complete 
absence of viruses. 

The demonstration that bacterial resistance to a virus may be traced 
to a specific genetic change^ may be assumed to indicate that the mutant 
must differ in some profound manner from the strain from which it arose. 
Such a mutation may involve solely an alteration in the structures or 
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mechanisms responsible for the response of the cell to a specific virus, or it 
may embody a change of a more fundamental nature and involve a cor¬ 
related change in the metabolic systems of the cells as well. A mutation 
of the latter t 3 rpe would constitute a biochemical mutation and presumably 
could be detected by a comparison of the growth requirements and the 
metabolic activities of the mutants with those of the parent strain. 

The purpose of the present study was to isolate a number of mutant strains 
of Escherichia coli whose sensitivities to various viruses differ from each 
other and from those of the parent strain and to determine if they possess 
any differences in their biochemical activities which may be correlated with 
their differences in response to the infecting agents. Indications that a 
mutation from virus sensitivity to virus resistance may be coupled with a 
biochemical mutation would be of great value to any attempt to obtain a 
biochemical interpretation of the relation of bacterial virus growth to the 
metabolic activities of the host cell. 

Methods and Results ,—The organism used as the parent strain from 
which mutants for this study were obtained was the same B strain of 
Escherichia coli as that used previously by Delbriick and Luria.* Mu¬ 
tants were obtained by subjecting the B strain to the action of three virus 
strains, all of which were active on this host. The viruses used were the 
strains a and y described by Delbriick and Luria*’ ^ and a new strain, 3, 
which was isolated in this laboratory and which has been determined to be 
identical with strain T7 of Demerec and Fano.® 

The method of obtaining the resistant mutants consisted of setting up a 
series of test tubes each containing 0.15 ml. of a very dilute suspension of 
bacteria in Difco nutrient broth to which had been added 0.6 per cent 
sodium chloride. After an 18- to 24-hour period of incubation at 37®C., 
at which time the bacterial concentration had reached saturation, the 
total contents of each tube wd^ removed by pipetting and spread over 
the central surface of nutrient agar plates which had been previously pre¬ 
pared by spreading their entire surface with an excess of a single strain of 
high titer virus stock. In this manner all bacteria were surrounded by 
large numbers of virus particles which destroyed all the sensitive cells. 
The few colonies of resistant bacteria which developed on these plates were 
allowed to grow for about 48 hours. Representative colonies were then 
picked from each plate and the strains isolated were freed from all virus 
particles by serially streaking out on at least two additional nutrient agar 
plates. Each mutant thus isolated in pure culture was tested for its re¬ 
sistance to the virus in whose presence it was developed and only those 
showing complete resistance were retained. 

In this manner primary mutants were obtained from the parent strain 
which were resistant to any one of the three viruses and sensitive to the 
other two. By utilizing these single mutants in the above procedure 
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double mutants were obtained which were resistant to any two viruses 
and sensitive to the remaining one. Mutant strains of B were also ob¬ 
tained which were completely resistant to a, y and 3. 

Fifty-seven virus-resistant mutants, arising from independent mutations, 
have been isolated in pure culture. These represent seven different groups 
on the basis of their reactions to the three viruses. While many representa¬ 
tives were isolated because of colony variation, a number of the strains 
may be the result of independent duplicate mutations. Others were se¬ 
lected because of the difference in the order in which their resistance to two 
viruses developed. 

Of 54 strains tested, all agree in their morphological characteristics, the 
cells appearing as gram-negative, non-motile rods. Three types of sur¬ 
face colony formations are distinguishable in the pure cultures of the 
virus-resistant organisms that have been isolated. These have been 
classified as large, which correspond in size and shape to those of the 
parent organism; small, which are approximately one-half the size but 
similar in shape and appearance to the first type; and tiny, which are very 
small and require a longer time to develop than do the other two types. 
Although the small type is found more frequently among tlie mutants 
showing resistance to the a virus there does not appear to be any cor¬ 
related relationship between type of resistance and colony formation. 

The method developed by Beadle and Tatum® for detecting biochemical 
mutations in their studies on the genetic control of biochemical reactions 
in the ascomycete Neurospora seemed ideally suited for use in determining 
whether or not the virus-resistant strains of coli require factors for growth 
other than those required by the original B strain. The method is based 
on the assumption that any mutation which blocks the synthesis of an 
indispensable diffusible substance normally synthesized by the parent 
organism would be lethal in an environment which fails to supply the 
product of the blocked synthesis. Under environmental conditions in 
which the product is readily available in a utilizable form the metabolic 
deficiency would be compensated for and the organism would survive de¬ 
spite the biochemical mutation. The virus-resistant mutants were de¬ 
veloped and carried on nutrient agar medium containing a large number of 
normally synthesized constituents of cells and thus would be capable of 
growth even though a mutation had taken place which blocked the S 3 na- 

^esis of any of the products contained in this “complete” medium. A lost 

* 

function of this nature could be detected, however, on transfer from the 
complete medium to one suppljdng only the minimum requirements of the 
parent strain. The inability of a mutant to develop in a “minimal” 
medium would indicate that it had lost the power of synthesizing some in¬ 
dispensable substance present in the complete medium and normally pro¬ 
duced in the virus-sensitive strain. 
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A muiiraal medium containing inorganic salts, asparagine and dextrose, 
buffered at pH 7.0, has been found adequate to support the growth of the B 

strain. Although the parent or- 
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Schematic representation of stepwise 
reactions in the synthesis of essential 
bacteria] metabolites and of elements 
specific for the adsorption and/or 
growth of virus. 

B or essential bacterial metabolite 
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sorption and/or growth 
b precursor utilized in synthesis 
of B only 
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of Vi only 

w » mutational block inhibiting for¬ 
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to synthesis of B and Vi 
X, y, s *** mutational blooks in¬ 
hibiting, respectively, the 
formation of precursors to 
the synthesis of Vi ; Vj; VTZ 
and VT4; VT7, VTB and 
VT4. 


ganism grew more slowly in this me¬ 
dium, in that under identical condi¬ 
tions of temperature and aeration 
it had a generation time of 40 min¬ 
utes as compared with 19 minutes in 
broth, it was able to reach the same 
or higher concentrations as in broth. 
When all 57 mutants were trans¬ 
ferred to the minimal medium some 

* 

of them grew as abundantly as did 
the B strain. Others, however, 
grew more slowly and 28 strains 
were unable to grow at alL The addi¬ 
tion of minute amounts of yeast ex¬ 
tract (0.005 per cent Difco yeast ex¬ 
tract) to the minimal medium en¬ 
abled all strains to show good 
growth. 

All strains unable to grow in the 
minimal medium were resistant to 
a. This may indicate that the 
missing factor or factors may be 
the same for all deficient strains. 
Not all mutants resistant to a, how¬ 
ever, require supplemental factors 
for growth. This observation sug¬ 
gests that resistance to a virus 
may be the result of different muta¬ 
tions. 

In an attempt to determine what 
substance or substances the mu¬ 
tants are unable to S3mthesize, 
three representative strains were 
systematically tested in the mini¬ 
mal medium with added vitamins, 
amino adds, and hydrolyzed ca¬ 
sein. None of 8 vitamins or 23 
amino adds tested singly or in 


various combinations, both with and without the addition of hydrolyzed 


casein, were found to be active under the conditions of any of the tests 
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carried out. So far we have been unable to obtain growth of any of the 
deficient mutants in a synthetic medium which does not contain nutrient 
broth or minute amounts of yeast extract* 

In a further attempt to determine in what manner the metabtdic activi¬ 
ties of the mutant strains vary from strain to strain and from those of the 
original organism a number of qualitative tests of the biochemical charac¬ 
teristics of 14 representative mutants have been carried out. AH strains 
show “typical” Escherichia coli reactions and, except for a considerable 
variation among the cultures in the time required for the full development 
of the fermentations, etc., in no case have these tests shown any of the 
strains to have qualitative physiological characteristics which differ from 
those of the B strain. 

Discussion observation that many of the virus-resistant mutants 
need factors for growth which are not required by the virus-sensitive 
strain indicates that such a mutant may differ in some profound manner 
from the parent strain. This is further home out by the fact that the 
resistant mutants may exhibit serological properties different from those 
of the parent organism.^ This would tend to indicate that one direct effect 
of the mutation is to either alter the structure of the surface elements to 
which the virus is specifically adsorbed or to block the synthesis of a specific 
constituent essential to the reaction of cell and virus. 

Each biosynthesis is believed to involve a series of stepwise reactions 
governed by enzymes which are in tum regulated by the genetic constitu¬ 
tion of tlae organistii. I'he stable heritable mutation may therefore be 
considered to involve a biochemical change influencing or blocking some 
step in the syjitliesis of tlie altered or missing element or elements necessary 
for the interaction between cell and virus. The blocked step may be postu¬ 
lated to be one in a series of reactions concerned solely in the synthesis of 
these specific elements, as at the point x in figure 1. Such a mutation would 
be one in which the synthesis of a substance non-essential to the growth and 
reproduction of the organism is blocked* The resulting mutant would not 
require factors for growth otlier than those necessary for the parent organ¬ 
ism but would be resistant to the virus or viruses for which the specific 
elements are lacking. 

As represented in figure 1, a mutation may occur at reaction w, A block 
at this point would prevent the synthesis of an intermediate product 
utilized by the biochemical systems of the cell in the formation of essential 
metabolic products B and also in the synthesis of specific components Vx re¬ 
quired for the reaction with a virus. In this case the mutant would be 
resistant and in addition would require factors for growth beyond those 
needed by the organism from which it arose. This type of mutant could 
continue to develop, however, if the environment supplied a product which 
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would normally arise at some point b in the series of reactions involved in 
the synthesis of the essential metabolite 5. 

Testing of the mutants for their ability to grow in a minimal medium 
has indicated that both of these two types may occur, in that some of the 
resistant mutants require additional factors for growth while others do not. 

From a consideration of the hypothesis represented in the diagram the 
occurrence of a third type of mutant may be anticipated. If virus-resist- 
ant mutants were to be isolated in the minimal medium they would of 
necessity be of a type which requires no factors for growth beyond those 
needed by the original organism. If a mutation occurred at point these 
organisms on transfer to a complete medium may become sensitive to the 
virus if the medium contains products such as would normally arise at some 
point V and which could then enter into the reactions concerned in the 
synthesis of the product Vi which is essential for the specific adsorption 
and/or growth of the virus. 

The diagram may also be useful in interpreting certain findings of 
Demerec and Fano.® These authors, using the same B strain of Escherichia 
coli but employing a larger number of virus strains, have found that muta¬ 
tions may occur which result in resistance not to a single virus but to several 
virus strains which are totally unrelated on the basis of their morphology 
and serological reactions.®** 

For instance, although the viruses FS and TA differ serologically and 
morphologically, Demerec and Fano have found that an organism which is 
resistant to one is always resistant to the other, In addition, resistance 
to r3 and TA is facultatively coupled with resistance to F7 whife resistance 
to T1 is always coupled with resistance to TZ and TA. Such coupled 
resistances have been quite generally interpreted as suggesting the exist¬ 
ence of relationships among the virus strains. From a consideration of the 
diagram, however, these types of resistance could arise from mutations at 
y and s, respectively. A mutation at y would block the synthesis of sub¬ 
stances which are necessary for sensitivity to both TZ and TA. A muta¬ 
tional block at z would break the chain further back and interfere with the 
production of substances necessary for sensitivity to all three viruses. 
The assumption that mutations at points y and z are the most frequent of 
those which may affect the sensitivity of the mutants to these three virus 
strains would allow the hypothesis represented in the diagram to explain 
the findings of Demerec and Fano. 

The linkage of the resistances to FS and to TA may therefore be due not 
to a similarity between these two viruses but rather to the occurrence of a 
common precursor in the biochemidd reactions of the organism whicb lead 
to the synthesis of the substances essential for the adsorption rad/or 
growth of these two viruses. 
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Summary, —Virus-re^stant mutants have been isolated from a virus- 
sensitive strain of Escherichia coli utilizing the selective action of three 
strains of bacterial viruses active on the parent organism. The mutants 
differ from the original strain by their resistance to either one, any two, or 
all three viruses, in all possible combinations. Morphological studies and 
qualitative physiological tests show all strains tested to have character¬ 
istics similar to the original orgamsm. Of the 67 mutants isolated in pure 
culture, 28 were unable to grow in a basal medium but were able to grow 
when D.005 per cent yeast extract was added to this medium. Three 
representatives were systematically tested with various combinations of 
8 vitamins, 23 amino acids, and hydrolyzed casein. None of these sub¬ 
stances, added to the basal medium singly or in combination, would support 
growth of the strains tested. 

♦ Fellow in the Medical Sciences of the National RassAitCH Council. 
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X-EA Y INDUCED GROWTH FACTOR REQUIREMENTS IN 

BACTERIA* 

By C, H. Gray and E. L, Tatum 
School of Biological Scibncbs, Stanford University 
Comnnmicated October 20, 1944 

The specific growth factor requirements of bacteria result from the in¬ 
ability of these organisms to synthesize particular essential substances from 
simpler constituents.^* ^ In some instances such deficiencies have been 
shown to result from an inability to carry out definite chemical reactions 
in a biosynthesis.* These defects in synthesis are characteristic of each 
cell of a given strain of bacteria, and are in addition trrasmitted to each 
descendant cell. Similar defects in certain biosyntheses have been in¬ 
duced in the ascomycete Neurospora by irradiation and have been shown 
to result from mutations in specific genes.** ^ This suggests that if bio¬ 
chemical reactions in bacteria are likewise imder genetic control, mutations 
in certain “genes*' in these organisms should lead to corresponding growth 
factor deficiencies in the modified strains. Treatment with x-rays might 
be expected to induce such “gene’' mutations in bacteria. This paper 
presents evidence that x-ray treatment of bacteria does produce mutant 
types, presumably genic, with altered growth factor requirements.® 

Two species of bacteria have been used in this investigation: Escherichia 
coli (K-12) and Acetobacter melanogenum (M.A. 6.1). The minimal medium 
used for E. coli contained per liter: NH 4 CL, 5.0 g.; NH 4 N 08 , 1.0 g.; 
Na^ 04 , 2,0 g.; MgS 04 * 7 H 20 , 0.1 g.; CaCla, trace; K 2 HPO 4 , 3.0 g.; 
KH 2 PO 4 , 1.0 g.; 1 cc. trace element solution^; glucose, 5.0 g.; and vitamin- 
free /-asparagine, 1.5 g. (optional). A. melanogenum has been found to 
grow well on a minimal meditim adjusted to pH 6 with acetic acid and 
containing per liter: K 2 HPO 4 , 0.5 g.; KH 2 PO 4 , 0.5g.; MgS 04 * 7 H 20 , 0.2 g.; 
FeS 04 , MnS 04 and NaCl, 0.01 g. each; (NH 4 ) 2 SO<, 10 g.; glycerol, 50 g.; 
thiamin chloride hydrochloride, 1 mg.; pantoyl /-lactone, 1 mg.; nicotinic 
acid, 1 mg.; ^-aminobenzoic acid, 0.1 mg.; and /-proline, 0.2 g, (optional)- 
The bacteria were treated with x-rays produced in a Westinghouse 
“Duocondex" unit containing an industrial type oil-cooled tube operated 
at 160 kv. and 25 ma. Twenty-four or 48-hour-old liquid cultures of bac¬ 
teria were exposed to a total irradiation of 180,000 r units given at a rate 
of 4000 per minute. Preliminary tests had shown tliat at this dosage 
over 99.99 per cent of the cells were killed. The irradiated suspensions 
were then incubated for four hours in yeast extract broth on a shaker. This 
procedure was adopted to increase the probability of any individual cells 
altered by the treatment giving rise to homogeneous colonies. Samples 
of these suspensions were plated out in complete agar medium containing 
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0.3 per cent yeast extract, 0.5 per cent peptone and 0.5 per cent glucose. 
Dilutions were made so that approximately 100 colonies were obtained 
per plate. The plates were incubated for several days and single well- 
isolated colonies were then picked and transferred to slants of complete 
medium. These cultures were tested for their ability to grow in liquid 
minimal media. All strains which grew in this first test were transferred 
to a second tube of minimal medium in order to decrease the possibility 
of any mechanical carry-over of essential growth factors. Strains of these 
bacteria which failed to grow on the minimal media, but which grew well 



Growth of E. coU, strain 53, cultured at 26*0. on minimal medium with various 
concentrations of biotin. Under the same conditions E. coli (K12) gave a readinc of 
64 on minimal medium.* 


on complete medium, were carried through one or two more successive 
platings and reisolated. They were then tested for their growth factor 
requirements in a manner analogous to that previously described for the 
characterization of Neurospora mutant strains.* 

Prom 800 isolations two strains of Escherichia coli have been obtained 
which are distinguished from the original strain by their inability to grow 
in the minimal E, coli medium. One of these, strain requires the ad¬ 
dition of biotin, and the other, strain 679, requires the amino acid threo¬ 
nine. Not only does each of these derived strains respond to the addition 
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of the specific substance requiredt but it responds only to that substance. 
In each case the growth response is a ftmction of the amount of growth 
factor supplied (Figs. 1 and £0* 

From 575 isolations four strains of Acetobacter ntdanogmum have been 
obtained which fail to grow in the appropriate minimal medium. Three 
of these grow normally when supplied with the required substances. 
Strain 90 responds to the addition of either glycine or /-serine (Fig. 3). 
Strain 92 requires adenine or adenosine (Pig. 4). Strain 236 requires 
glycine and will not respond to the addition of serine (Fig. 5). The re- 



Growth of E, coli^ strain 679, cultured at 25”C« on minimal medium with, various 
concentrations of threonine.* 


quirement of strain 318 has not been completely analyzed as yet, Itire- 
sponds to the addition of leucine, but does not grow as well as the original 
strain with any concentration of leucine so far tested. 

The general characteristics of each culture have been compared with 
those of the original strains. All cultures were indistinguidtable from the 
parent strains both macroscopically and microscopically. The derived 
strains of E, coli were gram-negative, gave poritive indole and meth;ri 
tests, and produced gas. The variant strains of A . mdanagmum resembled 
A, mtianogmum M.A. 6.1 in the production of add, of pigment, and of 



voL. 30. im 


BACTERIOLOGY: GRA V AND TATtJM 


407 


di-hydroxyacetone from glycerol, and in being gram-negative. Each of 
these derived strains had the same requirements as the original A. tnekmih 
genum for thiamin, ^-aminobenzoic add, nicotinic acid and pantoyl-/- 
lactone, and each was able to use either ammonia or /-proline as a nitrogen 
source. 

All of the available evidence is consistent with the view that the new 
strains of £. coH and A, melanogmum were produced as a result of the x- 
ray treatment. No variant strains of either organism were obtained fol- 
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Growth of A. mdanoimum, strain 90, after 72 hours of constant shaldnK at 25""C. in 
tninimal medium with various concentrations of either glycine or serine. Under the 
same conditions A, mtlanotmum (M.A. 6.1) gave a reading of 44 on minimal medium.* 

lowing treatment with ultraviolet light, although as many isolations were 
made and tested as after x-ray treatment. It therefore seems improbable 
that the variant strains obtained after x-raying could have been present 
in the original stock or that they could have resulted from the selection of 
spontaneous variants. It is unlikely that either of these spedes would be 
present among the airborne organisms in the laboratory. Even more 
improbable would be the presence of a number of strains of these spedes 
wbidi differed from the original strains under investigation only in having 
fiifferent spedfic growth factor requirements. These considerataons 
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strongly suggest that the x-ray treatment was responsible for the production 
of the mutant strains obtained in E, coli and A . mdanogmum. 

Definite proof of the existence of genes in bacteria cannot be obtained by 
the methods of classical genetics since no sexual phases in their life cycles 
have yet been demonstrated. For the same reason it is at present impos¬ 
sible to distinguish between mutations in nuclear genes and in cytoplasmic 
determiners or plasmagenes* in bacteria. The term “gene’* can therefore 
be used in connection with bacteria only in a general sense. Nevertheless, 
the r6Ie of genes in bacterial variation has been suggested and tlie existence 



knuunnoies mtoMi 

FiomiB 4 

Growth of A, metanogenum^ strain 92, after 72 hours of constant shaking at 25*C« in 
minimal medium with various concentrations of either adenine or adenosine.’ 

in bacteria of discrete nuclear material, perhaps analogous to chromosomes, 
has been demonstrated in certain forms.The production by x-ray treat* 
ment of the new strains of two species of bacteria described in this paper 
offers indirect support for the existence of genes in bacteria. X-rays are 
known to increase the rate of gene mutations in other organisms and the 
mutation or inactivation of single genes seems the most reasonable ex¬ 
planation for the origin of the variant strains obtained since each differs 
from the original strain in having lost the ability to synthesise specific 
growth factors. These defidendes are similar to those which have been 
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shown to be associated with mutations in single nuclear genes in Neuro-^ 
sporaA* ^ 

Summary .—Strains of two species of bacteria have been obtained fol¬ 
lowing x-ray treatment which are characterized by their inability to carry 
out specific biochemical reactions. Two strains of Escherichia coli differ 
from the parent strain, one by requiring biotin, and the other by requiring 
threonine. Four mutant strains of Acetobacter melanogenum have been 
obtained. The first requires a supplement of serine or glycine, the second 
requires adenine or adenosine, the third glycine, and the last leucine. 



^ FIGURE 5 

Growth of A. tnelanogenuntt strain 236, after 72 hours of constant shaking at 25 
in minimal medium with various concentrations of glycine.* 

‘ With each strain there is little or no growth in the absence of the re¬ 
quired substance as contrasted to the excellent growth of the parent strain 
in the appropriate minimal medium* The growth of each strain is a func¬ 
tion of the concentration of the required substance. 

These results prove that the capacity of bacteria for carrying out specific 
biochemical reactions can be modified by x-ray treatment, and suggest 
that biosyntheses in bacteria are controlled by specific genes. 
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